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Chapter 1

Introduction

1.1 An observation of Serre

In their seminal paper [Hirz] on the intersection theory of Hilbert modular sur-
faces, F. Hirzebruch and D. Zagier mentioned that the motivation for their work
was to explain an observation of J.-P. Serre. To describe his observation, let
p = 1 (mod 4), let O = Oq(yp) be the ring of integers in the real quadratic
field Q(/p) and let h denote the complex upper half-plane. Denote the associated
(non-compact) Hilbert modular surface by

Y := SLy(0)\h2.

In a letter dated December 8th, 1971, Serre observed that the integer [ *$,? | came
up in a computation of the arithmetic genus of a surface related to Y, and that

. +_|p+19
dimec M™ = { 94 .
Here, M+ := M (To(p), (,)) is the “plus space” consisting of those holomorphic
elliptic modular forms of (classical)® weight 2, level I'g(p), and nebentypus (,)

whose (th Fourier coefficient is zero for all primes ¢ satisfying ( ]‘; )=0.

With the benefit of the modern theory of arithmetic quotients and automor-
phic forms, the work of [Hirz], and almost 40 years of hindsight, let us try to
work out a possible explanation of Serre’s observation. Let X be the Baily-Borel
or minimal Satake compactification of Y. To explain Serre’s observation, we could

conjecture that there is a surjective Hecke-equivariant homomorphism
O:THy(X)— M™ (1.1.1)

I'We say “classical weight” because, following Hida, we will later give an alternate normalization
of the weight for an isomorphic space of automorphic forms.

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 1
Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_1, © Springer Basel 2012
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where THo(X) is intersection homology (with respect to middle perversity, see
Chapter 3 below).

In order to justify the introduction of intersection homology (as opposed to,
say usual singular homology) we make two observations. First, the intersection
pairing induces a canonical isomorphism

THy(X)" = IHy(X).
Therefore ® defines an element of
THy(X)® M™. (1.1.2)

We call an element of the vector space IH2(X) ® M™ an elliptic modular form
with coefficients in 7 H5(X).

The second observation is that there is a canonical action of the Hecke algebra
T attached to SL2(Og,/p)) on IH2(X) via correspondences. This is explained in
detail in Chapters 3.5 and 7 below. This gives a Hecke action on the left factor
of (1.1.2). Things are a little more subtle on the right, since the plus space is not
preserved by the action of the usual Hecke algebra Tg on spaces of modular forms.
However, it is preserved by the image of the base change map

b:Tp—>TQ.

Here TP C T is the subalgebra of Hecke operators whose “components at p” are
trivial (see (8.2.1)). The map b sends

T(p') if p' = PP splits in Q(/p)

T(P') = {T(p’Q) —pT(p,p) if p'is inert in Q(,/p).

See Section 8.2.3 for more details. In Lemma E.5 it is shown that the map b is the
homomorphism induced by the usual morphism of L-groups

LGLQ/Q — LRQSQ(\/p)/Q(GLQ)

which defines the quadratic base change lifting (sending automorphic representa-
tions of GLy/q to automorphic representations of Resqy, ) /0GL2).

It is therefore possible to ask that the homomorphism defined by ® satisfy

o T(P) = b(T(P')) o ® (1.1.3)

for all prime ideals P’ C Og(, ) coprime to p.

The existence of a modular form ® € IHs(X) ® M™ with coefficients in
intersection homology satisfying (1.1.3) would give a reasonable explanation of
Serre’s observation. But there is more: one might ask if there is a family of cycles
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{Z,} on X admitting classes {[Z,]} in intersection homology, such that ® has a
Fourier expansion of the form

0= [Zn]q". (1.1.4)
n>0
Here ¢ := €?™*, so0 that ® can be regarded as a function of a complex parameter
z € b with values in the intersection homology group I Hs(X). In fact, such cycles
Z,, were discovered by Hirzebruch and Zagier; for n > 0 they are “modular” cycles,
and Zj is a hyperplane section. Consequently, the intersection numbers ([Z,], [Z1])
are the Fourier coefficients of an elliptic modular form.

Thus the paper [Hirz] may be viewed as having constructed a mapping ® €
THy(X)®M™ satisfying (1.1.3), admitting an expansion of the form (1.1.4), with a
geometric interpretation in terms of modular curves on a Hilbert modular surface.
The main result of this book is the existence of such a mapping ®, not only in the
classical setting described above, but also in the analogous setting when Q(,/p)/Q
is replaced by a general quadratic extension of totally real number fields L/E.
We have attempted to place these results in a setting that might suggest possible
generalizations to groups besides GLg and to field extensions other than L/FE.

Since the work of Hirzebruch and Zagier, a host of generalizations of this sort
of phenomenon have been discovered, mostly in the context of liftings connected
to Shimura varieties of orthogonal type and/or involving arithmetic Chow groups
in place of singular homology. We point out a few references with no claim to com-
pleteness: [Borc], [Brul, [Cog] [Gol], [Go2], [Gro], [Ku3], [Kul], [KuM3], [KuM1],
[KuM2], [KuR], [Mi], [Odal], [Oda2], [Oda3], [Ton], [TonW1], [TonW2]. The Galois
representation defined by the étale intersection (co)homology of Hilbert modular
varieties was determined in [Bry]; see the further comments in Section 1.9 below.

1.2 Notational conventions

If L is an algebraic number field, let Oy, denote its ring of integers and let X(L) be
the set of infinite places of L, which may be identified with the set of embeddings
o : L — C. Let v(p) be the finite place corresponding to a prime ideal p, let p,
be the prime ideal corresponding to a finite place v; and if ¢ is an ideal, write
v|c for p,|c. Denote by Ay, = A A the finite and infinite adeles of L, and by
A} = GL;(Ar) the ideles of L, see Appendix C. (We set A = Ag.) For b € Ap,
denote by bs (resp. by) the projection to the subgroup Ar., (resp. Ary). Let
7 = [[,<o Zp and write OL =70, = | -
value of z € Ay, is denoted |z|a, , see Section C.3.

O,. The normalized absolute

The standard additive character ey, : A;, — C* (see Section C.2) decomposes
as the product er f(20)eLoo(200) With €Loo(200) = [Iyex (1) €xp(2miz,). Each finite
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idele zg € A} s determines a fractional ideal
[zo] = Hpordp(wp)
p

where the product is over all prime ideals. A Hecke character or quasicharacter of
L is a continuous homomorphism (see Section C.3),

X : LX\AY — C*.

If L/E is an abelian extension of number fields then, by class field theory, the
group of characters Gal(L/FE)" may be identified with those Hecke characters
xe : EX\Aj — C* that are trivial on the image of the norm N : A} — A7%.

Throughout this book, with the exception of Appendix E, we fix a quadratic
extension L/E of totally real number fields, with relative discriminant d 5 and
relative different Dy, C L (see Section C.2), so that a € DZ}E iff Try, /p(ax) € OF
for all z € Op. Ideals, characters, etc. for E will often be denoted with a subscript
E, while ideals, characters, etc. for L will often be denoted without a subscript.
An element ¢ € L is totally positive (written & > 0) if o(£§) > 0 for all o € 3(L).
The group of characters Gal(L/E)" = {1,n} consists of two elements, of which
1n = ng may be considered to be a Hecke character that is trivial at the infinite
places.

1.3 The setting

Consider the reductive algebraic Q-rank one group G := Resr/g(GL2). Here
Resy, /g denotes the Weil restriction of scalars (see [PlaR] Section 2.1.2). Thus G,
is defined over Q and its group of rational points may be canonically identified as
GL(Q) = GLy(L). For any Q algebra A, the group of A-valued points of G, is
Gr(A) = GL2(A®qL). For any rational prime p, we have: G(Qp) = [1,,, GL2(Ly),
and G(R) = [[,ex(r) GL2(R). Let K be the normalizer of the standard R-
algebraic homomorphism (see 5.1.1)

C* = Resc/r(Gm)(R) — GL(R).

The associated symmetric space is G1(R)/Ko = (C —R)*W). If ¢ € Of is an
ideal, there is a Hilbert modular variety

Yo(c) := GL(Q\GL(A)/ K Ko(c),

of (complex) dimension n = [L : Q. Here A = Ag and as discussed in equation
(1.3.1), (5.2.1),

Ko(c) = {u €GL@):u= <‘Z 3) with [¢] € c} (1.3.1)
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is the standard compact open congruence subgroup Gr(Ay) of “Hecke type”. We
restrict to subgroups of this type in order to simplify the Fourier expansions, but
more general compact open subgroups could be used. Since Ky(¢) may contain
torsion elements, the variety Yp(c) is an orbifold, rather than a manifold; see
Appendix B.

The variety Yp(c) is a disjoint union of finitely many arithmetic quotients
T;\b>P) of a product of upper half-planes, see (5.1.7), on which G (A.,) acts
transitively by fractional linear transformations: if i = (¢,4,...,1) € h>L) is the
base point, then

<y8° mi’o) A=2o + 1Yo € L),

Let x : L*\A] — C be a Hecke character. As explained in Section 5.4
there is a standard way to translate between Hilbert cusp forms (with level Ky(c)
and nebentypus, or central character, x), considered as holomorphic sections of
certain vector bundles on Yy(c), to functions h : Gr(A) — C satistying certain
equivariance, growth, and rigidity conditions, see Section 5.4. The collection of
cusp forms of weight (0,0) is denoted

S(Ko(c), x) = S0,0)(Ko(c), x)-

(The subscript (0,0), denoting the weight, will be omitted only in the introduc-
tion.) In the special case L = Q(v/d) for d € Z~o, such a cusp form corresponds
to a Hilbert modular form of weight (2,2) on each connected component I';\h? of
Yo(¢), where T'; C SLQ(OQ( v d)) is a certain congruence subgroup.

The Fourier expansion of a cusp form h € S(Ky(c), x) is given by

p((3 7)) =ies | 3 vemater. e

geLX
£3>0

(See Theorem 5.8 and its explanation and proof in Appendix D for the general
case.) Here,

q(z,y) = q(0,0)(,y) = ef(x0) exp (—2m' 2sex(r) 1’0) exp (27T 2 sex(r) ya)

corresponds to the function ¢ that occurs in the classical Fourier series (1.1.4); and
b(&yo) € C is the Fourier coefficient of ¢(€x, &y). (In the Introduction we suppress
the subscript (0,0), which denotes the weight.) In fact, ¢(&x,  y) is a Whittaker
function, normalized according to Hida’s conventions in [Hid7] which we recall in
Section 5.4. The Fourier coefficient b(£yo) of h depends only on the fractional ideal
[€y0], hence also on the fractional ideal m := [£yo]Dy /@, and it vanishes unless this
ideal is integral, in which case we refer to

a(m, h) == b(Eyo)

as the mth Fourier coefficient of h.
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If ¢ C Op is an ideal, let T, be the Hecke algebra. It is a subalgebra of
the algebra of of compactly supported smooth functions on Ko(¢)\Gr(Ay)/Ko(c)
with convolution as multiplication, and it is generated as a Z-algebra by certain
elements T¢(b) and T.(b,b) as b ranges over the ideals of O, (see Section 5.6).
In Section 8.2 and Section E.4 below we recall the construction of the standard
map of L groups “Gr — Gy which gives rise to base change, a “lifting” from
automorphic representations of Gg to automorphic representations of Gr. There
is an associated base change map

b:TPr/e s T¢EdL/E

Here ¢cg = ¢ N O and the superscripts denote the subalgebra of operators trivial
at the places dividing ¢Dy, /g (resp. ¢gdr/g) which is implicit in the theorems of
Hirzebruch-Zagier and its generalizations.

Let Xo(c) be the Baily-Borel (Satake) compactification of Yy(c). Each Hecke
operator T(b) determines a correspondence and hence an endomorphism T, (b).
of the intersection homology groups IH.(Xo(c)) = I™H.(Xo(c),C) (see Section
7.6, Section 4.5 and Section 5.3). In Section 1.5 and Section 8.3 below, we define
a certain subgroup ITHX?(X(c)) that is preserved by the Hecke algebra T..

1.4 First main theorem

Hirzebruch and Zagier proved that the intersection numbers of (certain) modu-
lar curves on a Hilbert modular surface are the Fourier coefficients of an elliptic
modular form. In Theorem 8.4 below, we show that results of this type are for-
mal consequences of abelian base change (for certain cohomological automorphic
representations of Gg), and as such, they hold for any intersection cohomology
classes, not just those coming from modular cycles. For simplicity, we state a spe-
cial case of Theorem 8.4; the notation is explained in the paragraphs following the
statement of Theorem 1.1.

Set n = [L : Q] = dim¢(Xo(c)). Let ¢ C Of be an ideal, set cg = ¢ N O,
and let xgp € Gal(L/E)" = {1,n}. For each v € TH)X?(Xo(c¢)) and for each
ideal m C Opg, in Section 1.5 and Section 8.3 below, we define a certain Hecke
translate 7, ,(m) of 7. Theorem 1.1 below, a generalization of the Hirzebruch-
Zagier theorem, says that the formal Fourier series constructed from these classes
defines a Hilbert modular form on Rg/qGLy with coefficients in TH)X?(Xo(c)),
in the terminology of [Ku3], [KuM3]. This result is a formal consequence of the
existence of base change for L/E. Theorem 1.2 below gives a way to explicitly
compute some of the Fourier coeflicients of the resulting Hilbert modular forms in
terms of certain period integrals.

In order to state the theorem, we note that any

® e THX?(Xo(c)) @ S(Ko(N(¢)), X&)
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can be multiplied with elements of I H,(Xo(c)), yielding a linear map
Do)+ TH(Xo(€)) — S(Eo(N(0)), X). (1.41)
Theorem 1.1. There is an ideal N'(¢) and a unique
By € THYP (Xo(6)) @ S(Ko(N(6)), x5)
such that

(1) The map (-, Py y,)1m is Hecke equivariant with respect to the base change
map b, that is,

(tath, @y )1 = (0, @y ) 1E|D(E)

for any ¢ € TH,(Xo(c)) and t € TPr/®,

(2) If m C Og is a norm from Or, m+ (¢cNOg)dy g # Op, orm+dy /g = Op
and n(m) = —1 then the mth Fourier coefficient of Oy, 5 Yy p (m).

In Theorem 1.1, D /q is the absolute different (see Appendix C.2). The ideal N (c)
may be considered to be an “upper bound” for the level of the resulting cusp form.

It is
N(e) :=mabp per [ [ b,
P

where the product is over those primes p which divide ¢cg = ¢NOp, where my C Of
is an ideal divisible only by dyadic primes that we may take to be Og if ¢+20 =
Op, and where by, is an ideal divisible only by those primes ramifying in L/E.
Finally, the statement that the mth Fourier coefficient of @, ,, is v, (m) is (by
definition) the statement that the mth Fourier coefficient of

<¢a (I)’y,xE>IH (1-4~2)
is

(¢, 7y(m))

where (-,-) = (-,-)rg is the Poincaré dual pairing on intersection homology, and
where ¢ € TH,(Xo(c)). Thus, the intersection numbers (¢, v(m)) are the Fourier
coefficients of a modular form if m is a norm or n(m) = —1.

Remarks. The “full” version of Theorem 8.4 involves more general local coeffi-
cient systems on Xo(c¢) which in turn necessitates the introduction of higher weight
Hilbert modular forms with nebentypus (see Chapter 8). The level of (A, ®, )
for a given linear functional (A,-) on THZ(X(c)) could be an ideal strictly con-
taining A(c). The image of the mapping (1.4.1) is contained in a certain subspace,
ST(N(cg), xE), defined in equation (8.3.5), which is the analog of the “plus space”
M of Hirzebruch-Zagier. Theorem 1.1 remains true if we replace I H,, (Xo(c)) with
any T.-module, as described in the “full” version, Theorem 8.4. This reflects the
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fact that the proof is a formal consequence of quadratic base change. Finally, we
do not give an expression for the Fourier coefficient of ®., , ,, attached any ideal m
that is not a norm but still satisfies n(m) = 1. These coefficients seem slightly out
of reach of our formal methods, but can probably be computed using the theta
correspondence, the key tool in the approach of Kudla and Millson (see [KuM1],
[KuM2]).

1.5 Definition of THX*(X(¢c)) and =, (m)

The “new” space S™*V (Ky(c)) (see Section 5.8 and Section 1.7), has a basis consist-
ing of newforms, each element of which is a simultaneous eigenform (of multiplicity
one) for all Hecke operators. For such a newform f the eigenvalues are denoted
Af(m), meaning that

FITe(m) = Ap(m) f (15.1)

for all ideals m C Op. Denote by
TH, (Xo(c))(f)

the f-isotypical component of I H,(X¢(c)) viewed as a Hecke module (see Section
7.2). Let xg € Gal(L/E)". Then

THX®(Xo(c)) := @ ITH,(Xo(c))(9)

where the sum is over those g such that g € S™V(Ky(c)) is the base change of a
Hilbert modular form of nebentypus xg (see Section 8)2.
Fix v € THX?(Xo(c)). For any ideal m C Op define the Hecke translate
T(m)y if m+dy per=0p
'YXE( ) =

) (1.5.2)
0 otherwise

where the Hecke operator (cf. Section 8.2) T'(m) := ACVXE (m) € T.®C is defined as
follows. If m C O is not a norm from Op, set T'(m) := 0. Otherwise, the operator
T'(m) is defined multiplicatively, but involves a choice: if p C Og is a prime ideal

that splits in O, (say, pOr = PB) then choose a prime P lying above p. Otherwise
let ‘B = pOL Then

Id ifr=0

f(pr) _ T.(PB") if p splits in L
Te(P/?) + xe(P)Ngg(p)T(PB ~2) if p is inert and r is even
0 otherwise

where “otherwise” means that either p ramifies in L, or p is inert and r is odd.

2In the introduction, we only consider Hilbert modular forms on L with trivial nebentypus ¥,
so that x g is just an element of Gal(L/E)" = {1,n}. In Chapter 8, we allow Hilbert modular
forms on L with more general nebentypus X, and hence more general xg.
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Remarks. According to Theorem 1.1, the translate +, ,(m) is the “Fourier coeffi-
cient” of a modular form whose Fourier components have been killed at primes p
that divide dL/ECE~

The Hecke operator f(m) is constructed so as to have the following property.
Suppose f € S™V(Ky(cg),xE) is a newform (on E) which is a simultaneous
eigenform for all Hecke operators, so that f|T'(m) = A¢(m)f. Suppose its base

change f to L is an element of S7W(Kop(c)). Then in Proposition 8.2 we show that

FIT(m) = Ap(m)f (1.5.3)
).

if m is a norm from Or, coprime to dy,g(cN Og). In fact, the linear map

~T., — T (1.5.4)
T(m) — T(m)

is roughly a section of the base change map
b: T, — T,

(where ¢z = ¢ N Of) associated to the usual map of L-groups “Gr — YG We
will return to this point in Section 8.2 and Section E.4 below.

1.6 Second main theorem

In [Za] p. 159, equation (98), Zagier gave an integral formula for the Fourier
coefficients of the modular forms that he and Hirzebruch had constructed from
intersection numbers of modular cycles. The second main theorem in this book
is a generalization of Zagier’s result. It uses more of the structure of the Hecke
module TH,(Xo(c)) in order to compute the Fourier coefficients of (8, @ ) for
certain 8. In order to state it, let

SnewﬁE(c’ Xtriv) = Gfa (Cfv

where the sum is over those (normalized) newforms f € S™%(Ko(c), Xtriv) (cf.
Section 5.6), such that for almost all primes P C Or, we have Af(P7) = A (B) for
all o € Gal(L/E). The theory of abelian base change implies that S™# (¢, Xtriv)
is precisely the subspace of S™V(Ky(c), Xtriv) spanned by forms that are base
changes from E.

For any subset J C X(L) and for any f € S"":¥(c) there is a standard
differential form w;(f~") on Yy(c) that is antiholomorphic on (the image of) the
copies of GLa(R) associated to the places in J (under the canonical projection
Gr(A) = Yy(c)) and is holomorphic on the image of the copies of GLa(RR) associ-
ated to the places in X(L) — J (see Section 7.2). (The —: arises when translating
between the two natural conventions for weights, see Section 5.4.)
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Let W be the Atkin-Lehner operator (see Section 7.5). It acts on the modular
variety Yy(c) and on the compactification Xo(c). The action preserves newforms
and it has the effect of modifying a newform f by replacing its Fourier coefficients
with their complex conjugates. To be precise, for a newform f € S™W(Ky(c)),
there is a complex number W (f) of norm 1 and a newform f, € SV (Kjy(c)) such
that

Wf =W(f)fe
and
a(B, f) = a(B, fo)
for almost all primes B C Op,. Set
[, Jrm, : THW(Xo(c)) X TH,(Xo(c)) — C
(a, b) — <a, W:b>1H*

(see Section 7.5). We then have the following special case of Theorem 8.5:

Let Xo(c) be the Baily-Borel Satake compactification of the Hilbert mod-
ular variety Yy(c¢) corresponding to the algebraic group G and ideal ¢ C O.
Let Z C Xo(c) be an oriented subanalytic cycle of dimension n = [L : Q] (the

middle dimension). Suppose its homology class [Z] € H,(Xo(c)) lifts to a class
(2] € THY"(Xo(c)) and let @y, | be the formal Fourier series provided by

Theorem 1.1. Let m,n C Og be ideals and let W3~1[Z](n) be the Hecke translate
defined by equation (1.5.2). Theorem 1.1 says that the intersection product

h= [WEHZ) W), @y gy i
= (WM Z0), WEByges ), )11, € S(Ko(N (), xe)
is a modular form on E whose mth Fourier coefficient is
(m.R) {(Wc*—l[z](n),f(m)*[ZDIH* if m o+ dpypes = O1
0 otherwise
Theorem 1.2. Suppose m,n C O are norms from O such that
m+Np/p()d/g =n+Np/p()dy/g = OL. (1.6.1)

Then

(1) The integral [,ws(f~") converges for all f € S(Ko(c), xuiv) and all J C
Y(E).
(2) the mth Fourier coefficient a(m, h) is equal to

[pwi(F) [y wsy-a(F)
chE); T(f,2(L) = J)(F, f)p

where the sum is over the normalized newforms f on E of nebentypus ng
whose base change f to L is an element of S™"F(Ko(c), Xiriv)-

(3) If equation (1.6.1) does not hold then the mth Fourier coefficient is zero.

Ap(@)As(m)
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Here (-, -)p denotes the Petersson inner product and T (f, 3(L)—J) is the nonzero
constant defined in (7.5.10). (see Section 5.7). In the “full” version of Theorem
8.5, we also allow nontrivial local coefficient systems on Yy(c), and we consider
subanalytic cycles Z which define homology classes with local coefficients. This
added generality results in a number of technical complications which we postpone
addressing until Chapter 8.

1.7 Explicit cycles

In the “classical” case of Hilbert modular surfaces, Hirzebruch and Zagier consid-
ered the cycle Z (and its associated homology class [Z]) that arises as the image
of the composition

[] — h2 — SLQ(OQ(\/I)))\[’]Q

They also considered Hecke translates of this cycle and cycles coming from compact
Shimura curves. It is easy to show that these cycles lift to classes in intersection ho-
mology (although Hirzebruch and Zagier did not express their intersection numbers
in this language). Theorem 1.2 raises the question of whether or not the diagonal
embedding Gg < G similarly gives rise to (non-zero) classes in IHX?(Xy(c)),
to which one might apply Theorem 1.23. This can be done, although it is not as
straightforward as in the Hirzebruch-Zagier case. The first problem is that the va-
riety Xo(c) has isolated singularities at its cusps but the cycle Z C Xo(¢) contains
some of these cusps, so it fails the allowability conditions (3.1.1) of intersection
homology.

Nevertheless, it turns out that the cycle Z C Xo(c) lifts canonically to an
intersection homology class, for reasons involving subtle properties of torus weights
in the local cohomology of X¢(c) at a cusp. The simplest route to this result
involves a theorem of L. Saper and M. Stern [SaS2] and M. Rapoport [Rap],
recently generalized in [Sal], which is reviewed in Section 4.9 and applied to the
Hilbert modular case in Theorem 4.6.

The second problem (which is not present in the Hirzebruch-Zagier case) is
that TH,,(Xo(c)) does not have a basis of simultaneous eigenvectors for T.. Thus
it is more convenient to consider the “new” part, Phew[Z] where

Phew : THp(Xo(c)) — TH,Y(Xo(c))

is the projection to the orthogonal complement of the subspace of “old classes”.
(A class £ is “old” if there exists ¢ D ¢ such that £ is the pullback of a class
&' € IH, (Xo(c')) under the canonical projection Xo(¢) — Xo(¢'). See Section 10.)

Despite these potential difficulties, Theorem 1.2 is applicable to Z. Moreover,
it is possible to express the resulting Fourier coefficients in terms of special values

3We do not treat the higher-dimensional analogues of the Shimura, curves in this paper, as they
are unnecessary in our approach.
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of L functions as follows. For g € S(Ky(c), Xtriv) let

_T(g9,J)(g,9)
@) =i 1)

This nonzero constant depends only on L, the weight, and the root number of g
(see (7.4.9)) by Theorems 5.16 and 7.11.

Theorem 1.3. Let [Z] € TH,(Xo(c)) be the class represented by the cycle that
comes from the diagonal embedding Gg — Gp. Then PneWWc*_l[Z} 1S @ mon-zero
element of THX®(Xq(c)) where xg = n is the nontrivial element of Gal(L/E)".
Ifm+Np/p(c)dr/g =n+Np/p(c)dy g = O and m,n are both norms from Op,
then the mth Fourier coefficient a(m, h) of

hi=[WHZM)], @1 p 121 xu 1H.

s given by the following formula,

(L*,dL/Ef(e)ﬂoE(Ad(f) ®n,1) Ly (As(f @671

2
1))

€1 E:Q A

- - A r()Ag(m),
4 ; A(f,0)L*(Ad(f), 1)
where the sum is over the normalized newforms f on E of nebentypus n whose base
change f to L is an element of S™¥(Ko(c), xtriv). Here c1 is an explicit nonzero
scalar (see Theorem 10.2) and Af(n) is the nth Hecke eigenvalue of f. Moreover

N () :==m2dp/p(c N OF) H p°
pl(cNOEk)

where mg C Of is an ideal divisible only by dyadic primes, which we may take to
be Op if ¢+201 = Or and 0,/ is an ideal divisible only by primes ramifying in
L/E.

In the statement of Theorem 1.3, the product
[-, ']IH* : IHn(Xo(C)) X IHn(Xo(C)) —C

denotes a twist of the canonical intersection pairing by the Atkin-Lehner operator
W, (see (7.5.9)). The “standard” L-function L(Ad(f), s) and the “Asai” L-function
L(As(f), s) will be defined in Section 5.12. The base change ]?of f will be defined
in Section 5.12.4. We will show how to deduce this theorem from Theorem 1.2 and
a Rankin-Selberg integral computation in Chapter 9 below.

Remark. It is possible, by “twisting” the cycle Z, to obtain a nonzero class in
THX"(Xo(c)) where xg is the trivial character as opposed to the nontrivial charac-
ter of Theorem 1.3. We refer the reader to Section 9.4 for more details. This twist is
the geometric manifestation of the well-known operation of twisting automorphic
forms by characters (see Section 5.11).
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1.8 Finding cycles dual to families of automorphic forms

In the previous section we mentioned in passing that we used the theory of distin-
guished representations to prove that Phew[Z] € THXE(Xo(c)). In this section we
pause to briefly describe the theory of distinguished representations and how it
can be used in certain cases to predict the existence of cycles representing classes
in subspaces of the intersection homology of locally symmetric varieties.

In this work we are interested in cycles on locally symmetric spaces that
are defined by sub-symmetric spaces. We show that these cycles are nontrivial in
intersection cohomology by showing that there are differential forms representing
classes in Ly-cohomology that have nonzero integrals against them. Since that
Lo-cohomology of locally symmetric spaces can be described in terms of automor-
phic representations [BoW, Section XIV.3], it is natural to seek a representation-
theoretic analogue of the geometric statement that a differential form on a lo-
cally symmetric space has a nonzero integral over a sub-symmetric space. Such a
representation-theoretic analogue is provided by the notion of distinction, intro-
duced by Harder, Langlands and Rapoport [HarL)].

Let G' C G be a pair of reductive groups over Q. One says that an automor-
phic representation m of G(Ag) is G’-distinguished if

/ o(g)dg # 0 (1.8.1)
G'(F\G(Ap)NOG(R)G (Ag, )

is convergent and nonzero for some ¢ in the space of 7. One says that (1.8.1) is the
integral of ¢ over G’. Here dg is induced by a choice of Haar measure and °G(RR)
is defined as in Section 4.1 below.

Even if 7 is distinguished and cohomological (i.e., has nonzero (g, K')-cohomo-
logy with coefficients in some representation), this does not necessarily mean that
there is a nonzero intersection homology class attached to G’ in the ms-isotypic
component of the intersection homology of some locally symmetric space attached
to G. One must prove that a “cohomological vector” in the space of m has nonzero
period over G’. To see an example of what one must prove, see [AshG]. In par-
ticular, in order to understand cycles on locally symmetric spaces, one is forced
at some point to work at the level of automorphic forms inside an automorphic
representation, or at least its associated (g, K)-module. This is one justification
for the introduction of explicit spaces of automorphic forms in Chapter 5 below.

Remark. The problem of finding cohomological vectors in distinguished represen-
tations dual to specific cycles is an important problem that, at the time of this
writing, is unsolved in almost all nontrivial cases. We refer the reader to Section
6 of [Rag] and the references therein for examples and applications.

Suppose G’ is the fixed point set of an involution. Jacquet has suggested
that the automorphic representations of G(Ag) that are distinguished by G’ are
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precisely those automorphic representations that are functorial lifts from some
other group H with (absolute) root datum determined by G and G’ [JaLai]. In
other words, there should be an L-map

g —1ta (1.8.2)

such that an L-packet of automorphic representations on G(Ag) contains an au-
tomorphic representation distinguished by G’ if and only if the L-packet is in the
image of the putative Langlands transfer attached to (1.8.2) (see Section E.4).

In this language, the present manuscript is concerned with the case where
G = G and G’ = G is the fixed point set of the involution of G, induced by
Gal(L/E). Jacquet’s formalism predicts that H should be a form of Gg. In fact,
Flicker and Rallis have suggested that it should be a unitary group attached to
the extension L/FE [Fl]. However, since the derived group of G, has Q-rank one,
the set of cuspidal automorphic representations of G (Ag) that are a lift from a
unitary group attached to L/F is roughly the same as those that are a lift from
GEg(Ag), the point being that automorphic representations of G, are all self-dual
up to a twist (see Theorem E.11 and [Rog, Section 11.5]). This is why it is possible
for us to relate the cycles we construct to automorphic forms on Gg as opposed
to some unitary group.

Given Jacquet’s conjectural formalism and the work in this manuscript, one
is lead to the following rough conjectural generalization: Suppose that G’ C G
is the fixed point set of an involution, and assume that one can find a group
H satisfying Jacquet’s desiderata above. Suppose that G’ defines a cycle class Z
in some cohomology group H(I'\X) attached to a locally symmetric space I'\ X
defined by G and an arithmetic subgroup I' C X. If there is a good enough theory
of models on H, then there should be an automorphic form ®¢ ¢ on H(Ag) with
coefficients in H(I'\X). The automorphic form on H(Ag) defined by

(Z,%q,¢')H

should have coefficients given in terms of special values of L-functions. Here by
a “good enough theory of models” on H we mean something that can take the
place of the Whittaker models which provide the Fourier coefficients we use in
this book to make sense out of the notion of the coefficient of an automorphic
form. Incidentally, making this notion of coefficients precise in the G = G, case
is another justification for introducing explicit spaces of automorphic forms in
Chapter 5 below.

1.9 Comments on related literature

Several excellent introductory books are available including [Ge], [Fr], and [Oda2].
The Hirzebruch-Zagier results are described in detail in [Ge]. The little book [Gel]
gives a good introduction to the adelic viewpoint, with further details available
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in [Ga]. We have reproduced some of the standard material on Hilbert modular
forms, Fourier series, and Hecke operators from [Hid5] and [Hid7].

As a special case of their far-reaching study of of explicit subvarieties of locally
symmetric spaces of orthogonal and unitary type, Kudla and Millson (generalizing
previous work of Oda) produce a generating series with coefficients in H,,(Xo(c))
out of cycles whose irreducible components are birational to the components of
(possibly non-compact) Shimura curves attached to quaternion algebras over E
split by L ([KuM3]). They then go on to prove that this generating series is a
modular form with coefficients in a certain cohomology group.

There are (at least) three fundamental differences between this special case
of the theory in [KuM3] and our Theorem 8.4. First, as opposed to one Hilbert
modular form (with coefficients in cohomology), we obtain a family of modular
forms (with coefficients in intersection homology), one for each local system E on
Xo(c) and each intersection homology class in I H,(Xo(c), E).

Second, whereas [KuM3] consider the intersection product of their generating
series with a cycle that is compactly supported in Yp(c), we consider naturally
occuring compact and noncompact cycles (e.g., noncompact subvarieties birational
to Hilbert modular varieties associated to E), which are lifted to intersection
homology (see Theorem 4.6). Our construction, however, does not require the
sophisticated intersection theory [Tol] used by Tong in his study [Ton] of weighted
intersection numbers on Hilbert modular surfaces.

Finally, the method of proof in [KuM3| differs from ours, in that we use
quadratic base change as a tool to produce our results, whereas the cases of
quadratic base change that Kudla and Millson require are incorporated into their
arguments using theta liftings. It would be interesting to see if the formal argu-
ments we use to prove Theorem 1.1 in this manuscript could be modified and
extended to establish similar theorems in the context of other liftings of automor-
phic forms, especially when the lifting is not a theta lifting. A relatively simple
case of such an extension is provided in the remark after Proposition 8.2, when the
automorphic lifting is the GLs base change associated to a prime-degree Galois
extension of totally real fields.

In [Bry], J.L. Brylinski and J.P. Labesse determine the Hasse-Weil L-func-
tions of the Hilbert modular varieties that are considered in this book. Although
the focus of their article differs from that of ours, their L-functions are related
to the Asai L-functions considered in Section 5.12.4. Period integrals on Hilbert
modular surfaces are also considered in [Oda2]. Hilbert modular varieties are, in a
natural way, moduli spaces of abelian varieties with real multiplication. This point
of view, and its relation to Hilbert modular forms, is developed in [Goren].
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1.10 Comparison with Zagier’s formula

Theorem 1.2 provides a generalization of a formula for a generating series ®pz
given by Zagier [Za], equation (98). In order to state his formula, denote by f the
Naganuma lift of an f € Sa(To(p), (¥)) (here we have used the classical normaliza-
tion of the weight). Assume for simplicity that the narrow class number of Q(/p)
is 1. Then, denoting by [Z,,]m>0 the family of classes introduced by Hirzebruch
and Zagier in [Hirz], Zagier proved that the intersection product {[Z,,], ®rz)m is
given by:

| tm)Bap(z) = 0" | Y 7P as(mas(n) [ q

Here the prime indicates summation over a basis of normalized newforms (i.e.,
eigenforms for all the Hecke operators)

£ =3 ast)g”
n=1

in S2(To(p), (7)), w4 is the canonical projection to Sy (Io(p), (?)), the rational
number t(m) depends only on m, the nonzero complex number 7’/ is a certain
explicit constant, and Fs , is a weight two Eisenstein series in S5 (Io(p), (?)) (see
[Za, (98-99)]). Moreover 7(f) is a certain differential (1,1)-form attached to f,
and we used the proof of Oda’s period relation for the Naganuma lifting (see [Ge,
p. 154 (7.9)], [Oda3] and [Odad]) to modify Zagier’s expression.

Let Z° be the (open) modular subvariety of Y5(Ogy,/p)) given by the image
of the diagonal embedding:

GE(A) — GL(A) e Y()(OQ(\/p)).

Here the first map is the diagonal embedding and the second map is the canonical
projection. Denote by Z the closure of Z° in Xo(Oq(,/p))- Let

7+ THa(Xo(Og(yp)) — THa(Xo(Og( p)))

be the projection onto the orthogonal complement of the invariant forms (see
Section 4.4 for generalities on invariant forms). Choose an embedding o : Q(\/p) —
R. If m is a norm from Q(,/p), then

<[Z]X@ (mZ)v (DTF[Z],XQ>IH*

N R ()

= ‘3/|AQ ; r (]?, f)

(n,p)=1, xq(n)=1

2
)a(mZ,f)a(nZ,f) q(nx,ny)
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for some explicit constant r’/ € C*, where the sum is over a basis of normalized
newforms f € S(Ko(pZ), xq)- (See equation (5.9.5) for the equality between the
Hecke eigenvalue A¢(nZ) and the Fourier coefficient a(mZ, f).) In order to obtain
this expression, we used the fact that W5 is the identity for any totally real field
L, along with Corollary 4.10 and Proposition 7.9 of [Ge, Chapter VI].

1.11 Owutline of the book

The goal of Chapters 2 to 4 is to review the construction and basic properties of
the integral of a differential form w over a cycle £&. This “standard” material is
known to experts, but, to our knowledge, it is not recorded anywhere in the form
that we require. In particular, we will need to make use of this formalism in the
following context:

e The differential form w is defined on an orbifold Y, rather than on a smooth
manifold.

e The differential form w and the chain £ take values in local coefficient systems
E]_ and Ez.

e The orbifold Y may be the largest stratum of a stratified space X, and the
local systems E1, Eo may fail to extend to all of X.

e The cycle & represents a class in the intersection homology of X, rather than
in ordinary homology.

We will also need to know that such an integral can be interpreted using various
homologically defined products such as the “Kronecker” pairing between (intersec-
tion) homology and (intersection) cohomology, the cup product on cohomology,
and the intersection product on intersection homology; and that these various
products are compatible with each other whenever there are natural identifica-
tions among the different homology and cohomology groups.

Although there are no essential difficulties in constructing such an integral,
and in describing it homologically, a complete proof of any statement to this
effect necessarily involves chain-level operations. These in turn involve geometric
properties of the cycle £ (such as a sub-analytic structure, or triangulability) and
analytic properties (such as growth rates) of the differential form. We do not know
of any published literature that specifically deals with these (relatively straight
forward) issues, so we have included the relevant details in the early chapters: in
Chapters 2 (chains and cochains), 3 (intersection homology and cohomology) and
4 (arithmetic quotients). We have also included Appendix B on the definition and
basic properties of orbifolds, which fills in some of the technical details that are
not easily extracted from the standard references.

Then in Chapter 5 we review relevant facts from the theory of Hilbert mod-
ular varieties and Hilbert modular forms. This is in preparation for Chapter 7,
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where we recall the well-known description of the intersection cohomology of the
Hilbert modular varieties Xo(c) in terms of Hilbert modular forms.

After this preparatory material, we move on to the core of the second half of
this material, namely the proofs of Theorems 1.1, 1.2, and 1.3 (see Sections 8.3,
8.6, and 10, respectively). Theorem 1.1 is actually implied by the more general
Theorem 8.3 where intersection homology is replaced by an arbitrary Hecke module
(see Section 8.3 for details). As indicated above, Theorem 8.3 relies crucially on
the theory of quadratic base change for GLs; thus we have included a synopsis of
prime degree base change for GLo in Appendix E. Theorem 1.3 relies on Theorem
1.2 and a Rankin-Selberg computation that is contained in Chapter 9.

Finally, in Chapter 11, we prove an analogue of Theorems 1.1 and 1.2 with
cuspidal classes replaced by invariant classes (see Section 7.2 for the definition of a
cuspidal and invariant class). In particular, we prove that suitable generating series
created out of invariant classes are Eisenstein series with coefficients in intersection
homology.

As the discussion above indicates, this paper touches on a wide range of
topics from the topology and number theory of Q-rank one hermitian symmetric
spaces. However, Chapters 2 to 4 can be read independently of the rest of this work
(though their content and structure reflect the requirements of the later chapters).
Similarly, Chapters 5 through 11 only use results from Chapters 2 through 4 that
one can reasonably take to be a “black box.” Appendices B and E are also self-
contained.

1.12 Problematic primes

It is a subtle problem to determine the minimal level of a Hilbert modular form
whose base change has a given level. The mth Fourier coefficient of the Hilbert
modular form with coefficients ®, ,, that was constructed in Theorem 1.1 is
zero if m + dp,p(c N Op) # Og. By placing more assumptions on the level
and the character, it is possible to produce an analogue of @, ,, (satisfying an
analogue of Theorem 1.1) that may have nonzero mth Fourier coefficients when
m +dp/p(cNOg) # Op. Proving a theorem along these lines would either re-
quire substantial hypotheses on the local admissible representations involved, or
a substantial digression on local representation theory. For brevity, we have not
attempted to do either. However, we hope that Appendix E might be a useful
starting point for further investigations in this direction.
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Chapter 2

Review of Chains and Cochains

2.1 Cell complexes and orientations

Recall (e.g., [Hud]) that a closed convex linear cell is the convex hull of finitely
many points in Euclidean space. A convex linear cell complex K is a finite collection
of closed convex linear cells in some RY such that if o € K then every face of
o is in K, and if 0,7 € K then the intersection o N 7 is in K. The underlying
closed subset of Euclidean space is denoted |K|. Such a complex is a regular cell
complex, meaning that each (closed) cell is homeomorphic to a closed ball: no
identifications occur on its boundary. If 7 € K is a face of 0 € K we write 7 < 0.
A finite simplicial complez is a convex linear cell complex, all of whose cells are
simplices. Every cell complex admits a simplicial refinement with no extra vertices.

An orientation of a finite-dimensional real vector space V is a choice of or-
dered basis, two being considered equivalent if one can be continuously deformed to
the other, through ordered bases. Every (finite-dimensional real) vector space has
two orientations. An orientation of a convex linear cell is an orientation of the real
affine space that it spans. An orientation of a smooth manifold is a continuously
varying choice of orientation of each of its tangent spaces.

Let K be a convex linear cell complex and let L be a (closed) subcomplex.
Let X = |K| and let Y = |K| — |L|. Although Y is not a union of cells, it is a
union of interiors of cells. We refer to this decomposition of Y as a pseudo cell
decomposition (or a pseudo-triangulation if K is a simplicial complex).

Every cell 0 € K has two orientations. A choice of orientation for o de-
termines a unique orientation for each codimension 1 face 7 < ¢ such that the
orientation of 7 followed by the inward pointing vector 76 agrees with the orien-
tation of 0. The complex K is purely d-dimensional if every cell is the face of some
d-dimensional cell and there are no cells of dimension greater than d.

A oriented cellular pseudomanifold is a convex linear cell complex K, purely
of some dimension d, such that every d — 1-dimensional cell is a face of exactly two
d-dimensional cells; together with a choice of orientation of each d-dimensional
cell such that the induced orientations cancel on every d — 1-dimensional cell.

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 21
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2.2 Subanalytic sets and stratifications

Let F = semi-algebraic, semi-analytic, or subanalytic. Any finite union, intersec-
tion, or difference of F-subsets of RY is again an F-subset of RY. The closure and
the interior of any F-subset of RY is again an F-subset of RY. The image of an
F-subset X ¢ RN by an F-mapping f : RV — R* is again an F-set for F= semi-
algebraic or subanalytic (but this last statement is false for F= semi-analytic).

Let X C RY be a set of type F. A F-Whitney stratification of X is a locally
finite decomposition X = |J, X« into disjoint real analytic manifolds or strata,
such that

e the closure X, of X, is an F-subset of RY
o if Xo N Xg # ¢ then X, C X3. and the pair (X, Xp) satisfies Whitney’s
conditions A and B.

An F-stratified space is such a set X together with an F-Whitney stratification.
Every closed subset X € RY of type F admits an F-Whitney stratification.

A Whitney stratification of a closed F-set X implies that the local topological
type of X is locally constant along each stratum S in the following sense. Without
loss of generality we may assume that S is connected. R. Thom [Th] and J. Mather
[Mal] proved the following:

Theorem 2.1. There exists a compact F-Whitney stratified space £ (the link of the
stratum S) such that every point x € S has a neighborhood basis in X consist-
ing of neighborhoods N, homeomorphic to R® x cone(f) by a stratum-preserving
homeomorphism that is smooth on each stratum and takes R® x {pt} to N,nS. O

(Here, s = dim(S) and {pt} denotes the cone point.) Such a neighborhood is
called a basic neighborhood. The Thom-Mather theorem implies, in particular, that
the local homology H; (X, X —x;Z) of X is finitely generated at every point = € X.
An F-triangulation of a closed set X C RY of type F is a locally finite simplicial
complex K with |K| C RY together with an F-isomorphism f : RY — R such
that f(]K|) = X and

e For each simplex o € K the restriction f|o® of f to its interior is a real
analytic isomorphism ¢° — f(0°).
e Each f(o) is a (closed) set of type F in RV,

Any two F-triangulations of X have a common refinement. An F-triangulation f of
a closed F-set X C R" is compatible with an F-Whitney stratification X = (J,_, Xa
if, for each a the set f~1(X,) is a (closed) subcomplex of K. If X is F-Whitney
stratified and F-triangulated by a compatible triangulation, and if x is a point
in some stratum S C X then the link L, of x (in the sense of P.L. topology) is
homeomorphic

L, =% (2.2.1)

to the s = dim(S)-fold suspension of the link ¢ of the stratum S.
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Theorem 2.2. Let Z C X C RY be closed subsets of type F. Then X admits an
F-Whitney stratification such that Z is a union of strata. Given any F-Whitney
stratification of X there exists an F-triangulation that is subordinate to the strat-
ification.

The proof of this result has a long history. We list here a few of the important
references: [Lol], [Lo2], [Hardt7], [Hardt4], [Hardt5], [Hardt6], [Hardt3], [Hardt2],
[Hardt1], [Hir5], [Hir4], [Hir3], [Hirl], [Hir2], [Grel], [Joh].

A closed F-subset X C RY is purely d-dimensional if there exists an F-
stratification of X such that X is the closure of the union of all of its d-dimensional
strata. Then X is an oriented pseudomanifold if there exists a (simplicial) oriented
pseudomanifold K of pure dimension d and an F-triangulation f : |K| — X.

For Whitney stratified sets, an oriented pseudomanifold structure may be
described without reference to a triangulation. Let X be a purely d-dimensional
F-set. Then X is a pseudomanifold if it can be Whitney stratified with no strata
of dimension d — 1. In this case an orientation of X is determined by a choice of
orientation of each of the d-dimensional strata.

2.3 Sheaves and the derived category

Let X be a real or complex algebraic, analytic, semi-analytic or sub-analytic set.
Then X is locally compact, Hausdorff, and is homeomorphic to a (locally finite)
simplicial complex. Throughout this section we fix a regular, commutative, Noethe-
rian ring R (with unit) of finite cohomological dimension. (A principal ideal do-
main, for example, is such a ring.) Recall that a complex of sheaves of R-modules
S® on X is a collection of sheaves S* and differentials d; : S* — S+ with d? = 0.
The associated cohomology sheaf of degree i is H!(S®) = kerd;/ Imd;_;. If each S’
is fine, flabby, soft, or injective, then the cohomology H*(X, S®) (resp. cohomology
with compact supports H (X, S®)) is given by the cohomology of the complex of
global sections (resp. global sections with compact supports).

It is customary to denote by S®[n] the shift of S® by n, that is, (S®*[n])* =
S™+#_ A morphism S®* — T* is a quasi-isomorphism if it induces an isomorphism
on the associated cohomology sheaves. In this case, the complex T is called an
injective resolution of S® if each T7 is injective (in the category of sheaves of R
modules).

A complex of sheaves S® is cohomologically locally constant (CLC) if each
of the cohomology sheaves Hi(S®) is locally constant. The complex S® is coho-
mologically constructible with respect to a given stratification of X if each of the
cohomology sheaves H!(S®) is locally constant on each stratum. Let D%(X) de-
note the bounded constructible derived category: its objects consist of complexes
of sheaves that are bounded from below and are cohomologically constructible
with respect to some Whitney F-stratification of X. In this category, every quasi-
isomorphism is invertible. See, for example, [Iv], [GelM], [Gre5]. Many functors F
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defined on the category Sh(X) of sheaves on X pass to derived functors RF. In
particular, we shall use the standard notations Rf., Rfi, f*, f' for the derived
push-forward, derived push-forward with proper supports, the pull-back and the
extraordinary pull-back on sheaves. If S®, T® are complexes of sheaves on X then
RHom?*(S*, T*) denotes the complex of sheaves that is obtained from the double
complex of pre-sheaves which associates to any open subset j : U C X the R
module Hom(j*SP, j*19) where T* — I*® is an injective resolution of T*. In this
case
Hompy(x(S8*, T*) = H(X, RHom"*(S*, T*)).

If S*® is cohomologically constructible then it follows from the Thom-Mather
theorem (Section 2.2) that the stalk cohomology (or “local cohomology”)

H'(j;S®) = H,(S*) = H(S®),

(of S* at the point z € X) coincides with the cohomology H®(U,,S®) of any basic
neighborhood U, of x in X. Here j, : {x} — X denotes the inclusion. Similarly

H(U;,S*) = H'(j,(S*))

is the stalk cohomology with compact supports.

2.4 The sheaf of chains

Let E be a local coefficient system (= locally constant sheaf) of R modules on
a set X C R” of type F. There are many quasi-isomorphic versions of the sheaf
C*(X,E) of chains on X. We briefly recall the construction of the sheaf of F-chains.

Let T be a (locally finite) F-triangulation of X. For each simplex o of T' the
restriction of E to ¢ has a canonical trivialisation, so we may unambiguously refer
to the fiber E,. An i-dimensional (T-simplicial) Borel-Moore chain with coefficients
in E is a (locally finite) linear combination of oriented simplices £ = >, e;0¢ with
er € E,, whose support [£| is closed in X; we identify e;or with —e;o, where
o' is the same simplex as o but with the opposite orientation. The collection
of all Borel-Moore i-chains with respect to the F-triangulation 7' forms an R
module C’ZB MT(X E) and the usual boundary map gives a homomorphism 9; :
CPMT (X E) —» ¢PYT(X,E). If T' is a refinement of the triangulation 7' then the

natural homomorphism C’ZB MT(X E) — C’ZB M.T’ (X, E) induces an isomorphism
HPMT (X E) =~ gPMT (X B)

on homology. Define the complex of (Borel-Moore) F-chains

CPM(X,E) = lim CP"7(X,E)
i
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to be the direct limit over all F-triangulations of X. The Borel-Moore chains then
form a pre-sheaf (with respect to the open subsets of type F). For if U C V are
open F-subsets of X and if T is a triangulation of V' then it is possible to find a
triangulation 7" of U such that each simplex of T” is contained in a unique simplex
of T. This procedure gives a homomorphism CZM (U, E) — CBM(V, E). The sheaf
of F-chains C*(X,E) on X is the complex of sheaves whose R module of sections
over an open set U C X is

I (U,CH(X, B)) = CPM (U, B)

with d_; = 9; (for i > 0). (It is placed in negative degrees so that the differentials
raise degree.) The sheaf C*(X, E) is soft ([Hab] Section II.5), so the sheaf cohomol-
ogy over any open set U C X can be obtained as the cohomology of the complex
of sections over U. With this in mind, the Borel-Moore homology is defined by

HPM(U,E) := H/(U,C*(X,E)).
The complex of (compact) F-chains on U C X is the complex
Ci(U,E) =T.(U C(X,E))
of sections with compact support. The (local) homology sheaf
H(C*(X,E))

is the cohomology sheaf of the sheaf of chains. It is a topological invariant and
its stalk cohomology is the local homology, that is, H; ' (C*(X,E)) = H;(X, X —
x;E). The cohomology with compact support H;*(X,C*(X,E)) is the ordinary
homology H;(X,E).

A similar construction [Bre] may be made with singular chains, and the
resulting complex of sheaves (which is a topological invariant and does not depend
on a choice of piecewise linear structure) is canonically quasi-isomorphic to the
sheaf of F-chains. We will sometimes refer to “the” sheaf of chains C*(X, E)
without reference to a particular PL or analytic structure on X.

If Ris a field and if E = R is the constant local system then the sheaf of chains
on X is called the dualizing sheaf (with coefficients in R) and it is denoted D¥%.
(For an arbitrary regular Noetherian ring R of finite cohomological dimension, the
dualizing sheaf is obtained from the sheaf of chains by tensoring with an injective
resolution of R [Bo84, Section 7.A].)

We remark that if £ = Y, azor € CBM (U, R) is a chain with constant coeffi-
cients, and if s € I'(|¢|, E) is a section of E over the support of £ then we obtain,
in a natural way a chain s¢ = Y, a;s(o¢)or € CPM (U, E).

2.5 Homology manifolds

As in the previous section, we assume the coefficient ring R is a regular Noetherian
ring of finite cohomological dimension, and we let F' refer to semi-algebraic, semi-
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analytic, or subanalytic. Let Y be a purely n-dimensional set of type F (so Y is
contained in some Euclidean space and its closure is also an n-dimensional set of
type F'). The set Y is an R-homology manifold if

Hy(Y.Y —yi R) = {0 iz
R ifj=n
or, equivalently, if the local homology sheaf H=J(C*(Y, R)) is a local system of
rank 1 for j = n and vanishes for j # n. Assume Y is an R-homology manifold.
The R-orientation sheaf
Oy =H"(C*(Y,R)).

is the local system whose fiber at each point y € Y is H,(Y,Y — y; R).

If an orientation of Y exists (Section 2.1) then it determines an isomorphism
between Oy and the trivial local system R. If Y is also connected (but not nec-
essarily compact) then HZM (Y, 0y) = R. A choice of generator [Y] of this group
is called a fundamental class. It can be represented by a (Borel-Moore) chain
¢ € CBM(Y,Oy) whose support is the union of all the n-dimensional simplices
in a triangulation of Y, that is, |§| = Y. There is a canonical quasi-isomorphism
P : Oy — C*(Y, R)[—n] which assigns to each sufficiently small open F-ball U C Y
the chain [U] € T'(U,C (Y, Oy)) . It induces a quasi-isomorphism

Oy @ E — C*(Y,E)[-n] (2.5.1)

for any finite-dimensional local system E of R modules on Y. The resulting iso-
morphisms of cohomology groups are often referred to as Poincaré duality isomor-
phisms,

H'(Y,Oy @ E) = H;W/(Y, E)

H{(Y,0y @ E) = H,_;(Y,E).

The morphism P may also be viewed as a quasi-isomorphism P : E — C*(Y, Oy ®
E)[—n] with resulting Poincaré duality isomorphisms
H'(Y,E) = HPY(Y,Oy ® E)

2.6 Cellular Borel-Moore chains

In Chapters 8 and 9 we will need to integrate differential forms (defined on the
non-compact top stratum Y of a modular variety X) over chains (which are them-
selves non-compact), with coefficients in local systems on Y that may not extend
over its compactification X. Integration of non-compact chains on non-compact
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manifolds leads to a host of potential pathological difficulties, none of which (for-
tunately) occur in the setting of modular cycles on modular varieties. The purpose
of this section is to provide a few standard but not previously easily referenceable
technical tools which will be used to guarantee that the integrals we will eventu-
ally consider are well behaved. The main point is that the manifold Y and the
modular cycles in Y are compactifiable.

Let X be a set of type F' (= semi-algebraic, semi-analytic, or subanalytic)
and let f : |K| — X be an F-triangulation of X, where K is a locally finite
simplicial complex. Let L. C K be a closed subcomplex such that the open set
Y = f(|K|—|L]) is dense in X. The resulting decomposition of Y is a pseudo cell
decomposition in the sense of Section 2.1.

Let E be a local coefficient system of R modules on Y. If ¢ is a cell of K
whose interior 0 is contained in Y, then the fibers F,, E, of E over any two points
x,y € 0 NY are canonically isomorphic. Therefore we may refer unambiguously
to the fiber E,. If 7 < ¢ and 7° C Y then there is a canonical isomorphism
b, E, — E;.

An r-dimensional elementary Borel-Moore cellular chain (on Y with coeffi-
cients in E) is an equivalence class of formal products a,o where o is an oriented
r-dimensional cell of K such that o C Y and where a, € E,; modulo the identi-
fication

ay,0 ~ (—ay)o’

where o’ is the same cell but with the opposite orientation.
The boundary da,o of an elementary r-dimensional chain is defined to be

Oa,o = Z D, (ay)T

where the sum is taken over those r — 1-dimensional faces 7 < o such that 7° C Y.

The R-module of cellular Borel-Moore chains GTK(K E) (with respect to the
pseudo-cell decomposition K) is the module of finite formal linear combinations
of elementary r chains. Let £ = )", a;0; € CE(Y,E) be a cellular Borel-Moore
chain. Tts support || is the intersection of Y with the union of those cells o; such
that a; # 0. If K’ is a (finite) refinement of K (and we write K’ < K) there is
a canonical injection CX (Y, E) — CK' (Y, E) which preserves supports. The proof
of the following Lemma will appear in Appendix A below.

Lemma 2.3. If K’ is a finite refinement of K then the induced mapping on ho-
mology R R
H(Y.E) — H (Y.E)

s an isomorphism.

Now let T be a (piecewise linear) triangulation of Y that is subordinate to
K, that is, a triangulation such that every (closed) simplex in T is contained in
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a (closed) cell of K as a convex linear subset. (If Y is not compact then T will
consist of infinitely many simplices.) Then we obtain a canonical injection

CE(Y,E) — CBM (v, E). (2.6.1)
Proposition 2.4. The mapping (2.6.1) induces an isomorphism on homology,
HY(Y,E) —» HPMT(Y,E) = HPM(Y,E).

In summary, any pseudo cell decomposition of Y may be used to compute its
Borel-Moore homology. The proof, which is standard but surprisingly messy, is in
Appendix A below.

2.7 Algebraic cycles

Let X be a nonsingular complex algebraic variety with a local coefficient system
E and let Y C X be a complex algebraic closed subvariety of complex dimension
n. Suppose the local system F has the underlying structure of a (real or complex)
vector bundle with a flat connection. (See Section 6.1.) When does Y determine
a homology class in HZM (X, E)?

Proposition 2.5. Let Z C Y be a proper complex algebraic subvariety containing
the singularities of Y and let S be a flat section of E|(Y — Z). Then the pair (Y, S)
determines a Borel-Moore homology class [Y,S] € HEM(X E).

Proof. According to the above, in order to make (Y, .S) into a (Borel-Moore) cycle,
one needs a triangulation or a cell decomposition or a pseudo-cell decomposition
of X so that Y is a union of cells; plus the data of a cellular chain on Y whose
boundary is zero. In other words, one needs an assignment, to each 2n-dimensional
simplex o C Y, of an element a, € E, such that the boundary cancels on every
2n — 1-dimensional simplex. Here, E, is the fiber of E over any point in ¢. Since
E has a flat connection, it is possible to find a trivialization of E|o such that the
constant sections are flat, so we may interpret the element a, as a flat section over
0. Since Y — Z is a manifold, each 2n — 1-dimensional simplex 7 is a face of exactly
two n-dimensional simplices, say, o, o’. The requirement that the boundaries cancel
is the same as saying that, in a flat local trivialization of E on a neighborhood of
7, the two flat (= constant) sections a, and a, agree.

But this is exactly what is given in the proposition. It is possible (Theorem
2.2) to find a (smooth) triangulation of X so that Z and Y are unions of simplices,
in which case Z consists entirely of simplices with dimension 2n — 2 or less. So
all of the 2n-dimensional and 2n — 1-dimensional simplices of Y are contained
in Y — Z on which the flat section S therefore defines a chain whose boundary
vanishes. O



Chapter 3

Review of Intersection Homology
and Cohomology

In this chapter we recall the relation between intersection homology, constructed
using (p, 7)-allowable chains as in [Gre4], and intersection cohomology, constructed
via sheaf theory.

3.1 The sheaf of intersection chains

In this section we suppose X is a (piecewise linear or subanalytic) purely n-
dimensional stratified pseudomanifold ([Gre4, Greb, Gre6]), but see also Section
3.3. As in Chapter 2, we denote by R a regular, commutative, Noetherian ring
(with unit) of finite cohomological dimension; for example, any principal ideal
domain.

Let p: N — N be a perversity, that is, a mapping such that p(0) = p(1) =
p(2) =0 and p(c) < p(c+1) < p(c)+1 for all c. We will make use of the following
special perversities:

zero: 0(c) =0

(€)= le/2] -1
(¢) = [¢/ 21 -1
()

top: t(c c—

lower middle: m(c

upper middle: n

Notation. Intersection cohomology with perversity p and coefficients in a local
system E will be denoted IPH*(X,E) and it is defined below. We will usually
be concerned with pseudomanifolds X for which the intersection cohomology with
perversities m and n coincide, in which case we refer to it as the middle intersection
cohomology, and we write

IH*(X,E) = I"H*(X,E) = I"H*(X,E).

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 29
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Let E be a local coefficient system (see Section 6.1) of R modules on the
nonsingular part Y C X of X. Let ¢« > 0 be an integer. The pre-sheaf IPC”(E)
of (subanalytic or piecewise linear) intersection chains assigns to each open set
U C X the subgroup IPCBM (U, E) of all (subanalytic or piecewise linear) Borel-
Moore chains £ in U (= chains with closed support in U) with coefficients in E
which satisfy the following (p, ¢)-allowability condition:

dim(¢ N S) < i —cod(S) + p(cod(S5)), (3.1.1)
dim(9§ N S) <i—1—cod(S) + p(cod(S5)) (3.1.2)

for each singular stratum S C X. The allowability condition guarantees that all
the i-dimensional and all the ¢ — 1-dimensional simplices in £ are contained in the
nonsingular part Y, where the local system E is defined. This pre-sheaf is in fact a
soft sheaf ([Hab] Section I1.5) so for any open set U C X the sheaf cohomology of U
may be obtained as the cohomology of the complex of sections over U. It is denoted
IPHPM(U,E) or IPH;! (U, E) and it is referred to as the intersection homology
with closed supports of U with coefficients in E. The intersection homology with
compact supports of U is the homology of the complex IPC,(U,E) of sections
with compact support, that is, the chains £ in U with coefficients in E satisfying
(3.1.1) and (3.1.2) such that |¢| is compact. It is denoted IPH;(U,E). Clearly
IPH;(X,E) = IPHPM(X,E) if X is compact.

The stalk cohomology of the sheaf IPC*(E) at a point = in some stratum S
of X is given by

0 if —izp(e)—n+1
IPH, s 1(l;,E) if —i<p(c)—n.

(3.1.3)
Here, s = dim(S), ¢ = n — s is the codimension of S and ¢, is the link of the
stratum S at the point . The intersection homology is a topological invariant of
(X,E) and it does not depend on a choice of subanalytic or PL structure, or the
choice of stratification.

H;'(IPC*(E)) = IPH(X,X — 2,E) = {

3.2 The sheaf of intersection cochains

As in the previous section we suppose X is a (real) n-dimensional (PL or subana-
lytic, not necessarily compact) pseudomanifold. If E is a local system of R modules
on the nonsingular part Y of X then Deligne [Greb5] has given an alternate con-
struction of the sheaf of intersection cochains as an element of the constructible
derived category D%(X) of sheaves on X. Given a stratification of X let X}, denote
the closed subset of X consisting of all strata of dimension less than or equal to
k. We follow the indexing scheme of [Bo84], starting with the local system E in
degree 0 and setting

IPS.(E) = Tgp(n)Rin* . Tgp(g)Rig*TSp(g)Rig* (E)
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where the truncation functor 7<y, kills all stalk cohomology in degrees greater than
k and where iy, is the inclusion of Uy = X — X,,_j, into Ug41. The cohomology of
IPS°®(E) is the intersection cohomology of X,

H'(X,I°S*(E)) = I’PH'(X,E).

If S C X is a stratum of codimension ¢ and if x € S then the stalk cohomology
Hi (IPS*(E)) at x of this intersection cohomology sheaf is

0 if i > p(ec)

IPHY({,,E) ifi <p(ec) (32.1)

H' (j;IPS*(E)) = {
where ¢, is the link of the stratum S at the point z, cf. Section 2.2 and where
Jz : {z} = X denotes the inclusion. The stalk cohomology with compact support
at z is

i pffi—l—n+c e B
’ ifi <p(c)+1+n—c

Let T*® be a cohomologically constructible complex of sheaves on X. This
means that for each k, the (local) cohomology sheaves of the restriction T} =
T*|(X,—k — Xn—k—1) are finite-dimensional local systems (i.e., locally constant
sheaves). Fix a perversity p. Consider the following possible conditions:

(a) H™(jzT*) =0 for all m > p(k), all v € X, — Xjp—1—1, and all k.
(b) H™(jLT*) =0 for all m < p(k) +n —k, all * € X,,_ — Xpu_k_1, and all k.

(3.2.2)

The following lemma may be proven using the same argument as in [Greb] Section
3.5, or using Section 1.3.4 of [Bei]:

Lemma 3.1. Let E be a local system on Y. If T® satisfies condition (a) above then
any quasi-isomorphism T*|Y — E has a unique extension in DE(X) to a morphism
T* — IPS*(X,E). If T* satisfies condition (b) above then any quasi-isomorphism
E — T*|Y has a unique extension in D%(X) to a morphism IPS*(X,E) — T*.

O

Consequently the quasi-isomorphism of equation (2.5.1) extends (uniquely)
to Poincaré duality quasi-isomorphisms

P:IPS*(E®Oy) — IPC*(E)[-n] (3.2.3)
P:IPS*(E) — IPC*(Oy ® E)[-n] (3.2.4)
which determine isomorphisms
IPHY(X,E® Oy
IPH'(X,E
IPH(X,E® Oy
IPH/(X,E

~ IpHBM( )
~ [PHBM(X E ® Oy)
~ JPH,_(X,E)

>~ [PH, (X,E® Oy).

—_ — — —
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3.3 Homological stratifications

We will eventually be concerned with the Baily-Borel compactification X of a
modular variety Y that is obtained as an arithmetic quotient Y = T'\ D of a sym-
metric domain D by an arithmetic group I' that is not necessarily torsion free.
Such a space has a canonical “stratification” by boundary strata (cf. [BaiB]), but
the strata are not necessarily smooth manifolds; rather they are orbifolds (see Ap-
pendix B), and hence they are rational homology manifolds. Thus one is led to
consider orbifold stratifications and more generally, homological stratifications, in
which each stratum is a homology manifold, along which the space is locally ho-
mologically a product. Homological stratifications were defined and shown to exist
in [Greb| Section 4.2 where they were used to prove that intersection homology is
a topological invariant. See also [Rou]. The requirements on a stratification vary
with the application, and there are many variants on the notion of a homological
stratification.

Let X be an m-dimensional pseudomanifold of type F (= semi-algebraic,
semi-analytic or subanalytic). Let X,,_o be a closed subset of dimension < n — 2
such that X — X, _5 is an R-homology manifold. Let E be a local coefficient
system of R modules on X — X,,_5. By assumption, there exists a stratification of
X such that the largest stratum Y C X is contained in X — X,,_o. Therefore the
intersection complex IPS®(E) is well defined on X.

Definition 3.3.1. A homological stratification of X (depending on R, p, and E) is
a filtration by closed F-subsets

X:XnDXn_QDXn—SD"'DX—1:¢ (331)
such that

(1) each X; — X,;_; is a j-dimensional R-homology manifold,

(2) the intersection complex IPS*(E) is cohomologically locally constant (CLC)
on each stratum X; — X;_; (meaning that each of its cohomology sheaves
are locally constant on each stratum),

(3) for each j > 2 the complex Rh;. IPS*(E) is cohomologically locally constant
on the stratum X; — X,;_;.

Here, h; : X — Xj_1 — X — X denotes the inclusion. Similarly let us say that a
filtration (3.3.1) is an R-orbifold stratification if each X; — X;_; is a j-dimensional
R-orbifold along which X is locally topologically trivial in the sense of the Thom-
Mather theorem (2.2) (where ¢ is assumed to have an R-orbifold stratification
rather than a Whitney stratification).

Proposition 3.2. Let X be an F-set with a filtration (3.3.1) by closed F-subsets. If
this filtration is a Whitney stratification then it is also a Q-orbifold stratification
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(with the trivial orbifold structure on each stratum). If it is a R-orbifold strat-
ification then it is also a R-homological stratification for any local system E of
R-modules and any perversity p. If it is an R-homological stratification then there
exists a refinement that is a Whitney stratification. O

In other words,
Whitney = R-orbifold = R-homological = Whitney refinement.

Proposition 3.3. Let S = {X =X, D X,,_2D--- D X_1 = ¢} be a homological
stratification (for R, p, and E) as defined above. Let

IZS.(E) = Tgp(n)Rin* . Tgp(g)Rig*TSp(z)RiQ*(E)

be the complex of sheaves obtained from Deligne’s construction with respect to the
homological stratification S. Let I%C'(E) be the complex of sheaves of (Borel-
Moore) chains that satisfy the allowability conditions (3.1.1) with respect to the
homological stratification S. Then the identity mapping E — E extends, uniquely
in D*(X), to quasi-isomorphisms

(1) IPS*(E) — IRS*(E) and
(2) I°PC*(E) —» IXC*(E).

In other words, a homological stratification may be used in place of an honest
stratification for either of these constructions of intersection (co)homology.

Proof. Statement (1) is proven in [Greb] Section 4.2. Now let us prove statement
(2). Let &’ be an honest stratification that refines the homological stratification S.
Then every stratum A’ € &’ is contained in a unique stratum A € S. Let p™ be the
stratum-dependent perversity that assigns to any such stratum A’ € S’ the number
pt(A") = p(A) + dim(A) — dim(A’). Let p~ be the stratum-dependent perversity
that assigns to any such stratum A’ € S’ the number p~(A’) = p(A4). (Here we
have written p(A) rather than p(cod(A)) for simplicity.) The sheaves IZC*(E)
and I“’;C'(E) are identical, because the pT-allowability restrictions (3.1.1) with
respect to strata A’ € 8’ coincide with the p-allowability restrictions with respect
to the corresponding strata A € S. The argument of [Greb] Section 3.6 implies
that there are unique quasi-isomorphisms

1%,S*(E ® Ox)[n] 2 I%,C*(E) and I% S*(E® Ox)[n] = I% C*(E).

(Even though the perversity p* is stratum-dependent, the same proof works.) So
+

it remains to show that I, S*(E® Ox) and I, S*(E® Ox) are canonically quasi-

isomorphic. For notational simplicity we now drop explicit mention of the local

system E ® Ox.
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For any stratum A’ € S’ we have pT(A’) > p(A’) > p~(A'). Therefore there
are canonical morphisms

1?8 - 1%,8° > 17, 8°. (3.3.2)

We claim these are quasi-isomorphisms. Suppose by induction that we have proven
that these are quasi-isomorphisms over the open set X — X,,_. that consists of all
homological strata of codimension < ¢. We wish to conclude that these are also
quasi-isomorphisms over the homological strata of codimension ¢. Let A D A’ be
strata of & and S’ respectively, with codimensions ¢ and ¢ + r respectively. Let
' € A" and let ¢/ denote the link of the stratum A’ at the point z’. Since the
homological stratum A is refined by the stratification S’ there exists an honest
stratum A° € S which is open in A. Let 2 € A° be a point, sufficiently close to 2,
and let ¢ denote the link of the stratum A° at the point x.

Since the homological stratification satisfies hypothesis (3) there is a canon-
ical isomorphism between the stalk cohomology (3.2.1) of the IPS® sheaf at the
points x and 7/, that is, between

pai=l0 el g ey, 20 dfiepled)
IPH"(¢) ifi<p(ec) PHY () ifi<p(c+r)

Therefore IPH!(¢') = 0 for p(c) < i < p(c + ). Moreover, a similar isomorphism
holds for the stalk cohomology with compact supports (3.2.2). This is because, by
hypothesis (3) again, each term in the following isomorphic triangles of sheaves
on X —X,_._1is CLC:

T<p(c) RN IPS® - Rh,IPS*  IPS* » Rh,IPS®
< . ‘

[1] [1]

» »
2P RY, IPS® Rj.j'TS*

Here, h : X — X,,_. =& X — X,,_._1 denotes the inclusion and 2P+ g the
functor that kills cohomology in all degrees < p(c), cf. [Greb] Section 1.14. (The
upper left-hand corners of the two triangles are isomorphic by statement (1) of
Proposition 3.3.) Since the stratum A is also a homology manifold, 5 = i*5'[n — ]
where j, denotes the composition of inclusions

{CL’} . A X X — anc_

iz J

Hence the cohomology of jLIPS® is locally constant as x varies in A. This gives a
canonical isomorphism between (cf. equation (3.2.2)),

sy = [P0 e e
0 ifi<ple)+1+n-—c
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and

I b
0 ifi<ple+r)+1l+n—c—r

Therefore
IPHZ et (1) =0 for ple+7r)+1+n—c—r<i<p(c)+1l+n—c
In summary we conclude that
IPHY () =0 for p(c)+1<i<p(c)+r (3.3.3)

(If S were also an honest stratification, the link ¢ would be the r-fold suspension
of ¢, and this statement would follow directly.) On the other hand, the stalk
cohomology at the point 2’ € A’ of the sheaves (3.3.2) is given in the following
table,

Stalk cohomology H:,(IS*®)

> p(e
PTHW) (i <ple)+r) IPHY() (i<p(c+r) 1P H{) (i <p(c))

We have assumed by induction that 1P~ H(¢') = IPH(¢') = IP" H'(¢'). Then
equation (3.3.3) implies that the morphisms (3.3.2) induce isomorphisms on the
stalk cohomology at the point 2’ € A’. Since 2’ was arbitrary we conclude that the
morphisms (3.3.2) are quasi-isomorphisms. This completes the proof of Proposi-
tion 3.3. 0

3.4 Products in intersection homology and cohomology

As in Section 3.2, let R denote a regular Noetherian ring of finite cohomological
dimension. We suppose that X is a (not necessarily compact) subanalytic or piece-
wise linear n-dimensional pseudomanifold with singular set ¥ and let Y = X — 3.
Let

E1 X E2 — E3 (341)

be a bilinear pairing of local systems of R-modules on Y. Suppose p,q are per-
versities such that p + q is also a perversity. The pairing (3.4.1) of local systems
extends (uniquely in D%(X)) to a morphism

IPS*(E1) ® 19S*(E) — IPT9S°(E3) (3.4.2)

giving a product IPH(X,E;1) ® I9H?(X,Ez2) — IPY9HI (X, E3).
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By an orientation of X we mean an orientation of its nonsingular part, Y.
Suppose X is orientable and oriented. Then the transverse intersection of chains
([Gred]) induces, for any open set U C X, an intersection pairing

PHPM (U Eqy) x I'HPM (U, Eg) — IPT9HSZY | (U, Es)

using the fact that orientations of transverse chains £, 77 determines an orientation
of the intersection |¢] N |n| in the presence of an orientation of Y. The orientation
of X also determines a Poincaré duality morphism P, cf. (2.5.1) and (3.2.3), and
the following diagram commutes,

PPH(X,E1) ® I9HI (X, BEy) —— I[PHH™ (X Eg)

P®Pl lp (3.4.3)
IPH, (X, E1) ® [9H, _;(X,Eg) —— IPT9H, , ;(X,Es)

where the bottom row is the intersection pairing. These pairings and mappings
are independent of the stratification ([Gre5]).
For any perversity r let

e: I"Ho(X,R) — Ho(X,R) —» R

denote the augmentation. Suppose E; x E5 — R is a pairing of local systems of
R-modules (where R denotes the constant local system). If p,q are perversities
such that p 4+ q is a perversity and if X is oriented, then the above products give
rise to pairings on intersection homology and cohomology, which are essentially
three different ways to express the same product:

(Vg IPHY(X,BEq) x I"H" " (X,E2) — R (3.4.4)

<;>IH* IIij(X7E1) XIan,j(X,Ez)—)R (345)

(Vi : IPHY(X,Eq) x I9H,(X,E2) — R (3.4.6)

defined by (a,b)rg+ = €(P(a-b)) in (3.4.4), {a,b)rg, = e(a-b) in (3.4.5), and
(a,byg = €(P(a)-b) in (3.4.6), where - denotes the intersection product. These
pairings will be referred to as the cup product pairing, the intersection pairing, and
the Kronecker pairing respectively. They are compatible with the corresponding

products in the (ordinary) homology and cohomology of Y. For example, in the
following diagram,

HY(Y;Eq1) xHPM(Y;E2) T) R

Oél*l Tﬁl*

IPH*(X,Eq1)xI9H,(X, E2) o R (3.4.7)

3/ K
OCZ*l Tﬂ?*

HF(Y,E1) x Hp(Y,E3) T) R

s

)
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these “Kronecker products” satisfy

(4 (2),y) k = (2, Bra(y)) and (oa.(2'),y') = (', Box(y)) k- (3.4.8)

Let D% denote the dualizing complex on X. The Poincaré duality theorem ([Gred,
Gred]) states:

Theorem 3.4. Assume R is a field. Assume also

(1) p and q are complementary perversities (that is, p(c) + q(c) = ¢ — 2 for
all ¢),

(2) the pairing E1 x E2 — R is nondegenerate, and
(3) X is compact.

Then (3.4.2) becomes a dual pairing, that is, a morphism
I’S*(Ey) © 19S°* (Es) — D%[-7] (3.4.9)
such that the induced mapping
¥ : IPS*(E;) — RHom®(IS* (E5), D% [~n)) (3.4.10)

is a quasi-isomorphism. Therefore the resulting bilinear forms (3.4.4), (3.4.5), and
(3.4.6) are nondegenerate. O

3.5 Finite mappings

Let X, X’ be purely n-dimensional oriented subanalytic pseudomanifolds and let R
be a regular Noetherian ring of finite cohomological dimension. Let f : X’ — X be
a finite proper surjective subanalytic mapping. Then X, X’ can be Whitney strat-
ified so that f takes strata to strata, and f is a covering on each stratum. Suppose
such stratifications have been chosen. (For the purposes of this section, R-orbifold
stratifications of X, X’ would also suffice. However one could always reduce to the
case of Whitney stratifications because the intersection cohomology groups are in-
dependent of the stratification.) Let E be a local coefficient system of R-modules
on the nonsingular part Y of X. Fix a perversity p. It is easy to see that the pull-
back f~1(|¢]) of a (p,i)-allowable (subanalytic) chain ¢ € IPCBM (X, E) is again
(p, i)-allowable. A section of E over the i-dimensional simplices (in some triangu-
lation) of & gives a section of f*(E) over the i-dimensional simplices of f~1(|¢|) so
we obtain a chain f*(€) € IPC;(X’, f*(E)). Similarly, the image f(|n]) of a (p, ?)-
allowable subanalytic chain n € IPC;(X’, f*(E)) is (p,)-allowable. Adding the
values of a section over the fibers of f gives a chain f(n) € I?PC;(X, E). Therefore
f induces mappings

PH/(X,E) — 5 PH,(X', f*(E)) —— IPH(X,E). (3.5.1)

*
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If E; x E; — Eg is a bilinear pairing between local systems on X, and if p,q are
perversities such that p + q is a perversity, then these mappings are compatible
with the intersection product, via the projection formula:

f(f*(a)-b)=a- f(b) € IP"9H,;1;_,(X,E3) (3.5.2)
for all a € IPH;(X', f*(E1)) and all b € IPH;(X,E3).

3.6 Correspondences

A correspondence (c1,¢2) : X' = X is a pair of finite proper surjective map-
pings. Given such a correspondence, the pseudomanifolds X, X’ can be stratified
with nonsingular strata Y,Y” respectively, so that the mappings ¢; : Y/ — Y are
(unramified) coverings. If E is a local system on Y then a lift of E to the corre-
spondence is an isomorphism of local systems, ¢j(E) = ¢5(E). Using (3.5.1), such
a lift determines endomorphisms

h=(ca)«(c1)" and 'h = (c1)u(c2)*

on IPH,(X,E). Notice that if we only assume that ¢;(E) — ¢4(E) is a morphism
of local systems, we still obtain the endomorphism h, but not necessarily .

Lemma 3.5. Let (c1,¢2) : X' = X be a correspondence with h, 'h as above. Let
E1 x E2 — Q be a pairing of local systems (of rational vector spaces) on the
nonsingular part Y C X. Suppose we are given lifts of Eq and Eq to the corre-
spondence. Let p,q be perversities such that p+q s a perversity. Then the pairing

(3.4.4) satisfies:
(h(a),b) = (a, (b)) € Q
foralla e IPH;(X,Eq) and allb € I9H,,_;(X, E2).

Proof. Using the projection formula (3.5.2), calculate
<h(a)a b> = <C2*C)1kav b>

= e ((ca«c1a) - b)) = € (ca«(cra - 3b))
=e(cia- c3b) = e(c1, (cla- c3b))
=€ (a- cruc3b) = {a, (b)) 0

The mappings h and h may also be constructed on intersection cohomol-
ogy using the sheaf theoretic approach. Suppose E is a local system on Y C X
and ¢;(E) — c¢3(E) is a morphism of local systems. The complex of sheaves
ci (IPS*(X,E)) satisfies the support condition (a), and ¢, (IPS*(X,E)) satisfies
the cosupport condition (b) of Lemma 3.1, which therefore provides canonical
morphisms

CIPS*(E) — IPS*(CCE) — IPS*(c3(E)) — ,IPS*(E).
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Let s : X — {pt} be the map to a point. Then s.(c1)x = s«(c2)1 since X is
compact. We obtain a morphism

Rs,IPS*(E) — Rs,Re1, i IPS*(E) — Rs,Re1,chIPS*(E)
= Rs,RenchIPS*(E) — Rs, IPS*(E)
using the adjunction morphisms
A®* — Rf.f*A® and Rfif'A® — A®

(which exist for any complex of sheaves A® on X). This gives the desired mapping
h = (c2)«(c1)* on intersection cohomology. It is compatible with the isomorphism
P, meaning that (for all p,i) the following diagram commutes up to a sign which
is 1 if ¢; and ¢y are both orientation preserving:

PHI(X,E) —— I’PH!(X,E)

Pl lP (3.6.1)
IPH,—i(X,B) —— IPH,_;(X,B).
If ¢;(E;) — c5(E2) is an isomorphism, then similar remarks apply to 'h. Moreover,

in this case the pairing (3.4.5) satisfies (h(a), b) = (a, (b)) foralla € IPH* (X, E;)
and all b € J9H™ (X, Ey).






Chapter 4

Review of Arithmetic Quotients

4.1 The setting

Possible references for the geometry described in this section include [BoS, Sa2,
Gre6, Gre3, Gre2]. Let G be a connected reductive algebraic group over Q, let Sg
be the greatest Q-split torus in the center of G and let

0G = n, ker(x?)

be the intersection of the kernels of the squares of the rationally defined characters
x of G. Then the group of real points G(R) splits as a direct product

G(R) = "G(R) x Ag

where Ag = S¢(R)? is the topologically connected component of the group of real
points of Sg. Borel and Serre [BoS] consider the “symmetric space” G(R)/ KL Ag
where K1 is a maximal compact subgroup of G(R). In the case that we are most
interested in, see Section 5.1, there is the annoying problem that the center of G
contains an R-split torus S that is not Q-split, and we need to divide by it in order
to get a symmetric space that is a product of copies of C — R.

For this purpose, let S be a central subgroup of GG defined over Q that contains
Sc. We denote by

A= S(R)°

the identity (or neutral) component of S(R). We are most interested in the case
where S is the center of G as in Section 5.1. Let Ko, = KX A. where K, C G(R)
is a maximal compact subgroup corresponding to a Cartan involution 6 of G. We
refer to D = G(R)/ K as the “symmetric space” associated to G. The choice of
K corresponds to a choice of basepoint g € D. Then K acts on the tangent
space Ty, D and a choice of Kl -invariant inner product on Ty, D gives rise to a
Riemannian metric on D. Such a metric is referred to as an invariant metric and
in this metric, the manifold D is complete.

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 41
Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_4, © Springer Basel 2012
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A locally symmetric space or arithmetic quotient is the quotient I'\D by
an arithmetic subgroup I' C G(Q). It is Hermitian if the symmetric space D is
Hermitian, that is, if it carries a G(R)-invariant complex structure. If T' is torsion-
free then I'\ D is a smooth manifold, otherwise it is an orbifold. By a theorem
[BoHC] of Borel and Harish-Chandra, the volume (in the invariant metric) of I'\ D
is finite. If Ky C G(Ay) is a compact open subgroup of the finite adeles, the space

Y = GQ)\G(4)/ KoK

is the disjoint union of finitely many locally symmetric spaces. To describe this,
let Z C G be the center of G and let G(R)* C G(R) be the subgroup whose
elements map to the identity component of G/Z(R). Assume that S = Z. Finally
let G(Q)T := G(Q) N G(R)". Using the strong approximation theorem ([PlaR]
Thm. 7.12) it can be shown that the set G(Q)T\G(Af)/Ky is finite. It is possible
to choose finitely many elements z; € G(Ayf) (say, 1 < ¢ < r) which form a
complete set of representatives for the set G(Q)T\G(Af)/Ky. Then the space Y
is the disjoint union of the locally symmetric spaces I';\ DT where

Fi = G(Q)+ n l‘iK()x;l, 1 S 7 S T,

(compare Section 5 of [Mil]). Here DT is the component of D containing the
identity.

For the remainder of this chapter we fix an arithmetic group I' C G(R)
and set X = I'\D. We will be concerned with three compactifications of X : the
Borel-Serre compactification X b (which is a manifold with corners), the reduc-
tive Borel-Serre compactification, X RS (which is a stratified singular space), and

. . . BB A L
the Baily-Borel (Satake) compactification X (which is a complex projective al-
gebraic variety, usually singular, and is only defined when X is Hermitian). These
compactifications are related by canonical stratified mappings

BS RBS BB
X7 —— X X

4.2 Baily-Borel compactification

Standard references for this section include [AshM] Chapt. III, [Sat] Chapt. IT and
[BaiB]. Assume that the “symmetric space” D = G(R)/K is Hermitian (mean-
ing that it admits a G(R)-invariant complex structure. It may be holomorphically
embedded in Euclidean space C™ as a bounded (open) domain, by the Harish
Chandra embedding ([AshM] p. 170, [Sat] Section II.4). The action of G(R) ex-
tends to the closure D. The boundary 9D = D — D is a smooth manifold which
decomposes into a (continuous) disjoint union of boundary components, each of
which is the intersection
F=DnNH
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with a supporting hyperplane H. Alternatively, it is possible ([Sat] I11.8.13) to
characterize each boundary component as a single holomorphic path component
of D : two points z,y, € dD lie in a single boundary component F' iff they are
both in the image of a holomorphic “path” a : A — 9D (where A denotes the
open unit disk). In this case a(A) is completely contained in F.

The boundary component F' is a bounded symmetric domain in the small-
est affine space L that contains F. The normalizer Ngm)F' (consisting of those
group elements which preserve the boundary component F') is a proper parabolic
subgroup of G(R), and the boundary component F' is rational if this subgroup is
rationally defined.

If we decompose G into its Q simple factors, G = G X --- X Gj then the
symmetric space D decomposes similarly, D = D; x --- x Dj. Each (rational)
boundary component F' of D is then the product F' = F; X --- X F}, where either
F;, = D; or F; is a proper (rational) boundary component of D;. The normalizer
of F' is the product Ng(F) = Ng,(F1) X -+ X Ng, (Fx) (writing Ng,(D;) = G;
whenever necessary). If G is Q-simple then the normalizer Ng(F') is a mazimal
(rational) proper parabolic subgroup of G.

Definition 4.2.1. The Baily-Borel Satake partial compactification D"" is the union
of D together with all its rational boundary components, with the Satake topology.

Theorem 4.1 ([BaiB]). The closure F of each rational boundary component F C

D" is the Baily-Borel-Satake partial compactification J of F. The group G(Q)
) . . ) . BB

acts continuously, by homeomorphisms on the partial compactification D™ . The

quotient xPP = F\DBB 18 compact. Moreover, it admits the structure of a com-
plex projective algebraic variety. It has a canonical stratification, with one stratum
Xp =T N (NgwyF)\F for each T-equivalence class of rational boundary compo-
nents F. The closure of X is the Baily-Borel compactification of Xp.

4.3 L2 differential forms

As in Section 4.2, assume the “symmetric space” D = G(R)/K is Hermitian, so
that X =T\ D is a complex algebraic variety. A finite-dimensional representation
of G on a complex vector space V determines a local system E = V xr D on
X. A choice of K1 invariant Hermitian form on V gives rise to a G invariant
Hermitian metric on the local system E. Let sz)(X ,E) denote the complex of
smooth L? differential forms on X with coefficients in E, that is, the collection
of all smooth differential forms w on the orbifold X such that [, [wl|? dvol < oo
and [ |dw]||® dvol < oo (where |||| denotes the pointwise norm determined by
the Hermitian metric, and dvol denotes the invariant volume form on X). The
cohomology H, (iz)(X ,E) of this complex is called the L? cohomology of X.
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Now consider the sheaf (or rather, the complex of sheaves) €27, (E) of smooth

L? differential forms on the Baily-Borel compactification X PP m degree j it is

the sheafification of the presheaf whose sections over an open set U C X BB consist
of all smooth differential forms w € Q7 (U N X, E) such that

/ |wl|* dvol < oo and / ||dw]|? dvol < oc.
Unx Unx

This sheaf is known ([Zul]) to be fine and (cohomologically) constructible, meaning
that its stalk cohomology is finite-dimensional and is locally constant along each
stratum of the canonical stratification of X . Its restriction to the “nonsingular”
(or orbifold) part, X, is precisely the complex of sheaves Q°(X,E) of all smooth
differential forms on X. Its vector space of global sections

L(x"" 0 5)(B)) = 0, (X, E)
coincides with the L? differential forms on X. Hence, its cohomology is the L2
cohomology, that is,

: BB . ~
HI(X, Q8 (E) = H

(2) (Xa E)

In [Loo|] and [SaS1] the following conjecture of S. Zucker was established, in the
case that I" acts freely on D.

BB

)

Theorem 4.2. The identity mapping E — E has a unique extension in D*(X
to a (quasi-) isomorphism

° mae BB

between the sheaf of L? differential forms and the intersection complex with middle
perversity m on X . It induces a natural isomorphism

Z.H (X,BE)="HI (X" E)

(2)
between the L? cohomology of X and the (middle) intersection cohomology of XBB.

Proof. The general case of Theorem 4.2 can be reduced to the case when I' acts
freely. For, if the action of " on D is not free then there exists a subgroup I'' C T" of
finite index which acts freely. Then the mapping 7 : X’ = I"\D — X is a ramified

covering of degree [I" : T”] which also serves as an orbifold chart (see Appendix
BB

B). It extends to a mapping 7 : X’ BB X" which induces quasi-isomorphisms
Rt (20, (E)) — 92, (E) and R, (I"S*(X'"", E)) — I"S*(X"" E), and the

composition 7, 7* is multiplication by [I": I"]. O



4.3. L? differential forms 45

The inclusion of complexes of smooth differential forms on the orbifold X
2:(X,E) = Q) (X,E) —» Q*(X,E)

induces mappings on the corresponding (de Rham) cohomology groups, and it is
easy to verify that the following diagram commutes:

Hip (X, BE) —— H} (X,E) —— HJ,(X,E)

l zl l (4.3.1)
HI(X,E) —— I™"H/(X,E) —— H/(X,E)
Proposition 4.3. Let
<', > : E1 X E2 — C (432)

be a nondegenerate pairing of local systems on X that arise from finite-dimensional
representations of G. Let wy € QZZ)(X,El) and wy € Q?QEJ(X, E2) be smooth,

closed, L? differential forms on X, representing cohomology classes

wi] € Hlp (X, B1) and  [wo] € Hiy7 (X, E)

respectively. Then

/le Aws = (Z([on]), Z([wa])) 1n- (4.3.3)

where (-, Yy~ denotes the (intersection cohomology) pairing of (3.4.4) and where
fX w1 A we 18 understood to mean that the values of the differential forms wi,ws
are multiplied using the pairing (-, -).

Proof. 1f S® is a (cohomologically) constructible complex of fine sheaves of complex
BB . . .

vector spaces on X  then its Borel-Moore-Verdier dual is the complex of sheaves

T* whose sections over an open set U C X PP are defined as

(U, T7) = Home (T (U, S7), C). (4.3.4)

(cf. [Iv] Section IV.1 or [GelM] Chapt. 4 Section 5.16.) Here I'. denotes sections
with compact support. The resulting morphism S®* ® T®* — ID);{BB (where ID);{BB

denotes the dualizing complex on X BB) induces a quasi-isomorphism
T. — ].:{HOI].'I(S.7 D;(BB)~

Let us apply this to the case when 8* = QF, (Ey ) is the sheaf of L? differential
forms on X . Let T* be the resulting (4.3.4) dual sheaf. The pairing (4.3.2) gives
rise to a morphism of sheaves, ® : Q@(Ez) — T* which is given on sections over

BB
vcXx -,
Py I'(U, Q) (E2)) — Home (L' (U, 25 (E1)), C)
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by @y (w)(n) = [,y w An € C. It suffices to show that the following diagram (of
. . . BB
quasi-isomorphisms) commutes in D°X |

Q) (B2) —— RHom(€2%, (E1), D [-n))

Zl TZ
I"S*(E;) —— RHom(I"S*(E1), D% 5 [—n))

where ¥ is given by (3.4.10).
Theorem 4.2 says that the vertical arrows are isomorphisms, so Lemma 3.1
may be applied, giving that the horizontal morphisms are uniquely determined by

their restrictions to X C X BB. Thus, in order to show this diagram commutes,
it suffices to check that it commutes when all these sheaves are restricted to X.
This reduces the question to the classical situation: each of these complexes, when
restricted to X is quasi-isomorphic to a local system. For any y € X let U, be
a neighborhood of y which is diffeomorphic to an open n-ball. Then the result
follows from the commutativity of the following diagram.

HO(U?J7E1) E— Hom(HgL(vaEZ)7(C)

gl Tg

(E1)y - Hom((Ez),, C) O

4.4 Invariant differential forms

As in the preceding section assume that X = I'N\G(R)/K is a Hermitian lo-
cally symmetric space. Let E be a local system on X corresponding to a finite-
dimensional representation Gg — GL(V') on some finite-dimensional complex vec-
tor space V. Let us say that a smooth differential form w € Q7(X, E) is invariant
if it pulls up to a (left) Gr-invariant differential form on D. Let Qf, (X, E) denote

the complex of smooth invariant differential forms with coefficients in E, and let

H! (X,E) denote its cohomology. If w is such an invariant form then ||w|| is con-

stant on X so [ |w||* dvol < co and the same holds for dw. Hence, the inclusion
of the invariant differential forms into the complex of L? differential forms induces
a canonical homomorphism

H (X,E) - I"HI(X"" E). (4.4.1)

mv

Each invariant differential form on X is determined by its value at the basepoint
in D, hence as an element of A\’ (gr/%, V). So the invariant cohomology H;. (X, E)
is just the relative Lie algebra cohomology H7(ggr, K1 ; V), which is known to be
a direct summand of the L? cohomology ([Schwe]). It follows that the homomor-

phism (4.4.1) is injective.
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4.5 Hecke correspondences for discrete groups

Hecke correspondences are treated from the adelic point of view in Section 7.6. In
this section we do not necessarily assume that D = G(R)/K is Hermitian. Let
I',T's € G(Q) be commensurable arithmetic subgroups with corresponding locally
symmetric spaces X; = I';\D. Each g € G(Q) determines a Hecke correspondence

(c1,¢2)

X1o X x Xo (4.5.1)

where ¢; : X12 = X; (i = 1,2) are finite coverings and are defined as follows. Set
2 =T1Ng 'Tayg
and X153 = I'12\D. Then
c1(T22K ) =T12Ko and ca(T120Ko) = Faga Koo

which are easily seen to be well defined for any z € G(R). The degree of ¢; is
[['y : T'12] which is finite, by [Bo69] Section 7.13. In fact, a decomposition into right
cosets I'y = ]_[;11 I'12h; of elements h; € I'; gives rise to a decomposition into right
cosets ['ogl'y = [ [/~ T'2gh; and conversely. Similarly, deg(cz) = [g7'T'2g : T'10] =
[Tz : gT'12g7"], because a decomposition g~ 'T'ag = [, k;T12 is equivalent to the
decomposition T'ogl't = [[}_, gk;T'1.

Up to isomorphism of correspondences, the Hecke correspondence (4.5.1)
depends only on the double coset I'ogI'y € G(Q). If (s1,%1) : Y1 = X and (sa,t2) :
Yo = X are two correspondences, their composition is the correspondence Y3
defined to be the fiber product,

Ys

» 4
Y1 Y, (4.5.2)
S1 i1 So to
» 4 » 4
X X X
that is, Y3 = {(y1,92) € Y1 X Ya| t1(y1) = s2(y2)}. As in [Shim1] Section 3.1 the
multiplication law, which can be identified with composition of correspondences,
determines an associative product

R(Phl—‘g) X R(FQ, Fg) — R(Fl, Fg)

where
R(T4, 1) = Z[L\G(Q)/T4]

is the group of finite formal linear combinations of double cosets. In particular,
the group R(T',T") obtains the structure of an algebra, the Hecke algebra of T.
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It is easy to check that the mapping Z of Theorem 4.2 is Hecke-equivariant
in the following sense: If (c1,¢2) : X12 — X1 X X3 is a Hecke correspondence and
ifwe 9%2) (X2, E) then ¢}(w) is an L? form on X2 and (c1).ch(w) (obtained by
summing over the finitely many points in each fiber of ¢;) is an L? form on X;
whose associated cohomology class [(c1)«ciw] € H(]2) (X1, E) satisfies

Z ([(er)wcaw]) = (cr)wca(Z([w]))- (4.5.3)

and

/ w:/(cl)*cgw (4.5.4)
ca2+ci(Z) zZ

whenever Z C X is a subanalytic cycle such that |, 57w < 00.

4.6 Mappings induced by a Hecke correspondence

The Hecke correspondence (4.5.1) has unique continuous extensions

BB BB RBS c1,C RBS RBS
XPP o X% and x0° ne) x B xH

X113213 (€1,¢2)
(the first of which is only defined when D is Hermitian), and in each case (BB or
RBS) the resulting mappings ¢; : X12 — X; are finite. In the Hermitian case, these

mappings commute with the projection p : XRBS — XBB of equation (4.8.1).

Let A : G — GL(V) be a finite-dimensional irreducible representation on
some complex vector space V. Then A\ gives rise to local systems E;, Es, Ej5 on
)(17 )(27 X12 respectively.

It is easy to see that the action of G(R) on V' determines canonical isomor-
phisms of local systems, ¢5(E2) — Ei12 — ¢f(E1) on Xj2. So we have a lift of
the local system to the correspondence and by Section 3.6 this induces homomor-
phisms

(c1)uch : IPH; (X5 E) — IPH;(X), " E) (4.6.1)

and

RBS

* RBS
(C])*C2 : IPHJ(X2

,E) = I°PH;(X, ,E) (4.6.2)
on intersection homology of any perversity p. In the case of the BB compactifi-
cation it is easy to see that equations (4.6.1) and (4.5.3) are compatible with the
Poincaré duality isomorphism (3.2.3) and (3.2.4).
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4.7 The reductive Borel-Serre compactification

In this section we do not necessarily assume that D = G(R)/K is Hermitian.
Let P be a rational parabolic subgroup of G. Let Up be its unipotent radical and
vp : P — Lp be the projection to the Levi quotient. Then Lp is rationally defined.
As in Section 4.1 we have a canonical decomposition Lp(R) = Mp(R)Ap where
Mp(R) = °Lp(R).

There is a unique 6 stable lift ([BoS] Prop. 1.8), Lp(xg) C P of Lp to P
(where 6 is the Cartan involution corresponding to the basepoint xg € D). So we
obtain the Langlands decomposition

P(R) = Up(R)Ap Mp(R). (4.7.1)

The intersection Kp = K1 N P(R) is completely contained in Mp(R). It follows
from the Iwasawa decomposition that P(R) acts transitively on D with isotropy
group Kp o, = KpA. Define the geodesic action [BoS] of ApAon D = P(R)/Kp
by (9Kp,o)-a = gaKp for g € P(R) and a € ApA. This action (from the right)
is well defined since Ap A commutes with Kp C Mp(R). The group Ag C Ap acts
trivially, and the quotient
' =ApA/A

acts freely on D with orbits that are totally geodesic submanifolds of D (with
respect to any invariant Riemannian metric). The geodesic action is independent
of the choice of basepoint g € D. The (Borel-Serre) boundary component is the

quotient
ep = D/AP = D/A’P

The Borel-Serre partial compactification D" is the disjoint union of D to-
gether with the boundary components ep as P ranges over all rational parabolic
subgroups, with the Satake topology which essentially adds a point at infinity to
each Ap-geodesic orbit. This topology is arranged so that I" acts properly on DBS
and the quotient X B _ F\DBS is the Borel-Serre compactification of X. The quo-
tient under I" makes identifications within each boundary component and it also
identifies boundary components ep and eg whenever P and () are I'-conjugate.
The compactification X bs is a finite-dimensional orbifold with boundary, whose
boundary has been (homologically) stratified into “corners” which are themselves
orbifolds (or manifolds, when I is neat); see [BoS, Gre2].

Using the Levi decomposition P = UpLp we may write

D =Up(R)Lp(R)A/KpA.

The group Kp and the geodesic action of the group A = ApA/A act (from the
right) only on the factor Lp. So we obtain a diffeomorphism

ep = UP(R) X (LP(R)A/KPAPA) = Up X Dp (472)

where Dp is the reductive Borel-Serre boundary component Lp(R)/KpAp.
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Let Tp =TNPR) and 'y, = vp(T'p) C Lp(Q). Define the reductive Borel-
Serre stratum

Xp=T/\Dp =T \Lp(R)/KpAp (4.7.3)

where I'y, = vp(T'p) C Lp(R)) = Mp(R)Ap. Then the Borel-Serre stratum Yp is
a fiber bundle over the reductive Borel-Serre stratum X p,

Yp =Tp\ep =Tp\P(R)A/KpA =Tp\P(R)/KpAp — Xp =T \Dp

whose fiber is the compact nilmanifold Np = I'y\Up(R).

Define the reductive Borel-Serre partial compactification DRBS (resp. the
reductive Borel-Serre compactification X RBS) to be the quotient of D™ (resp. of
XBS) which is obtained by collapsing each ep to Dp (resp. each Yp to Xp).

Theorem 4.4 ([Zul, Section 4.2, p. 190], [Gre3, Section 8.10]). The group I' acts
on p're with compact quotient F\DRBS = X" The boundary strata form a

reqular stratification of X RBS and the stratum
Xp =T \Mp(R)/Kp =T1\Lp(R)/KpAp

18 a locally symmetric space corresponding to the reductive group Lp. Its closure
) RBS . . ) )
Xpin X is the reductive Borel-Serre compactification of Xp.

The reductive Borel-Serre compactification X s may have strata of odd
codimension so there are two “middle” perversities: the lower middle, m, with
m(c) = |¢/2] — 1 and the upper middle n, with n(c) = [¢/2] — 1.

4.8 Saper’s theorem

Suppose D = G(R)/K, is Hermitian, let I' C G(Q) be an arithmetic subgroup
and X =T\ D. In [Zu2] and [Gre3] it is proven that the identity mapping X — X
has a unique continuous extension

BB

pe X x (4.8.1)

The mapping p takes strata to strata. It can be explicitly described, see [Gre3]
Section 22 or [Gre2] Section 5, but we will not need to make use of the finer
properties of p. We will make use of the following result of L. Saper [Sal].

Theorem 4.5. Let E be the local system on X corresponding to a finite-dimen-
x" B, 1's*(x""° E) and

) . ) s
I™S*(X 7, E) denote the complex of sheaves of intersection cochains on x"

sional (complex) represntation of G. Let I™S®(
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(with upper and lower middle perversity) and on XBB. Then the mapping 1 in-
duces quasi-isomorphisms

RBS RBS RBS
'E

Ru I"S*(X 77 E) 2 I"S*(X )= Ru I"S* (X1 E) (4.8.2)

that is the identity E — E on X.

Theorem 4.5 is described as Conjecture 4.1 in [Rap]. It was proven in the
Q-rank one case in the appendix [SaS2] to [Rap], and in general in [Sal].

4.9 Modular cycles

Let L/ F be a quadratic extension of number fields. Let G be a reductive algebraic
group defined over Q of semisimple rank > 1 and suppose that Gy is split at all
the real places of F. Define

H= ResF/QGO — G = ReSL/QGo.

Let D=G(R)/Ko where K., =K1 A as in Section 4.1 and let Dy =H (R)/K i 00
where Kg oo = Koo N H(R). Then the embedding of symmetric spaces Dy — D
induces an embedding locally symmetric spaces

where I' C G(Q) is arithmetic and 'y =T' N H(Q).

Theorem 4.6. Suppose the symmetric space D is Hermitian, of real dimension r.
Let E be the local system on X corresponding to a finite-dimensional representation
of G(R) on some complex vector space V. Let S be a flat section of E|(Xy — W)
where W is a (possibly empty) proper subvariety of Xg. Then the compactification

BB BB
Xy CX  defines a class

BB

X e rmH, (X" E)

in the (middle) intersection homology of the Baily-Borel compactification x"°.

Proof. The embedding (4.9.1) has a unique continuous extensions

RBS RBS BB BB

The flat section S determines a “fundamental” homology class [Xp, S] € HPM (X :
E) by Proposition 2.5. In fact this lifts canonically to a homology class

RBS RBS

(Xu € H. (X ;E)
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where r = dimg(D). This is because each singular stratum (corresponding to a
proper parabolic subgroup Py = Up, Ap, Mp,) of X I;BS has (real) dimension

T — dlm]R(A/PH) — dimR(UPH (R)) S r—2.

We claim that this cycle satisfies the allowability conditions for upper middle
intersection homology I”HT(XRBS, E), that is, n(¢) = [¢/2] — 1.
The parabolic subgroup Py C H arises from some parabolic subgroup Py C

Gy by restriction of scalars. Consequently the corresponding boundary stratum
. S . . S
(let us call it Zp) of X IF_{IB lies in the boundary stratum (call it Z) of X 55 that

is associated to the parabolic subgroup P = Resy,pPg C G. The allowability
condition (3.1.1) requires that

dim(Zg) < dim(Xg) — codimx (Z) + [codimx(Z)/2] — 1
(using real dimensions and codimensions throughout), or ¢ + 1 < ¢ + [¢/2] where

¢ = codimx (Z) = dim(A4%) + dim(Up(R))
cy = codimy,, (Zy) = dim(Ap,, ) + dim(Up, (R))
= dim(Ap) + § dim(Up(R)).

Thus, the allowability condition comes down to 1 < [a’/2], which always holds.
The conclusion of Theorem 4.6 now follows from Saper’s canonical isomorphism

(4.8.2), viz.,

RBS

(X" E) = mH,(x"" E). O

We remark that flat sections arise naturally from invariant one-dimensional
subspaces of V' as described in Section 6.2.3 and 6.4.2. The following additional
fact is an immediate consequence of (4.6.1).

Scholium 4.7. Consider a Hecke correspondence (¢1,¢2) : X{BQB — X{BB X XQBB that
arises from commensurable arithmetic subgroups I'y,I's C G(Q) and an element
g € G(Q). In other words, X; = T;\D (i = 1,2) and X192 = T'12\D where '3 =
'y Ng~tTag. Then

BB  _ __ BB
X/H ZCzcll(XH )
1s also a modular cycle and its intersection homology class satisfies

X7 = (ea)uct (1X5]) € I HA(X5 ", E).
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4.10 Integration

In Section 8.6 and Section 9.3 we will integrate a differential form over a modular
cycle. Because of the Zucker conjecture (Theorem 4.2) one might expect that,

given a closed L? differential form w and given an algebraic cycle Z C X BB
that represents a middle intersection homology class, the integral | , w should be
well defined, finite, and should equal the Kronecker product (Z[w], [Z])k of the
corresponding intersection (co)homology classes. See [Chl, Ch2| for a setting in
which these desiderata are realized. Unfortunately this is usually false: the integral
may fail to converge and even if it does converge it may fail to equal this Kronecker
product. Nevertheless in our situation the differential form w arises from a rapidly
decreasing modular form, and the cycle Z has finite volume. These ingredients turn
out to be sufficient to guarantee that the integral is finite and that it coincides
with the Kronecker product, as we now explain. We continue with the notation of
the previous section, but in the particular case that Gy = GL3, with

H = ResF/QGLg cG= ResL/QGLg

and with the resulting inclusion of modular varieties Xy C X.

A choice of a G(R)-invariant Riemannian metric on D = G(R)/ K, induces
an H(R)-invariant metric on Dy so we obtain compatible metrics on X and Xp
with finite volume, as well as pointwise inner products on differential forms on X
and Xg.

Let Eq, E3 be local systems on X that arise from representations of G(R) on
finite-dimensional complex vector spaces E1, E respectively. Choose K1 -invariant
Hermitian inner products on E7, F5 and choose a K, ;o—invariant Hermitian form
¢ : E1 X Ey — C. These choices give rise to G(R)-invariant norms on Eq, Eg
and a G(R)-invariant product ¢ : Eq; x E2 — C. In order to agree with the
notation of Section 8.6 and Section 9.3 let us write Z = X for the modular cycle.
A differential form w € Q"(Z,E1) is bounded if there exists M > 0 such that
|w(z)] < M for all x € Z. Similarly if s is a section over Z of Eo then we say that
¢(w, s) is bounded if there exists M > 0 such that |¢,(w(x),s(x))| < M for all
T € Z

Let s be a flat section of Eq|(Z — W) where W C Z is a (possibly empty)
proper subvariety. By Proposition 2.5 the pair (Z,s) determines a Borel-Moore
homology class in X which, by Theorem 4.6 lifts to an intersection homology class

(2] = [2,s] € IH.(X"" | E,).

Proposition 4.8. Assume there exists a character x of H(R) such that |s(h.x)| <
Ix(h)||s(z)| for all h € H(R)'. Let w € Q"(X,E1) be a smooth, closed differential
form that is bounded. Then w is also square summable, and by Theorem 4.2, it

represents an intersection cohomology class Z([w]) € IHT(XBB7 E1). Assume that

1See, for example Sections 6.2.3 and 6.4.2.
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the product ¢(w, s) € Q"(X;C) is bounded®. Then the integral of w over Z is finite
and is equal to the Kronecker product (see (3.4.8)) of the intersection (co)homology
classes:

/Z Wi / 6w, ) = (Z(w]), [Z]) i < .

Proof. The volume vol(Z) is finite by [BoHC], hence if w is bounded then it is also
square summable. Moreover, the integral is finite since it is bounded by Mvol(Z)
where M is a bound for |p(w, s)]|.

The Baily-Borel compactification of X (resp. of Xg) consists of adding
finitely many cusps. A neighborhood of such a cusp is associated to a (maximal
proper) rational parabolic subgroup P with P(R) = Up(R)ApMp(R) as described
in equation (4.7.1), and such a neighborhood is diffeomorphic to the double coset
space I'p\P(R)/KpAg where I'p = I' N P(R) and Kp = K N P(R). Recall
(Section 4.7) that right multiplication by the one-dimensional real split torus A’
defines the geodesic flow which moves points towards and away from the cusp. Fix
a nontrivial character ¥p : Ap — Ry and let AL (> t), Ap(t), AB([s, t]) etc. de-
note 11 (t,00),% 1 (t), 9~ ([s, t]) respectively. The character ¢p can be chosen so
that A’ (t) moves points towards the cusp as t — +o00. Then a (punctured) neigh-
borhood of the cusp in X (resp. in Xpg) is diffeomorphic to L x A(> 1) (resp.
Ly xAp(> 1)) where L (resp. L) is the link of the cusp point in X (resp. in Xg).
The character ¥p passes to a (real) analytic mapping I'p\D — R~ which, for
t > 11is a fiber bundle whose fiber is ¥5'(t) = Ly = A% (¢)L. In other words, the
fiber is obtained from the link L = 1/)};1(1) by flowing under the geodesic action
for time ¢.

The middle-dimensional intersection homology I™H,.(X, E2) is the image of
(compactly supported) homology H.,.(X,Ez2), so the class [Z] lifts to H,(X,Ez2).
This is equivalent to saying that the homology class [Ly] € Hy_1(L, E2) vanishes.
Hence there is a subanalytic chain (even a real semi-analytic chain) R in C,(L, E3)
such that OR = Ly. (So the chain R consists of a subanalytic subset |R| of L
together with a section of E over |R|.) For each n = 1,2,... we may construct
a new cycle Z, from Z by “truncating” at each of the cusps, and “capping” the
resulting boundaries using the chain R. If there is a single cusp then

where R,, = A%»(n).R.
For each n, the Borel-Moore homology class represented by Z,, coincides with
that of Z. Since Z,, has compact support, by (3.4.8) we have:

/ w = (], [Za]) = (Z([w]), [2]) i

n

where the right side denotes the Kronecker product between H"(X,E;) and
H,.(X,E3), and between TH"(X,E;1) and IH,.(X,E3) that is induced from ¢ :

2This condition holds if w is rapidly decreasing.
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U
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Figure 4.1: The mapping ¢ p

E; x E; — C. By [Fed2] Theorem 3.4.8, and Section 4.2.28; see also [Fed3, Fedl,
Hardt2, Hardt1] the chain R has finite volume so the above integral converges.
Moreover,

Zns1="2n— Ry + Ap([n,n+1]).L + Rpy1 = Z,, + 0(As([n,n + 1]).R).

It follows from Stokes’ theorem that

/ Y= / “
n Zn+1

is independent of n. This in itself does not guarantee that [, w = [, w because
these differ by [, R, W (which is also independent of n). However, it is known that
in a neighborhood of a cusp the invariant metric is a warped product ([Zul], [Mu]
Section 6) which implies that vol(R,,) — 0. Since the differential form w is bounded
this implies that fZ” w— [,w. O

. . . BB, L
We remark that the Baily-Borel compactification Z  is a complex projective
algebraic variety and the metric induced from an embedding in projective space
(with its Fubini-Study metric) is not complete but it has finite volume. In fact,

like any complex analytic variety, the variety Z BB is locally and globally area
minimizing (for a precise statement see [Stz, Theorem A p. 9]). If @ denotes the
Kahler form on projective space then, when restricted to Z, the differential form
a” becomes a volume form. These and similar results, due to Federer [Fed2, Fed3,
Fed1], Bishop [Bis] and Stoll [Sto], are beautifully described in [Stz]. However, the
natural metric on the modular variety Z = Xp is complete, and in this case, the
finite volume statement is a consequence of the structure of a fundamental domain
for FH.






Chapter 5

Generalities on Hilbert Modular
Forms and Varieties

In this chapter we collect some known facts on Hilbert modular forms and varieties,
mostly for the purpose of fixing our notation. These concepts will be used in
Chapter 7, where we will recall the description of the intersection cohomology of
Hilbert modular varieties in terms of Hilbert modular forms.

The motivation, details, and explanations for much of this chapter and the
next are described in Chapter 6 (on automorphic vector bundles) and Appendix
D (on Fourier expansions). We first deal with Hilbert modular varieties and how
one passes from their adelic realization as a finite level Shimura variety to their
classical complex analytic realization and vice-versa. In Section 5.3, we discuss
conventions concerning the weights which, on the one hand, parametrize spaces of
automorphic forms (Section 5.4) and on the other hand, parametrize local systems
(Chapter 7, Section 6.6).

We define Hilbert modular forms in Section 5.4. Our approach to Hilbert
modular forms is adelic. A review of the adeéles is provided in Appendix C. It
is most natural to introduce Hecke operators from this viewpoint (see Section
5.6). We then review various constructions related to these automorphic forms. In
Section 5.7 we fix a normalization of the Petersson inner product which will be used
in Chapter 7. Specifically, Theorem 7.11 gives the relation between the Petersson
inner product of two cusp forms and the intersection pairing of the intersection
cohomology classes they define. Fourier expansions of Hilbert modular forms are
recalled in Section 5.9 with details in Appendix D. We will not require Fourier
series until Chapters 8 and 11, where they will be required to state and prove
our main theorems. Twisting of modular forms is discussed in Section 5.11 but it
comes up again in Section 9.4.

Finally, in Section 5.12, we discuss some L-functions attached to Hilbert
modular forms that appear later in Chapter 9. The content of this chapter is
largely drawn from the work of H. Hida in [Hid3], [Hid5], and [Hid7]. In Section
5.13, we indicate how to relate Hida’s notation in these papers to ours.
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Homology and Quadratic Base Change, Progress in Mathematics 298,
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Throughout this chapter, L will denote a totally real number field with [L :
Q] = n and ring of integers Or,. Denote by X(L) the set of embeddings o : L — R
which we identify with the set of real places of L. Let G be the reductive algebraic
Q-group
G:= ReSL/Q(GLQ).
Then G(R) = GLy(R)*®) and G(A) = GLa(Ar). Elements b € A} may be
identified with diagonal matrices (39) € G(A).

5.1 Hilbert modular Shimura varieties

In this section we set notation for the finite-level Shimura varieties associated to
G. We start by fixing the homomorphism

S(R) := Resc/r(Gm)(R) — G(R) = GLy(R)*®) (5.1.1)
T4y — ((_wyz),,(_myZ))
There is an identification of the G(R)-conjugacy class of this homomorphism with

the symmetric space D := G(R)/K, where Ko, = K[, o is the stabilizer of the
image of (5.1.1). Explicitly, K is the subgroup

{((Z ) (I ) s +yf >0} = (C)%H) (5.1.2)

of G(R)? (the identity component of G(R)). It contains the maximal compact
connected subgroup

K! =={g€ K, :det(g,) =1 forallo € (L)} = SO,(R)*P).  (5.1.3)

If the field L varies, we may add the subscript L, e.g., K1 . With the exception
of Appendix A and Appendix E we will reserve the undecorated symbol K for a
compact open subgroup of G(Ay).

The theory of Shimura varieties [De| provides D with the structure of a
complex manifold in a canonical manner. In our case, the complex structure is
given by

D=GR)/Kyx +— (C—R)*D (5.1.4)
(hl,...,hn) — (h1i7...,hni),
where, if h; is the image of (¢ %) € GLz(R) in the quotient, we set h;z = gjis

Viewing D as a G(R)-conjugacy class of homomorphisms S(R) — G(R), it
can be shown that (G, D) is a Shimura datum. We now review and set notation
for the finite-level Shimura varieties attached to (G, D). For each compact open
subgroup K C G(Ay), let

Y = Shi(G, D) : = GQ\G(A)/ Ko K (5.1.5)
=GQ\ (D x G(Ay)/K)
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be the Hilbert modular Shimura variety associated to K and let X be its Bailey-
Borel (Satake) compactification. We loosely refer to Y or Xx as a Hilbert mod-
ular variety. In either case it consists of finitely many connected components, each
of which is a locally symmetric space associated to G as in Chapter 4. To make
this explicit, let 7' := Resr /g(Gm). Then the determinant det : G — T induces a
continuous map

det : G(Q\G(A)/ KooK — T(Q\T(A)/det( Koo K). (5.1.6)

The set on the right has finitely many elements, say h = h(K).

For 1 < j < h(K) choose t; =t;(K) € G(Ay) such that det(t1), ..., det(ty)
form a complete set of coset representatives for the right-hand side of (5.1.6).
Without loss of generality we may assume that

o We have t; = (4°4{) 0).
o The fractional ideal [det(t;)] associated to the finite part of the idele det(t;)
is integral.

Let G(Q)™ be the group of rational points in the identity component of G(R).
The strong approximation theorem says that

h(K)

UG Q) "t;GR)K

and it implies that there is an identification (see Section 4.1),

U T (E\DE) —=— Vi = G(Q\D x G(Af)/K, (5.1.7)

where § is the upper half-plane and

[;(K):=GQ)" nt;Kt; 'G(R) inside G(A) (5.1.8)
=GQT Nt;Kt; ! inside G(Ay).

The map (5.1.7) is given explicitly on the jth component by
Lj(K)z — G(Q).(2,t5). K

where we regard h*F) = G(R)°/K., = G(R)°/AgK! as a subspace of D =
G(R)/K . Here, as in Chapter 4, Ag is the identity component of the real points
of the maximal Q-split torus in the center of G. The mapping (5.1.7) is a home-
omorphism if h and G(A) are given their standard topologies (see [Mil, Lemma
5.13)).
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5.2 Hecke congruence groups

In this book we will be interested in a particular family of compact open subgroups
of G(Ay), chosen so as to make the Fourier series manageable. Fix an ideal ¢ C Op.
In analogy with the classical elliptic modular case, denote the standard congruence
subgroup of integral matrices of “Hecke type” by

Ko(c) := {u €GZ):u= (‘C‘ Z) with ¢ € c@L} . (5.2.1)
Z,, so G(Z) = GLQ(@L). If v € G(Z) then so is y~!, and

Here 7, = | J
det(y) € @\Z Set

Yo(t) = YKo(c) and Xo(c) = XKo(c)~

The number of connected components h = h(Ko(c)) of Yy(c) turns out to be
the narrow class number of L, and it is independent of ¢. In fact,

det(K o Ko(c) = A} OF

where A} = T cx ) L7° = (R70)E) so the right-hand side of (5.1.6) is the
narrow class group, see (C.3.1).
Fix a collection of elements t; = t;(c) € G(Ay) as in(5.1.6)—(5.1.7). We may
assume that
det(t;), =1 if v]oo or v(c) > 1

(because G(Q) permutes the connected components of D and elements t € G(Q)
may be found so as to have any chosen pattern of signs sgn(det(t)), at the infinite
places v). Then Yj(c) is the disjoint union of the locally symmetric spaces

Y{ () :=T4(c)\b"™ where TJ(c) :=T;(Ko(c)). (5.2.2)
We note that T%)(c) is the set of matrices (2%) € GLa(L) such that
a,d € Or, b€ [det(t;)], c € c[det(t;)] ", ad —bc € o7,

where (’)f) " is the group of totally positive units of O .

If L =Q and if N is a positive integer then h = 1 and Yy(N) := Y} (NZ) =
L$(N)\b is the classical open modular curve of level N, and I'}(N) is the classical
congruence subgroup.

The group K(c) may have torsion but it contains torsion-free normal sub-
groups of finite index. In particular, there exists ¢ C Of such that if n is sufficiently
large, then

K= Ko(c) N {7 eGZ): v=1I (mod q")} (5.2.3)
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is such a subgroup, cf. [Gh, Section 3.1]. If K" < Ky(c) is a torsion-free, finite
index normal subgroup then

Y5'(¢) == G(Q\G(A)/K" Koo — Yo(c)

is a resolution of singularities, so it is an orbifold chart, see Appendix B. In this
way, the Hilbert modular variety Yy(¢) receives the structure of an orbifold, and its
Baily-Borel compactification X¢(c) (which is obtained by attaching finitely many
cusps) admits an orbifold stratification whose largest stratum is Yp(c) and whose
singular strata are the cusps.

5.3 Weights

As explained in Section 6.3, a rationally defined irreducible representation V' of the
algebraic group G on a complex vector space gives rise to a local coefficient system
V on the Hilbert modular variety Y;(c). Differential forms with coefficients in V
correspond to Hilbert modular forms of a certain “weight,” which is determined by
the highest “weight” of V. Efforts to formalize these comments are complicated by
the existence of torsion in the corresponding arithmetic groups I')(¢), and by the
difference in the two meanings of “weight”. In this section we review the solution
to this problem, as described by Hida (see [Hid7]). The further goal of relating the
Fourier coeflicients of a newform to its Hecke eigenvalues adds another level of com-
plexity to the combinatorics involving weights, which we address in Section 5.4.

Let V denote C? with the standard representation of GLy(C) and let V'V
be the dual vector space on which GL3(C) acts by the contragredient represen-
tation, that is, (g.A\)(x) = A(g~t.x) for all A € VV and x € V. Then A%V is the
one-dimensional representation on which GL2(C) acts by the determinant, so we
denote it by det. Each irreducible algebraic representation of GLy(C) is isomorphic
to Sym"V @det®™ for some k € Zso and some m € 3Z, see Section 6.5. Let us refer
to this as the representation with weight (k,m). Let k = (k,m) € ZE%L) NEYARS
By forming the tensor product of the representations with weights (k,,m,) (for
o € X(L)) we obtain a representation (described in more detail in Section 7.1 and
Section 6.6),

L(Kﬁ (C) = ®UEE(L) (Symka VUV oY det;ma)
of the group G(R) = (GLQ(R))Z(L) . This representation may not be algebraic, but

a twist of it by a half-integral power of the determinant is algebraic. By a slight
abuse of terminology, we refer to this as the representation with highest weight «.

Define X (L) C Zig‘) x (1Z)¥) to be the subset of weights (k,m) such that
k+2m e 71 (5.3.1)

where 1 := (1,...,1). In Lemma 5.1 we record the well-known fact that if x €
(22%)®(E) x (22)®(L) then spaces of modular forms of weight & are nonzero only
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if k € X(L). The same argument can be used to show that if k € (Z=)>() x
(1Z)®®) then (a suitable twist of) L(k,C) gives rise to a local system only if
k € X(L) (compare Proposition 6.3). After Lemma 5.1 below, we will always
assume that x satisfies this condition.

In Section 5.4 we discuss two weight conventions for spaces of Hilbert mod-
ular cusp forms (with nebentypus x), which we denote by

Su(Ko(c),x) and  Sg"(Ko(c), x)-
By a standard construction which we recall in Section 7.2, an element
Je St (Eo(e) xl - [hn ™)

gives a differential form with values in £(x,C), the local system over Yy(c) cor-
responding to the representation L(k,C). This makes our normalization of the
weight of a Hilbert modular form seem natural when working with cohomology
with respect to a local system.

5.4 Hilbert modular forms

In this section we define certain spaces of automorphic forms on G. Assume the
notation of the previous section. Denote the standard generators of sly(R) @ C as

follows:
L/ i L1 —i 0 —i
X"z(z‘ —1) Y'_2<—z' —1) H'_(i 0)'

The Casimir operator for sly(R) is

H2
C=XY+YX+ (5.4.1)

Denote by C, the Casimir operator corresponding to the complexification of the
oth factor of

G(R) 2 GLy(R)*H)
for o € ¥(L). Let G(R)° denote the connected component of the identity in G(R).
For b € Ay or b € A}, denote by bog = (bo, ;- -.,bs,) (resp. by) the projec-
tion to the archimedean subgroup Aro or A} __ (resp. non-archimedean subgroup

Apy or Azf). Analogously, for o € G(A), let aoo (resp. ag) be the projection to
the archimedean subgroup G(R) (resp. non-archimedean subgroup G(Ay)). For

k € Z*@) define
= [ b eRr

oc€eX(L)
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Fix k = (k,m) € (22°)*) x (1Z)*®). Moreover, fix an ideal ¢ C O, and a
(continuous) quasicharacter x = xoXoo : L*\A} — C* of conductor dividing c,
such that

Xoo(boo) = b F72™ for all be AY. (5.4.2)

In Lemma 5.2 it is explained that we obtain characters xo = [[,.. X» and
X0 = [ly<o Xo 0N Ko(c) by setting, for each place v < oo,

(av by _ Xv(dv) if pv|c
Xv Cy  dy )1 otherwise

vV Ay bv _ XU (Clv) lf pv|C
Yo \e, d, 1 otherwise
where p, is the prime ideal corresponding to the place v.

The space of weight k cusp forms of nebentypus (or central character) y on
G, of level Ky(c), is the space

and

Sk(Ko(c), x) (5.4.3)

of functions f : G(A) — C with f(asp) smooth as a function of ay, € G(R) for
all ap € G(Ay) satisfying the following conditions:

(1) If o € X(L) then C, f(a) = (k2‘2’ + k,,) fla) for all @ = acap € G(A).
(2) If b e AY and v € G(Q), we have f(yab) = x(b) f(«).
(3) If u=ul up € KL Ko(c), then

flau) = xo(uo)f(a) J[ e'*-t20-

oceX(L)
where
1 _ cosf, sinf,
Uy = ((7sin90 cos@a))g-ez([,)

(4) The function f is cuspidal; i.e.,

/ flua)du =0
UQ\U(A)

for all & € G(A), where U(A) := {(} %) : 2 € L ®q A} for a Q-algebra A.
Remarks. If ¢ C ¢ then S, (Ko(c), x) C Sk(Ko(¢'), x). Condition (2) implies that
F(C o) @) = b7 f(a)

for any bo, € Af. Condition (1) implies that f is Z(gc¢)-finite, where Z(g¢) is
the center of the universal enveloping algebra of the complexification of the Lie
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algebra g of G(R). In condition (3) the exponent (k, + 2)6, appears, rather than
the more natural k.0, because the modular forms defined here will eventually be
multiplied by dz to give differential forms. As explained in Section 6.10, this shifts
the weight by 2.

As described in [Hid7] (3.5), the function f corresponds to a “classical”
Hilbert modular form on a product of upper halfplanes. Let zg := i = (\/ -1,

v 1) € p>W), For any z € h¥(5) | pick o, € G(R)? such that a,zy = 2, for
example (87) 1= 2=+ iy (the implied action of «, is by Mobius transfor-
mation). With ¢; € G(Ay) (with 1 < j < h = h(Ko(c)) so that j indexes the
connected components of Yp(c)) as in equation (5.1.8), conditions (2) and (3) then
imply that the expression

Fj(z) == det(a,)™ (o, 20)" 21 f(ts) (5.4.4)

does not depend on the choice of a.,, and hence defines a function on §¥() which
satisfies

Fj(vz) = det(y)™ 1 (v, 2)" * xo(t; ' 9t5) Fy ()

for all € T(c), see also Proposition 6.4. (To see this, use

f('Yooaz ) f('Vf Az J) f(CVZ'VJ:ltj)

where v = (Vf,70) is diagonally embedded in G(A).) Here, as in (6.7.2) and
(6.6.1) the automorphy factor

= I it

oceX(L)

is defined by j ((¢5),2) := (cz + d), see Chapter 6. Then, assuming conditions
(2-4) for f, the holomorphicity of F;(z) for all 1 < i < h(Ky(c)) is equivalent to
condition (1) for f (see [Hid7, Section 2.4 p. 460]).

In order to incorporate Eisenstein series we need to consider a larger class
of automorphic forms. Recall the definition of t; = ¢;(c) in (5.2.2). The space of
weight k Hilbert modular forms of nebentypus x on G of level Ky(c) is the space

MH(KO(C)7 X)

of functions f : G(A) — C with f(asap) smooth as a function of as € G(R) for
all ap € G(Ay) satistying (1-3) above and the following weakening of (4):

(4) 1 yk > C then |y f (1™ (% 750)) | < Byt
forall1<j<h, ve ResL/@(SLg)(Q) CGQ),yeAf,andz € Ay,
where B,C € Rsg, t,A € R , and A, B,C are independent of y and z. A

function f: G(A) — C satlsfylng (5.4) is sald to be weakly increasing. Recall the
following result [Hid9, Section 2.3.2] of Hida:
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Lemma 5.1. Let k € (ZZ°)*() x (1Z)*W). The space M. (Ko(c),x) is zero if
k& X(L).

Proof. Assume there exists a non-zero element f € M, (Ko(c),x). By condition
(2) in the definition of M, (Ko(c),x), we have

X(bo)bo ™ =1

for all b € Of (which we consider as an element of A} via the diagonal embed-

ding). The restriction x|5x is of finite order, say j. By raising this equation to the
L

power j we conclude that

[[ o) 7**2m) =1 (5.4.5)
c€X(L)

for all b € OF. Dirichlet’s unit theoremsays that the vectors

{(log(1(8)), -, 1og(0, (b)) }ye o

form an r — 1-dimensional lattice in the trace-zero hyperplane

{(ml,...,mr) ERT:in=0}

(where r = |X(L)|). Combining this with (5.4.5) implies that j(k + 2m) € Z1 but
k and 2m are integral by assumption, so k + 2m € Z1. g

Because of Lemma 5.1 we will henceforth assume that x € X(L).

5.5 Cohomological normalization

We now recall another normalization from [Hid7] for the weight of a Hilbert
modular form which will be useful in Chapter 6. Let S<°M(Ky(c),x) (resp.
MR (Ko(c),x)) be the space of functions f : G(A) — C with f(asap) smooth
as a function of as € G(R) for all oy € G(Ay) satisfying conditions (1) and (4)
(resp. (47)) and the following modification of conditions (2) and (3):

(2¢°h) If b € A and v € G(Q), we have f(yab) = x(b) "L f(a).

(3°°M)  If u = ul ug € KL Ko(c), then

flow) = xo(ug) f(e) [ et

oeX(L)

1 _ cos(0s) sin(0s)
Uy = (( —sin(0,) cos(0s) ))er(L) :

where
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There are natural isomorphisms

M(Ko(e),x) —> M*"(Ko(e), x)
Su(Ko(c),x) — S (Ko(c),x) (5.5.1)
fo— 5

where f~¢(z) := f(z7*). Here ¢ is the main involution of GLy, so z* := det(z)x 1

and x7¢ := det(z) " lz.

Remark. The reason for introducing two normalizations for the weight of a modu-
lar form is that it is more natural to consider the Fourier expansions of an element
of S, (Ko(c),x) (see [Hid3] and Section 5.9) and it is more natural to associate
differential forms and cohomology classes to elements of S<°"(Ky(c), ) (see Sec-
tion 7.2). This explains the superscript “coh.” We will comment more on this in
Section 5.13 below.

5.6 Hecke operators

Let ¢ C Op, be an ideal and let x = XoXoo : L*\A] — C* be a Hecke charac-
ter whose conductor divides ¢, see Appendix C.3. In this section we recall (from
[Shim1, p. 51]) the definition of the Hecke operators associated to the spaces of
automorphic forms M, (Ko(c),x) and MP(Koy(c), x). Let R(c) be the following
semigroup of matrices:

G(Af)N {x € Mg(@L) cx=(2%) withce 0L, and d, € O whenever pv\c} .

Here, p, is the prime ideal associated to the place v < co. For each place v < oo
with corresponding prime ideal p,, set

Ay bv Xv(dv) lf pv|C
v = 5.6.1
X ( (Cu dv) > {1 otherwise. ( )

v/ [{a, by Xo(ay) if pylc
= 5.6.2
Xo ( (cv dv) ) { 1 otherwise. ( )

In this way the character xo determines functions xg, xy : R(c) — C* by setting
X0 = [1ycoo Xv and xy =1, o Xo - These become characters of Ko(c) :

Lemma 5.2. The group Ko(c) is contained in R(c). If z,2" € R(c) and up € Ko(c)
then
Xo(z') = xo(x)xo(a") and xg(uo)™" = xo(ug*). (5.6.3)

where uy * denotes the main involution, cf. Section 5.5.
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Proof. Let pylc. If x € Ko(c) then ay,d, € O are invertible hence Ky(c) C R(c).
If z,2' € R(c) then d,,d,, € O are invertible and

AN b
M(Gvd)<? j>>zm<%%<1+%dw>>zmwdmwm

(5.6.4)
which shows that yo(zz’) = xo(x)xo(z’). Equation (5.6.3) follows. O

The Hecke algebra T, is the algebra of formal Z-linear sums of double cosets
[Ko(c)xKo(c)]

with « € R(c¢). The multiplication in T, is reviewed in Section 7.6 along with the
geometric meaning of the Hecke algebra.
Any such double coset can be decomposed as a disjoint union of left cosets

LL'KO HmzKO

for suitable z; = k;x € R(c) C G(Ay), where k; € Ko(c). We remark that k;z — k;
determines a one to one correspondence

Ko(c)xKo(C)/Ko(C) <~ Ko(c)/ (Ko(c) n xKo(c)x’I) s
see Section 7.6. The action of T, on M, (Ko(c), x) is then defined by

(f1Ko(c)zKo(c) ZXO (z:) ™" fgs).

and the action of T, on M°"(Ky(c), x) is defined by

(f|Eo(c)zKo(c) ZM%lmx) (5.6.5)

Remark. These normalizations of the Hecke action are chosen so that the isomor-
phism (5.5.1) induced by the main involution
M, (Ko(c), x) = M (Ko(c), x)
is Hecke equivariant. As a space of functions, M ) (Ko(c), x) is equal to
h —_
M(Cl?,—m—k)(KO(c)»X 1)7
but this identification of function spaces is not an isomorphism of Hecke modules.

For every ideal n C Op, set

Tc(n) := [Ko(c)zKo(c)]. (5.6.6)
[det(z)o]=n
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Here the sum is over a set of representatives for the set of double cosets
Ko(c)zKo(c) such that © € R(c) and n = [det(x)o] is the ideal associated to the
finite idele det(x)o. Further, for a prime p C Or with p { ¢, let w, € O, be
a uniformizer. Considering tw, as an element of A} s Via the canonical inclusion

Ly — Azf, set
wk
Te(p*.p") := Kolc) ( N ;L) Ko(c) (5.6.7)
P

for k > 0.If p|c, we simply set T¢(p*, p*) = 0 for & > 0. Define T, (n, n) in general by
multiplicativity. The Hecke operators satisfy the following identity (see [Shim4]):

Te(m)Te(n) = > Npjg(a)Te(a, a)T(a > mn). (5.6.8)

m+nCa

If ¢ C ¢ then we obtain a canonical homomorphism T, — T, which takes Ti/(n)
to Te(n).

For our later convenience, if f € S, (Ko(c), x) is an eigenform for T¢(n) we
let Af(n) be its nth Hecke-eigenvalue:

FITe(n) = Ap(m)f. (5.6.9)

5.7 The Petersson inner product

In this section, we fix a normalization of the Petersson inner product. Let G =
Resy,/g(GL2) as in the previous sections, and take

Y = GQ\G(A)/K K

with Koo = K;O.RE(L) as in equation (5.1.3) and K C G(Ay) a compact open

subgroup. We refer to Appendix C.1 where various Haar measures and normaliza-
tions are described. Let dus be the Haar measure on K1 (which is a product of
circles) giving it total volume 1, and let

dzx dzr,
o

x
cex(L) ¢

be the Haar measure on the multiplicative group RE%L). Let duo be the Haar mea-

sure on the compact open group K giving it total volume 1. This gives a measure
dupdpodr/xz on KK . By Appendix C.1 we obtain a G(A)-invariant measure
dpcar)/kok o G(A)/K K. The discrete countable group G(Q) acts almost
freely on G(A)/K-K so we obtain a measure dug on Yk, which we refer to as
the canonical measure. In other words, du is the restriction of duga)/ k. k to a
fundamental domain for G(Q). In the special case K = Ky(c) we let

dpre = dptgcy (o) (5.7.1)

It can be explicitly described as follows.



5.7. The Petersson inner product 69

The above normalizations determine a measure on the symmetric space D =
G(R)/ Ky = (C—R)>E) which coincides with the G(R)-invariant differential form

dz, A dys o dzy A dz,
11 x‘ ‘Qy = (-2 [] Z| ‘22 (5.7.2)
ce(L) Yo ocex(L) Yo

(where z, = x5, +1iy,). Since it is G(R)-invariant, it is the pullback of a differential

form, which we denote by
_dxNdy

|yl?

on Yg. The normalization of dug (at the finite places) amounts to assigning the
counting measure on the individual components of Y. Consequently if f : Y — C
is a measurable function then

dx N\ dy
Fdux = / flys . 5.7.3
i T =2 | e (573)

where .
Vi = T,(K)\p™H

The canonical measure on Yx can also be described in a way that facilities
application of the Rankin-Selberg method (to be used in Section 10.2) as follows.
Let B’ C G be the algebraic group whose points in a commutative Q-algebra A
are given by

A :={(¢%) :ae(LogA)* andbe LogA}.

(The group B’ is not unimodular.) Then B’(R) acts transitively on D with

(gf)-i=m+iy—H(mg+2yg)

(e}

Left Haar measure on B’(A) is given by
dup ((57)) = lyl;  ded*y

where dz := droodrg and d*y := d* yood™ yo are the measures defined in Appendix
ClonApe, Ay, A7 and Azf respectively. In other words,

The additive measure dz = dzo is Lebesgue measure on R¥(X)

The additive measure dzo is the measure on Ay such that f b, dro = 1.

The multiplicative measure d* o is given by |yt |dyoo.

The multiplicative measure d”yq is the measure on A} f such that
f@z deO =1.
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Here @L =01 ® Z. Tn view of the fact that
B'R)KL, = G(R)/RYY

nd!
) G(A)/(Ry )™ = GQ)B'(A)KLK,

the product dup:ducodpg induces a measure on Y via a choice of fundamental
domain for the action of G(Q). One checks the following lemma:

Lemma 5.3. The measure defined in this way coincides with the canonical measure

dpg on Yi. O
Definition 5.4. For k € X (L), a quasicharacter y satisfying Yoo (boo) = b3 F72m
and f,g € M.(Ko(c),x), we set
(f.9)p = /Y  dT @t (@l duc(a), (5.7.4)
ol¢

whenever this integral is well defined. Here ¢ is any element of (L) (note k, +2m,
is independent of this choice because k € X(L)).

Remark. The cuspidality condition (4) in the definition of S, (Ko(c), x) implies
that a cusp form is rapidly decreasing [Harish, Section 4]. This implies in turn
that the integral defining (f, ) p is absolutely convergent whenever at least one of
f or g is a cusp form.

Using the main involution this gives an inner product (f, ¢)5" := (f~*,¢7")p
for any f,g € MM (Ko(c), X).

Lemma 5.5. For any f,g € M (Ko(c), x),
(F9)8" = [ glarfl@ldet(@] " dula).
Yo(t)
Proof. Since f=*, 97" € M, (Ko(c), x) we have:

(f79 YYp= /Yo (defz )) f (deféoz)) |det(a)‘§aL+2mad’uc(a)
L( )X(det(a))X(det(a))g(a)f(a)‘det( )|k o t2mo g (a)

[ slarr@det(@l " duca)
Yo (c)

because |x(det(a))|? = |det(a )|A2k e =4ms gee equation C.3.2. O

LSee [Hid5, Section 4].
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We recall that Hecke operators indexed by ideals coprime to the level are
self-adjoint with respect to the Petersson inner product, at least up to a scalar:

Lemma 5.6. If f,g € M.(Ko(c),x) and n+ ¢ = O then one has
(fITe(m), 9)p = x| - 3772 (W) (f, 9| Te(n)) p-

Here x(n) :

:= Xx(no) where n € A} is any idele that is 1 at the places dividing co
and ¢ with [ng]

=n.

Proof. Let x € Ry(c). Then using the fact that p. was constructed from a Haar
measure together with the invariance properties of g we obtain

/ g(e) f(oz)|det(a)[ 7 2" dpe () (5.7.5)
Yo(t)
- / g(a=1) f(a)|det(aa ™) 5+ dpc(a)
Yo(t)

= x| - |55 2me (det(l‘)_l)/ glazt) f(a)|det(@)[j7 2 dpc ()
Yo(¢)

= x| - |Fe¥2me (det(l‘))/ glazt) f(a)ldet(a)|f7 2™ dpc(a).
Yo(c)

Here in the last line we have used the fact that x| - f{LHm“ (det(x)™") =
x| - |k o T2Ma (et (z)) by our assumption on the shape of Y.

Now assume that n + ¢ = O and choose z; € Ry(c) such that (z;), = (3 9)
for v|c and

(f[Te(n Z flaz;).
(see Section 5.6). From the definition of T¢(n) and our choice of x; one can check

that
(f|Te(n Z flazt)

as well. Combining this with (5.7.5) completes the proof. O

5.8 Newforms

The space of modular forms for the full modular group SL2(Z) admits a basis of
simultaneous eigenforms for all Hecke operators T}, with the property that distinct
elements in the basis have distinct sets of eigenvalues. The standard L function for
each such eigenform admits an Euler product. A.O. Atkin and J. Lehner discovered
[Atk] (see also [Li]) that these results can be extended to the Hecke congruence
groups I'o(N) provided one restricts consideration to the subspace spanned by
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newforms. The analogous results continue to hold in the Hilbert modular case, as
we now describe.

If ¢’|c are ideals in Of, then the natural map 7 : Yy(c) — Yo(c’) is finite and
pulling back modular forms gives

7 1 S (Ko(c), x) = Sk(Ko(c), x)

where 7*(f)(z) = f(z). More generally, let d € Oy, and suppose that dc'|c. If
f € Sk(Ko('), x) then the function g(z) := f (x (4" |)) is in Sk(Ko(c), x). The
vector space spanned by the images of all such mappings (for dc’|c) is called the old
space. Its orthogonal complement (with respect to the Petersson inner product) is
the new space SP¥(Ko(c), x). If ¢’|c then automorphic forms can also be pushed
forward using the “trace” mapping

T Se(Ko(),x) — Sk(Ko(c),x)
f o— > Xo(z) ' f(-x).

zKo(c)EKo(c")/Ko(c)

Then StV (Ko(c), x) is equal to the intersections of the kernels of all such trace
maps as ¢ varies over the divisors of ¢ (see [La] Thm. 2.2 for the elliptic mod-
ular case). A newform is an element f € S™V(Kj(c),x) that is a simultaneous
eigenfunction of T,(p) for almost all primes p.

Theorem 5.7 (see [Miy, Cas, Di]). The space Sie¥(Ky(c), x) of newforms has a
basis consisting of automorphic forms that are simultaneous eigenfunctions of all
Hecke operators. Moreover the eigenvalues have multiplicity one in the following
sense: if f,g € SRV (Ko(c),x) and Ap(p) = Ag(p) for almost all prime ideals p
then f = cg for some constant ¢ € C*. Conversely, if f,g € S*V(Ky(c), x) are si-
multaneous eigenfunctions for T.(p) for almost all prime ideals p and if f # cg for
any ¢ € C* then f,g are orthogonal with respect to the Petersson inner product:

(f7g)P =0.

The last statement in the theorem follows from the first and the spectral
theorem because each Hecke operator T,(n) with ¢ +n = Og is normal, that is, it
commutes with its adjoint with respect to the Petersson product (see Lemma 5.6).
Theorem 5.7 implies that the standard L-function of any newform has an Euler
product, cf. Lemma 5.12.

5.9 Fourier series
For details on this section, see Appendix D. Let x = (k,m) € (Q x Q)>(®). For
each o € (L), let W,,_ be the local archimedean Whittaker function

Wp, :R* — C

Yo ‘yg‘fmaef%lyal_
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For z € Ay, and y € A}, define

ae(,9) = au(@,y0) = er(@) [] Wi, (vo). (5.9.1)
oeX(L)

where e (-) is the additive character of Ay /L normalized as in Appendix C; it
satisfies e (200 ) = €27 Trr/0(Te0),
Let Z;, denote the set of fractional ideals of Oy, and let ¥ = yoyoo € Az7+7

the set of ideles b € A} with b, > 0 for all o € ¥(L). Let Dy, /g be the different
(see Section C.2). Assume that k € X(L).

Theorem 5.8. Let h € M, (Ko(c),x) be a Hilbert modular form. Then h admits a
Fourier series,

h((ﬁ f)) = [ylas | clv) + D blyo)as(Ex. Eyec) | - (5.9.2)

geLXx
£>0

valid for all x € A and all y = Yoyoo € A} such that yo > 0 for all o €
Y(L). Moreover, each coefficient b(£yo) € C depends only on the fractional ideal
[€y0]Dr o € I and it vanishes unless this ideal is integral.

Addendum. The constant term c(y) vanishes if h is a cusp form or if k ¢ Z1 or
if the ideal [yo]Dy /g is not integral. Otherwise it is a sum,

c(y) = co(yo) ™ + c1(yo)lyss ™™ (5.9.3)

of two terms. Here, co(yo) and ci1(yo) only depend on the (fractional) ideal
[Y0|Dr q- If the functions F;(z) of (5.4.4) on b= (corresponding to h) are holo-
morphic, then ¢1(-) = 0.

In what follows we will express these coefficients b, cg, c1 slightly differently,
defining a(-,-), ao(-, ) and a1 (+,-) (respectively) to be the corresponding functions
Tr x My (Ko(c),x) = C

defined by
a(fyDL/Q, = b(&yo)
aO(Z/DL/Q, = bo(yo)
a1(yDryg,h) : = b1(yo)-

h):
h):

Thus the fourier coefficients a(m, h), ag(m, h), and a1 (m, h) vanish on non-integral
ideals m. In summary, if h € S, (Ko(c), x) is a cusp form, we have:

n((5 7)) =l X alerPrsahiantenes)

gerLx
£3>0
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If m = [€yo|Dyr g is integral, we refer to a(m, h) as the mth Fourier coefficient of
h. The leading coefficient is a(Op, h) (which occurs in the sum when £ = 1), and
the cusp form h is said to be normalized if a(Or,h) =1,

The Fourier expansion is an essential tool for what follows; indeed, it is built
into the statement of Theorems 1.1 and 1.2. For a proof of the existence of the
Fourier expansion that relies on the “classical viewpoint” of Hilbert modular forms
as differential forms on h>(F) | see [Hid5, Theorem 1.1], and for an adelic proof, see
[Weil], [Hid7, Section 6]. For the convenience of the reader, we will give a proof
relying on the basic theory of Whittaker models in Appendix D.

The relationship between the Fourier coefficients of a cusp form f € S, (Ko(c), x)
and that of its Hecke-translates can be written down explicitly, (see [Hid7, Corol-
lary 6.2]):

a(m, f|Te(n)) = > Ngg(b)x(b)a(mn/b f) (5.9.4)

where x(b) := x(b) where b € A} is an element such that:

e The component b, = 1 if v € 3(L) or if p,|c
o The ideal [bg] = b.

(Recall that p, is the prime ideal corresponding to the place v and that [bg] is the
fractional ideal corresponding to the ideéle by.) From (5.6.8) and (5.9.4) one can
deduce that if f is a simultaneous eigenform for all Hecke operators normalized
so that a(Opr, f) = 1, then the Fourier coefficients of f coincide with its Hecke
eigenvalues,

alm, f) = Ay(m) (5.9.5)
(see [Hid7, p. 477]). With this in mind define
L(f,s):= Y a(m, f)Npg(m)~/>7 (5.9.6)
mCcOrp

for any f € S(Ko(c), x). The function L(f,s) admits an Euler product (see equa-
tion (5.11.1)) if and only if f is a simultaneous eigenform for all Hecke operators.

5.10 Killing Fourier coefficients

The lemmas in this section will be used in Section 8.3 and Section 11.1. The first
lemma says that we may kill the Fourier coefficients corresponding to an ideal b and
still obtain a modular form, albeit with level a smaller ideal than the original form.

Lemma 5.9. Suppose that f € M, (Ko(c),x) and let b C Of, be an ideal. Define

a(m, £%) = {a(m,f) ifb+m=0p

0 otherwise.
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Then the Fourier series f° ((4 7)) defined by

[Ylas (ao(yDL/@ Dy + a1(yDryg, Flyd ™
+ Y aléyDisg. f )qn(fafy))

geLx
£>0

is an element of M (Ko(c Hp“, P)Xx)-

Proof. Tt suffices to show, for any prime p C Op, that f?" € M.(Ko(cp), x). An
inductive argument then finishes the proof.
By considering Fourier series using (5.9.4), we see that

PP =17 = Fle) ~ Neo®) 1T (o (750)).

Here we denote by w, an idele that is a uniformizer for the maximal ideal of Oy,
at the place associated to p and is 1 at every other place. It is then easy to see
that %" € M, (Ko(cp), x). O

The connected components of the Hilbert modular variety Yy (c) are mapped
bijectively via the determinant to the elements of T(Q)\T' (A)/det(KKo(c)) (see
Section 5.1). Such a connected component is therefore determined by an element
a € T(A). If fis a modular form and if ¥7 is a connected component of Yy(c) we
may define a new modular form, 74 (f) which coincides with f on Y; and which
vanishes on all the other connected components of Yp(c). The following lemma
describes this “restriction” operation in terms of Fourier coefficients.

Lemma 5.10. Suppose that f € M, (Ko(c),x) and let a € A} =T(A). Define
a(gy,DL/(@a ﬂ-af)
_ {a(ﬁyDL/@, ) ifa~€yDrg in TQ\T(A)/det(G(R) Ko (c))
0

otherwise,
a;(yDr g, Taf)

_ {axym/@ §) i a~yDryg in TQ\T(A)/det(GR)Ko(c)
' 0 otherwise,

fori€{0,1} (see (5.1.6)). Then the Fourier series maf ((§ 7)) defined by

[vla. (ao(yDL/@vﬂaf)y;m +a1(yDr g, maf )y "

+ Z gyDL/Qvﬂaf)QN(§$ 53/))

geLX
£>0

is a Hilbert modular form.
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Proof. The function 7, f : G(A) — C is defined so that

raf(g) = {f (9) if det(g) € (T(Q)aDy}det(G(R) Ko(c)) )

0 otherwise.

Lemma 5.10 now follows directly from the definition of M, (Ky(c), x). O

5.11 Twisting

At the expense of raising the level, it is possible to “twist” a modular form f by a
Hecke character 7, and to obtain? a new modular form f ®n such that the Fourier
coefficient a(m, f ®n) of f ®n is n(m)a(m, f). This relation is usually expressed in
terms of the L-function of f ® n, see equation (5.11.1). See also Section 9.4 where
the twisting operation is interpreted geometrically.

Let n : L*\A] — C* a finite-order Hecke character. For any ideal n define
n(n) :=n(n) where n € A} is an element such that 7, = 1 if v|oo or if p,|cb and
[o] = n (that is, we define the value of 1 on ideals as we defined the value of x
on ideals after equation (5.9.4) above). The following Proposition of [Hid5, §7.F)
gives the precise properties of twisting.

Proposition 5.11. Fiz a finite-order Hecke character n as above. Let b be an ideal
divisible by the conductor f(n) of the Dirichlet character associated to n, and let
w € y7Z. Let f € Mym)(Ko(c), x) be a modular form with weight k = (k,m) and
with Fourier coefficients a(m, f). Then there exists a modular form

f®77‘ ! |XL S M(k,mfwl)(KO(Ch2)7Xn2| ' ‘Xlz)

whose Fourier coefficients are given by

w m)|N m)|“a(m, fm+b=0
am, fon-[¥):= n(m)|Nzo(m)[“a(m, f) if ‘ L

0 otherwise.
and for 1 =0,1,

n(m)|NL g(m)[“a;(m, f) if f(n) = O,
0 otherwise ’

ai(m7f®77| : ‘X]L) L= {

At the level of automorphic representations this corresponds to the fact that twist-
ing a representation of GLs by a character n multiplies its central character by
the square of 1. Assuming Proposition 5.11 for the moment, we set notation for
the Euler products of the twists f ® n.

2See [Kobl, Prop. 17 §IIL.3] for the classical case: Let x,n be Dirichlet characters modulo M, N
respectively. If f is a modular form of weight k, level N and Dirichlet character x, with Fourier
expansion f(z) =3 <, anexp(2minz) then f @ n(z) := >, < n(n)an exp(2minz) is a modular
form of weight k, level M N? and character xn?.
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Lemma 5.12. Fix a finite-order Hecke character n as above. (We allow the possibil-
ity that n is the trivial character.) Let f € M, ) (Ko(c),x) be a newform. Then
f ®n is a simultaneous eigenform3 for all Hecke operators and its L-function
admits an Fuler product as a product over prime ideals p,

Lifons) =[] Lo(f®n.s) (5.11.1)
pCOL

where L, (f ®1,s) is equal to

(L= As(p)n(p)NL/q(p) /27 +1><(40)77(40)2NL/@(13)*25)_1 ifptcandptb
(1= Xs(p)n(p)NL g(p)~1/27%) " ifp|candptb

1 otherwise.

Notice that the definition of the local Euler factor L,(f ® 1, s) depends on
b, the modulus of the Dirichlet character we associated to n. The following proof
of Proposition 5.11 is taken from [Hid5, Section 7.F]).

Proof of Proposition 5.11. Assume first that n is trivial and b = Op. Then it is
easy to check that we may set

fel-1"(9) = INLjo(PLo)l”|det(g)[X, f(9)- (5.11.2)

Now assume that w = 0. Then, in view of Lemma 5.9 we may assume that
b is the conductor of the Dirichlet character associated to n. If b = Op, then it is
not hard to check that we may set

fe@n(g) =mn(d)n(det(g))f(9),

where § € A}, is a finite idele such that [0] = Dy, /q.
Suppose that b # Op. Let b be a finite idéle with [b] = b. As in [Ram3, (5.5)]
and [MurR, §2.3], define the fractional ideal T = b=y, of 1,16 Lo x 11,46 Ov by

T=<qt=(t,) € H L, x H O, : ordy(ty) > —ord,(b) whenever p,, | b
polb pofb

Let T < b—l@/@L be a set of representatives for T modulo = [I, O.. Ele-
ments of T are quotients /b with z € O, and we consider the subset T* consisting
of quotients x/b where z € OF . Denote by 7, : T — C the map defined by setting

{n(t) if t € 1>

t =
o () 0 otherwise.

3but it is not necessarily a newform
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The mapping 7y is well defined, for if /b € b_l(az and if y € @L, then

w (e = (00) = ()

by the assumption on the conductor of n and the fact that = is a unit. For each
t € T, define u(t) € G(A) by

Lt) if vfoo and ord,(8) > 1
( (1) (1) ) otherwise.

Finally, for g € G(A) define

o) = n(det()) = __m(0)] (gu(t)). (5.11.3)
We claim that:
(a) h € My(Ko(cb?), xn?) and
(b) the function
fen=Gn " h (5.11.4)
has the desired Fourier expansion, where G(n~!) is the Gauss sum
Gin™') = Ztef n(6~ e (t)er (5 't) (5.11.5)

with § € A}, a finite idele such that [0] = Dr,/q.
For part (a), let w = (24) € Ko(cb?). We need to check that
h(gw) = xo(w)ng (w)h(g) = x(d)n*(d)h(g)-
Define W € G(A) so that W, = w, if p, 1 b and

-1
woalt) W= (5 )i e

which gives

W a-—‘ﬁt b__agz _fﬁt __agz

_( c d+ct>_w+(0 ct )

The assumptions on ord, (¢) plus the assumption that w € Ky(cb?) guarantee that
ct and ct? are integral, from which it follows that W € Ky(c). Consequently

h(gw) = n(det(w))n(det(g)) > n(t)f(gwu®)W")xo(W)
teTx
= n(apdy)n(det(g)) Y n(t)f(guad™"t))x(d)
teYx
= n(apdy)n(det(g)) > nlay " dos) fgu(s))x(de) = n(d)*x(ds)(g)
sETX

which proves the claim. Here xy is the projection of x € Ay to Hpvlb F,.
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For part (b) we must determine the Fourier coefficients of f®@n := G(n~1)"th.
Let yo = (yb,v) be an idele with yp , = y, if the finite place v divides b and yp, = 1
otherwise. It suffices to show that for any y € A} 7 the Fourier coefficients of h are
given by

—1 —1 : X

a(y, h) = G~ Inlyy, Daly, ) if ye 6.®pv|boL7u (5.11.6)
0 otherwise

al(y7h) =0

for i € {0,1}. To obtain the Fourier expansion of h we start with the Fourier
expansion of f and substitute it into equation (5.11.3). If g = (§ 1) then

flgu(®)) = lyla, (ao(yDL/@ Nves™ +a1(yDr g, Flys"|

+ Z a(€yDryq, fax(§x + Eyt, fy)>

£>0
so that a;(y,h) =0 for all y and ¢ € {0,1} and
a(€yDrsg,h) = 1Y) >_ me(t)a(SyDrg)er (Eyt).
teT
Changing variables and using the L*-invariance of 1 we obtain

a(y,h) =n(E'ys™) Y m(®)aly, fles(ytd™")

teY

= (w6 D me)erlyts™) | aly, f)

teY

Suppose that y, € ®pv|b(’)fv. Then {ypt : t € T} is a minimal set of representatives
for T, and hence

DY neer(yts™) = G mlyy, )

te¥

ifye Or — 0 and Yp € ®pvlbozu- Thus the claim (5.11.6) and hence the propo-
sition follows in this case. Suppose on the other hand that y, ¢ ®pv|b(9a. In this
case we show that

S (ter(yto™) (5.11.7)
te¥

is equal to zero which will complete the proof of (5.11.6) and hence complete the
proof of the proposition.
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The expression (5.11.7) admits a factorization into a product indexed by the
primes dividing b. Using this factorization (which we will not make precise) one
uses the Chinese remainder theorem to reduce our claim that (5.11.7) is zero to
the special case where b = p?, i > 0 is divisible by a single prime p of O, and hence
Yo = p’ for some j > 0. We henceforth assume that we are in this special case.

Let b € O, be an ideéle whose associated ideal is b, thus [b] = b = p. Let

TlaTO - :f

be sets of representatives for y, 1(5L / @L and b—l@ /Yo 1(5L, respectively.
If y,Or, C bOy, then we take T to be {0}. We then have that

> om®erlyetd™) =Y > molto +tr)er(yolto + 1)) (5.11.8)

teY to€Yo t1€YT1

Z Z e (to + t1)er (Yotod )

to€YTo t1€Ty

= Z er(yotod ") Z Mo (to + t1).

to€To t1€7,

At this point we note that if y,Or, C bO,, (i.e., 7 > i) then we may take To = {0}.
Thus in this case the sum (5.11.8) vanishes by orthogonality of characters and
hence (5.11.7) vanishes as well.

We henceforth assume that

ysOr 2 b0; (5.11.9)

Le., j <i. By definition of 7, in order for the summand indexed by Z in the sum
(5.11.8) to be nonzero, we must have ty € b= 05 . Moreover, if tg € b 1O}, then

to+1t1 € b—lég for all t; € y;lOLv/(’)Lv. Therefore to show that the sum above
is nonzero it suffices to show that

> melto+t1) (5.11.10)

t1€Ty

is zero for all ty € biléz . Write tg = %. Then the sum in (5.11.10) above is equal
to n(b~1) times

Z n(ao +mby, ') = [yeOr /bOL| ! Z n(ao +m(by, ')
mE@L/yb@\L mE@L/b@L
(5.11.11)

=[O, /A O™ Y mlag +m(p ) = S.
mE@L/pi@L
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Here the equality is due to the fact that n is trivial on 1 + bOy. We now follow
the discussion after equation (3.9) of Chapter 3 in [Iwan]. Let b; be a generator
for the ideal

b(yglb@L + b@L)((yglb)Qé\L + b@L)—l _ pi+i—j—min(2(i—j),i)

The expression S above has the property that n(1+b1x)S = S for any x € Op. It
follows that either S = 0 or blOL = bOL, the conductor of n. If the latter holds,
we deduce that bOL D blOL, contrary to our assumption (5.11.9). Thus S = 0,
which implies (5.11.10) is zero. Since ¢y was arbitrary, this implies that (5.11.8)
and hence (5.11.7) is zero, which completes the proof of the proposition. g

Cohomological normalization. The same procedure may be used to construct twists
of modular forms f € M rather than M, :

Definition 5.13. If f € MM (Ko(c), x) define f @ n € MR (Ko(cb?), xn?) by

(fon =f"en

Lemma 5.14. If f € M°"(Ko(c), x) and if  is a Hecke character as above, then
fen=Gn)'h

where h is given by the following modification of equation (5.11.3):

h(g) = n(detg)™" > no(t) f(gu(t)). (5.11.12)
teY O

5.12 L-functions

In this section we define the various L-functions attached to automorphic forms
on GLjy. The L-functions that arise from the periods we will later consider are
imprimitive (i.e., they do not coincide with the associated “canonical” Langlands
L-functions at all places). We will normalize everything so that the local L-factors
are the same as the canonical Langlands L-factors at all unramified places. We
warn the reader that the automorphic representation 7( f) attached to a simultane-
ous eigenform f € S, (Ko(c), x) is in general not unitary. Rather, the automorphic
representation

(I - 1%,

is unitary, where w = (k, + 2m,)/2 (which is independent of o). Throughout this
chapter, for any L-function

L(s)= Y a(n)Ngg(n)*

nCcOr
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and any ideal ¢ C Oy, write

Le(s):=a(OL)+ Y a(mNpgm)°
n=[T,. pi(»

L(s):= Y a(mNggn)".

n+c=0r

Moreover, L*‘(s) = “Gamma factors” x L°(s) will denote the product of the par-
tial L-function with its Gamma factors.

To ease notation we write k = (k,m) € X(L) and write [k + 2m] for the
integer k, + 2m,, which is independent of o € 3(L). If x (resp. ) is an character
(resp. automorphic representation) we write §(x) (resp. f()) for its conductor,
considered as an ideal of Op,.

5.12.1 The standard L-function

For any cusp form f € S, (Ko(c), x) the standard L-function is defined in equation
(5.9.6) which we reproduce here:

L(f75) = Z a(m7f)NL/Q<m)71/2is'

mCOy,

If f is an eigenfunction of all Hecke operators then for any Hecke character 7,
the twist f ® 7 is also an eigenfunction of all Hecke operators and its L-function
admits an Euler product over prime ideals:

L(f@??, S) = HLp(f@”?aS)
p

where (see equation (5.11.1)) L, (f ® n, s) equals

(1= Ar(P)n(P)NLsa(e) "2 + x(p)n(p)?Npjg(p) ") ifpite

(1“Af(P)U(P)NiJQ(ﬁ)_l/Q_S)71 if p | cand p 1 §(n)
1 otherwise.

For each prime p C O, choose, once and for all, a ,(f), a2, (f) € C such that

Ly(f,8) = (1 —a1,p(f)NLsop) *)(1 — a2,p (f)NLop) 7).

Let 7(f) be the cuspidal automorphic representation generated by f. Let f(7(f))
and f(n) denote the corresponding conductors. At a finite place v(p) associated to
a prime p 1 f(7(f))f(n), we have that

T()o(p) @ Nu(p)
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is in the (unramified) principal series, with Satake parameters n(p)as ,(f) and
n(p)azp(f). It follows that

Ly(f@n,5) = L(7(f)up) @ NMo(p)»S)

= (1= n(P)arp(HNL/oMP) ™) (1 —n(P)azy (F)NLgP) )"

for p t ¢f(n) (see Theorem E.4).
The automorphic representation m(f)| - \Klﬁm]/ ? is unitary. Applying Theo-
rem 5.3 of [JaS1], this implies that the partial Euler product
LITUIO (£ @, s)

is absolutely convergent for Re(s) > 1 — [k + 2m]/2. Actually, more is true:

Lemma 5.15. If f € SEV(Ko(c), x) is a newform, then the Dirichlet series defin-
ing L(f ®m,s) is absolutely convergent for Re(s) > 1 — [k 4+ 2m)]/2.

Proof. In view of the previous paragraph, it suffices to show that L, (f ®n, s) is ab-
solutely convergent for p | f(n)f(w(f)) for Re(s) > 1—[k+2m]/2. To see this, we ap-
ply [She, Theorem 3.3] (a generalization of some results of Atkin-Lehner-Li theory
to the Hilbert modular case) to conclude that |a(f, p)| < Ny, jq(p)~1/2+k+2ml/2+1,
This implies the desired convergence. (|

5.12.2 Rankin-Selberg L-functions

Let f € Sc(Ko(c),x) and g € Sk(Ko(¢'), x") be simultaneous eigenforms for all
Hecke operators. The Rankin-Selberg L-function attached to f and g is defined by

L(f x g,8) == L (xx',25) > a(n, fla(n, 9Ny jg(n) 1=,

nCcOp

The partial L-functions L (f x g, s) admit the following Euler product expansion:
L (f xg,5) = 11 Ly(f x g,s),

prime ideals pC O,
ptec’

where

2 2
p(fxg,s H H (1= aip(f)egs(9)NLjglp)~*)
(see [HidT, (7.7)]).

It follows in particular that L, (f x g,s) = L(m,(f)Xm,(g), s) for finite places
v { ¢’. Thus the partial Euler product L“/(f X g, $) is absolutely convergent for
Re(s) > 1 — [k + 2m] [JaS1, Theorem 5.3]. Moreover, L (f x g,s) has a pole
at s = 1 — [k 4+ 2m] if and only if the automorphic representations 7(f) and
7(g) spanned by f and g satisfy «(f) = n(g)¥| - |"*+t?™, where 7(g)" is the
contragredient of w(g). The pole, if it exists, is simple (see [JaS2, Proposition 3.6)).
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5.12.3 Adjoint L-functions

We now recall the adjoint L-functions attached to an eigenform f e SV (Ko(c),x).
For a unitary Hecke character ¢ : L*\A} — C*, set

LIAA(f) @ ¢, ) := [] Lp(Ad(f) @ ¢,5),
pti(®)
where §(¢) is the conductor of ¢ and where Ly(Ad(f) ® ¢,s)~! is defined to be

(1= 6IN20) )1 = 066) 7 DN ol - o) 2200

if p ¢ and, in the ramified cases, we set Ly (Ad(f) ® ¢,s)~! equal to

Nz/o(p)™?)

1—¢(p)Nzop)~° if p 1 f(¢) and 7(f)y(p) is principal and minimal

1—¢()NLg(p)~'7* if ptf(¢) and w(f)y(p) is special and minimal
1 otherwise

(see [HidT, Section 7] and the corrections in [Gh, Section 5.1]). Following [HidT],
we say that an admissible representation m of GLy(L,) is minimal if f(r) D f(7®@€)
for all quasicharacters £ : LY — C*. We note that if 7(f) = @, 7 (f), is the cus-
pidal automorphic representation attached to f and p 1 ¢, then

Ly(Ad(f), s) = LAA(T(f)v(p))» 5)

where v(p) is the place associated to p.
For o € ¥(L) define L,(Ad(f) ® ¢, s) to be the following I' factor:

(2m)CHRe DD (s 4 ky + D= D2 ((s + 1) /2).

For any ideal ¢’ C Oy, let

Lo (Ad(f) ® ¢,5) = LS (Ad()) @ b,5) [[ Lo(Ad(f) ® ¢, 9)

ocex(L)
be the completed L-function. In the case that ¢/ = O, write
L*(Ad(f) ® ¢,8) = L*OL(Ad(f) ® b, 5).

The following theorem, Theorem 7.1 of [HidT| (see also [Hid5, (7.2¢)]), will be
crucial in the proof of Theorem 10.1 below:

Theorem 5.16 (Hida-Tilouine). If f € S, (Ko(c), x) is a newform, then

(f: F)p = di "N o ()2~ L LE(Ad(£), 1),

where {k + 21} == 3" s ) ko +2.
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Here (f, g)p is the Petersson inner product, normalized as in Section 5.7. For our
later convenience, if ¢ : L*\A} — C* is a character, let

LIO(Sym*(f) @ ¢,5) == [ Le(Sym*(f) @ ¢, ),
pief(0)
where Lp(Sym2 (f) ® ¢, s) is the local Euler factor given by

(1= () x(P)NL/gP) ") (L= d(p)arp(f)*Nrja(p) ") (L= d(P)az,p(f)*Ni/op) )
One checks immediately that

Ly(Sym®(f) ® ()71, s) = Lyp(Ad(f), s) (5.12.1)

if x and f are unramified at p.

5.12.4 Asai L-functions

Let L/E be a quadratic extension of totally real number fields and let (¢) =
Gal(L/FE). Using class field theory, identify (n) = Gal(L/E)" with a Hecke charac-
ter n : EX\A} — C* trivial at the infinite places, see Section 8.1. Let k = (k,m) €
X(E) be a weight, and define kK = (E, m) € X (L) by declaring that ks = ko (resp.
Mz = my) if 6 : L < R extends 0 : E — R. Let xg : EX\Ay — C* be a
quasicharacter satisfying x goo (boo) = bF 2™ for b € A, and set x := xgoNp /.

For any f € Sz(Ko(c), x) and any quasicharacter ¢ : L*\A} — C*, the Asai
L-function L(As(f ® ¢), s) attached to f and ¢ is defined to be the following sum
over ideals n C O,

LOWINC ((¢y)|p,25) > d(nOp)a(mOr, f)Nggm) ",
n+(4)=0x

where (¢%x)|r denotes the restriction of ¢?x to A% (see [Ram2] for a nice discus-
sion of this L-function). The associated partial L-function admits an Euler product

LOUDNO2(As(f@¢),s) = [[ Le(As(f @ 9),s)
p1(cNOE)
where, if p { dr,/g((f(0)c) N Op), we have that L,(As(f ® ¢),s) ! is equal to

2

TTTT (1 - ée)aim (P (INE/a() )

i=1j=1
if p = PP splits, and

(1= oP)arp(f)NE/gr)*) (1 —¢(p)azp (f)NE/gP) ™)
x (1= 6(p)*x(P)Ng/g(p) =)
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if p is inert (see [HarL, Section 2]). Here we have abused notation and set ¢(p) :=
¢(pOr) and x(p) := x(pOL).

Suppose that f € S2°V(Ko(c),x) is a newform. Then there is another new-
form fo € S2*V(Ky(c'),x) uniquely determined by the fact that for m C Op
coprime to ¢¢’ we have

a(f*,m) = a(f,s(m)),
where ¢ C Op is some other ideal. We see directly from the local Euler factors
given above that

LPe/ee(f x f<,8) = Lo (MO (Ag(f), 5) L4/ NOB) (As(f) @1, ). (5.12.2)

Remark. Ramakrishnan shows in [Ram?2] that there is an isobaric automorphic
representation As(m(f)) of Resg/q(GL4) whose L-function is equal to L(As(f), s)
up to finitely many Euler factors. Similarly, in [Raml], he shows that there is
an isobaric automorphic representation m(f) X 7(f*) of Resy ,o(GL4) whose L-
function is equal to L(f x f¢,s) up to finitely many places. One can show that
7(f) R 7(f<) is the base change of As(7(f)) to Reszg(GLa4); this is a substantial
refinement of (5.12.2).

Let cg C O be an ideal and let f € S, (Ko(cg), XE)- As in the Introduction,
we write ffor the unique newform on L generating the automorphic representa-
tion of GLa(A ) that is the base change to L of the automorphic representation of
GL2(Ag) generated by f. Thus fe Sz(Ko(c), x) for some ideal ¢ C Op. (Note: it
is not necessarily true that cNOp = ¢g.) We say that a newform g € Sz(Ko(c), x)
is a base change from FE if g = ffor some newform f on E. We will require the
following proposition in the proof of Theorem 10.1 below.

Proposition 5.17. Fiz a quasi-character ¥ : L*\A} — C* (resp. 6 : L*\A} —

C*) such that 9| - ‘[Q_Qm]/z (resp. 6] - \A[Q_Qm]/z) is unitary and its restriction to

EX\A} is xg (resp. xgn). If fe SRW(Ko(c),x) is a newform that is a base

change of a newform f € S.(Ko(cg),xr) for some ideal cg C O, then
LU/E(As(f @071),8) = LA/ eIN08 ()[40 =108 (Ad(f ), 5)

and

LY (As(F®07"), 5) = ¢lrelTONOe) (5) [ du/elONO8 (A4(f) @ n, ),
where b' ;=[] via,,, p. Thus

P1HONO
Resy=1 L (As(f @ 071), s) = LP/=1ONO8 (Ad(f) @ 1, 1)Res,=y (/= (TONOR) (5),

This proposition is stated, with a typographical error, on p. 4 of [Ram2]. For a
proof that one can always find characters ¥ and 6 satisfying the requirements of
the proposition, see Lemma 2.1 of [HidS§].
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Remark. Let 7 be the automorphic representation generated by a simultaneous
eigenform f € S, (Ko(c), x) for almost all Hecke operators and let Ad(w) denote
the automorphic representation with L-function L(Ad(f),s) [GelJ]. Regardless of

K, Ad(m) is unitary. The unramified character | - Kj2m]/ ? s present in the propo-

sition to make the automorphic representation attached to As(f ® 8~1) (resp.
As(f ®9~1)) unitary as well.

Proof. We will use the theory of quadratic base change for GLy as developed in
[Lan] freely in this proof (see Appendix E for a synopsis). First, for all primes
p C O we have

[T L(F.8) = Lp(f. )Ly (f @1, 5) (5.12.3)
Blp

where f ® 7 is the newform with Afgn(p) = Argy(p) for almost all primes p C Op.

~ ~

Moreover, a(B, f) = a(P°, f) for all primes P C Of. Thus, for i € {1, 2}, without
loss of generality we have:

~ ~

(1) aigp(f) = aigps(f),
(2) ai)qg(f) = a;p(f) if p splits as p = PP in L/F, and
(3) ip(f) = cip(f)? if p is inert in L/E.

Using these facts, it is easy to deduce the equalities

Ly(As(f @97Y),s) = (1 — 1(p)Ng/g(p)~*) " Ly(Ad(f), s) and
Ly(As(f @ 671),5) = (1 — Ngg(p) ™) " Lp(Ad(f) @1, 5)

for p { d /g (¢cNOE) from the local Euler factors for L(As(f®¢), s) and L(Ad(f), s)
((5.12.1) is also helpful).

Now assume that p | (¢ Op) but p tdr,/g(f(0) N OF). In this case we wish
to prove the local equalities

Ly(As(F @ 07Y),s) = Ly(Ad(f), s) (5.12.4)
Lo(As(f ©07Y),s) = Ly(Ad(f) @1, ).

By Proposition E.9, p | ¢g. Thus for any prime 9B|p we have

FT (o) 7 Omowys FT(Foep) # OLaepys and {(Xz.o(p) = Owogp)- (5.12.5)

Assume first that 7(f),() is not special; this implies that the same is true of

~

7(f)o(p)- In this case it follows from the classification of irreducible admissible

~

representations of GLy over a local field that L(7(f)yp)) = L(7(f)oep)) = 1

~

which implies that a(p”, f) = a(p™Op, f) = 0 for all n > 0 (see, e.g., Section E.6
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for a table of the L-functions of admissible representations of GL3, keeping in mind
that any supercuspidal representation m of GLg satisfies L(m, s) = 1 and remains
supercuspidal when base changed along an unramified extension). Thus the left-
hand side of each of the equations in (5.12.4) is 1. On the other hand, (5.12.5) also
implies that m, (), if it is principal, is not minimal. This by the discussion in Section
5.12.3 implies the right-hand side of each of the equalities in (5.12.4) is 1 as well.
Now suppose that m(f),(,) and hence w(]?)v(;m is special. By (5.12.5) this implies
that m(f)y(p) and m(f)y ) are unramified twists of the Steinberg representation

~

(and hence minimal). This implies a(p™, ) = a(p™ Oy, f) = 1 for all n > 0. In view
of the discussion in Section 5.12.3, the asserted identity follows in this case as well.

For the rest of the primes, the first two equalities in the proposition are
tautologies.

The last statement in the proposition, namely the residue formula, is a con-
sequence of the fact that LI/=f(0)NOe(Ad(f) @ n,s) is necessarily analytic and
nonzero at s = 1. This fact follows from Proposition 5.18 below and the fact that
Lr/e(ONO8) (Ad(f), s) and LIOPr/2(Ad(f),s) are both holomorphic at s = 1
[Gel]]. O

Proposition 5.18. If f € S?*V(Ko(cg), XE) is a newform and fe SRY(Ko(c), )
1s the unique normalized newform that is a base change of f, then

LIOPr/e(Ad(f), s) = Lie/e0ONOR)(Aq(§), s)LI/=0ONOR) (AQ(f) @ n, 5),
where 0 is as in Proposition 5.17.

Proof. We again use the theory of quadratic base change for GL, freely. For un-
explained facts on minimal and non-minimal representations, see [HidT, p. 243]%.
We will prove that for p { dp /g (f(0) N Or) we have
TT £ (Ad(F), 5) = Ly(Ad(), 5) Ly (Ad(f) @ 1, 9). (5.12.6)
Blp

Notice first that the set of primes dividing ¢g is contained in dy, (¢ N OF).
Thus if p { dr,/g(¢cNOg), then the equality follows immediately from the definition
of the Euler factors above combined with our observations on the relationship of
a; p(f) and ;3 (f) from the proof of Proposition 5.17.

Assume now that p { dz/g but p | ¢cN Op (still under the assumption that

p 1 §(0) N Og). Then (5.12.5) is valid. Suppose that m(f), () is not special, and

~

hence 7(f),(yp) is not special. The conductor relations in (5.12.5) together with
the description of the adjoint L-factors given in Section 5.12.3 imply that in this
case both sides of the asserted equation (5.12.6) are 1. Now assume that 7(f),)

~

and hence 7(f),(y) is special. It is easy to see that 7(f),(, is minimal if and only

4Hida and Tilouine use notation for the local representations that differs from ours. Our notation
is the same as that in [JaLan].
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~

if the same is true of 7(f),(y), and twisting by xz preserves the minimality at p
since p t dp/(f(0) NOp). Thus in this case the discussion in Section 5.12.3 implies
(5.12.6) 0

5.13 Relationship with Hida’s notation

As mentioned above, the content of this chapter is drawn from Hida’s papers
[Hid3], [Hid5], and [Hid7]. For the convenience of the reader, we describe how the
notation for spaces of Hilbert modular forms in these papers relates to ours. For
this purpose, let

Kll {( )EKO C):(LCIZ) ((1) ) (modc)}

Fix a weight k € X(L). Let S, (K11(c)) be the space obtained by replacing Ky(c)
by Ki1(c) in the definition of S, (Ko(c), x) and replacing (2) by

(2") If v € G(Q), we have f(ya) = f(a).

in Section 5.4 above. Define S (K71 (c)) similarly. We then summarize the nota-
tion of [Hid3], [Hid5], and [Hid7] in the following list:

e Hida uses the letter “k” to denote a weight that differs from our use of the
letter “k” by a shift of 2. To distinguish these, write k = (k’,m) € X (L)
and set k = k' + 21 and w = k' + m + 1. Then in [Hid3], the space
Si(K11(c)) is denoted by Si. | (K11(c)) and the space Seb( K1 (c)) is denoted
by Sk,w(Kll(c))-

e Let x = (k/,m) and set k = k+ 21 as above. Set w = 1 —m. Then in [Hid5],
the space S, (K11(c)) is denoted by Sk . (K11(c)).

e In [Hid7], the space Sk (Ko(c),x) is denoted by Sk, (m,0))(Ko(c), x), where
the “0” in the weight reflects the fact that we only consider totally real fields
in this paper, whereas Hida treats automorphic forms on Resy/q(GL2) for
arbitrary number fields F in [Hid7].

Finally, we explain the purpose of introducing two notations
SR(KO(C)7X) and SfCﬁOh(KO(c)7X)

for the same Hecke module. On the one hand, it is more convenient to relate Fourier
expansions to Hecke eigenvalues if we define the Hecke action as it is defined on
Sk(Ko(c),x). On the other hand, it is easier to relate the action of the Hecke
algebra on S (Ky(c),x) to the action of the Hecke algebra on certain sheaves
via Hecke correspondences. This is especially the case if one wants the Hecke
correspondences to preserve local systems of A-modules where A is not necessarily
a field (see Section 7.6). The two Hecke modules S, (Ko(c), x) and S (Ky(c), x)
are then seen to be isomorphic using the isomorphism (5.5.1) given above.






Chapter 6

Automorphic Vector Bundles
and Local Systems

In this section we begin with the general theory of local systems, automorphic
vector bundles, and automorphy factors. After describing the finite-dimensional
representation theory of GLs we determine the explicit equations relating modular
forms and differential forms.

In modern terminology, a Hilbert modular form f may be identified with a
section of a certain vector bundle L(%, xo) on Yy(c). It may also be identified with
a differential form on Yy(c) with coefficients in L(k, xo). Each of these identifica-
tions takes some work. In the first place, the modular form f takes values in the
complex numbers, while the fibers of the vector bundle L(k, xo) are vector spaces
of dimension > 1, so we need a way to convert a complex number into a vector in
the appropriate vector space. This is accomplished by the mapping P, of equation
(6.7.1). Secondly, the modular form f is a function on the group G(A) whereas
we are looking for a section of a vector bundle on the Hilbert modular variety
Yo(c). The translation between these two descriptions of f involves an automor-
phy factor. These ideas are combined in Proposition 6.4 which gives the precise
correspondence between Hilbert modular forms and sections of £L(k, o). In order
to obtain a holomorphic differential n-form (with coefficients in L(k, x¢)) we es-
sentially need to tensor with the top exterior power of the tangent bundle of Yy(¢).
This has the effect of raising the “weight” by 2. So the final result, stated in Propo-
sition 6.5 (see [Hid3] Section 2 and Section 6) starts with a Hilbert modular form
f € S (Ko(c), x) of weight k = (k,m) and central character y : L*\A} — C
and constructs a differential form

w(f) € Q" (Yo(c)), £(#, x0))

on Yy(c) = GQ)\G(A)/Ky(¢)K o, with coeflicients in the local system L(k, xo)
that corresponds to the representation L(k, xo) = Sym” (V") @ det™ @ E(x,")
of Ko(¢)Ks C G(A). (The shift by 2 in the weight was already incorporated into
the definition of the weight of the modular form f so it appears in Proposition

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 91
Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_6, © Springer Basel 2012
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6.4 rather than Proposition 6.5.) In Section 6.11 it is explained that the group
of connected components G(R)/G(R)? acts on Yy(¢) by complex conjugation on
certain coordinates. The induced action on H*(Yy(c), L(x, x0)) changes the Hodge
(p, q) type of the cohomology class.

6.1 Generalities on local systems

A rank n topological complex vector bundle on a topological space X is a surjective
mapping 7 : &€ — X together with an atlas C = {(U, ¢y)} of local trivializations.
Here U C X is an open set (the collection of which are required to cover X) and

¢y N U) = UxC"

is a homeomorphism that commutes with the projection to U. These local trivial-
izations are required to have linear transition functions, that is, if ¢y : 7= 1(V) —
V x C™ then on U NV the resulting transition function

pvody (UNV)xC" = (UNV)xC"

is given by (z,v) — (z,h(z)v) where hyy : UNV — GL,(C). This linearity
condition is equivalent to the existence of globally defined, continuous addition
& xx & — & and scalar multipliction C x £ — £ mappings with respect to which
each of the local trivializations ¢y is linear on the fibers of w. If X and F are a
smooth (resp. complex) manifolds and all the ¢y are smooth (resp. holomorphic)
then F is referred to as a smooth (resp. holomorphic) vector bundle.

Let m : E — X be a topological vector bundle. Suppose there exists an atlas
C = {(U, ¢v)} of local trivializations and a subgroup I' C GL, (C) such that the
image of each of the transition mappings h: U NV — GL,(C) lies in I". Then we
say that the structure group of E can be reduced to I'. For example, if 7: F — X
is a smooth vector bundle (over a smooth manifold X), then a choice of Hermitian
metric on F gives a reduction of E to the unitary group U(n) C GL,(C). If the
structure group of E can be reduced to a discrete group I' C GL,,(C) then we say
that FE is a local coefficient system or, equivalently, that it has a discrete structure
group. If m : E — X is a smooth vector bundle then a flat connection (mean-
ing a smooth connection whose Riemannian curvature vanishes everywhere) on F
determines a reduction to a discrete structure group. Conversely, if the structure
group of a smooth vector bundle F is discrete, then E admits a connection whose
Riemann curvature vanishes everywhere. Thus, a local system on X is the “same
thing” as a smooth vector bundle with a flat connection.

Let 7 : E — X be a smooth (complex) vector bundle and let Q" (X, E) be
the vector space of smooth differential r-forms with values in E. It is the space of
smooth sections of the vector bundle A"T*X Qg E. In order to define the exterior
derivative dw of a differential form w € Q" (X, E) it is necessary to have a con-
nection Vg on E. In this case, ddw = R A w where R € Q?(X, Hom(E, E)) is the
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curvature of Vg. Consequently, if (E,Vg) is a flat vector bundle then ddw = 0
and the (de Rham) cohomology H*(X, E) is defined.

Let G be a topological group and let K C G be a closed subgroup. A repre-
sentation ¢ : K — GL(V') on some (complex) vector space determines a (complex,
topological, homogeneous) vector bundle

V::GXKV

over X = G/K, which consists of equivalence classes [g, v] under the equivalence

relation
[gk,v] ~ [g,¢(k)v] for all k € K.

The structure group of V is the image ¥(K) C GL(V). (In particular, if this group
is discrete then V is a local system.) The group G acts on V by h - [g,v] := [hg, v].
A continuous mapping f : G — V corresponds to a section s : G/K — V with
s(gK) =g, f(g)] if and only if the mapping f satisfies the following equivariance
condition:

f(gk) = (k)" f(g) for all k € K. (6.1.1)
Let K1 C K and let 7 : X; = G/K; — X = G/K be the natural projection.
The pullback V; := 7*(V) is the vector bundle V; = G x g, V associated to the
representation ¢y := ¥|K7 of Ki. Let s1(g9) = [g, f1(g)] be a section of V; (so
that f1(gk1) = ¢y (k1) f1(g) for all ky € K;). If K/K; is finite, then we obtain a
section s = m,(s1) by setting s(g) = [g, f(g)] with

flg) =Y v(k)fi(gk) (6.1.2)

keK/K1

which is easily seen to satisfy (6.1.1). We will use this in Section 9.2 and again in
Section 9.4. (In the latter case, 1 is the trivial representation.)

Suppose 91 : K — GL(V4) and 99 : K — GL(V3) are representations
that give rise to vector bundles Vi, Vs respectively on G/K. To give a bilinear
pairing B : V; x Vo, — C is the same as to give a family of bilinear mappings
By : Vi x Vo = C for g € G such that

Bgi(v1,v2) = Bg(¢r(k)vr,2(k)ve) forallk € K v, € Vi, v € Va. (6.1.3)

Consequently, if fi : G — Vi and fo : G — V4 define sections s1,s2 of Vi, Vs
respectively then B(s1(gK), s2(gK)) is well defined, that is,

Byr(fi(gk), f2(gk)) = By(f1(9), f2(g)) forallge G,k € K

Suppose K7 C K has finite index, and 7 : X; = G/K; - X = G/K as in the
previous paragraph. Let f; : G — Vi define a section s; of Vi = G Xk, Vi on X
and let fo : G — V5 define a section sy of Vo = G X Vo on X. Then we have
sections 7. (s1) of V1 on X and 7*(sz2) of Vo on X5 and

B(m.s1(9K), s2(9K)) = [K : K1]B(s1(9K1), 7" s2(9K1)) (6.1.4)
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because

By(m f1(9), f2(9)) = By | Y (k) fi(gk), f2(9)

keK/K;
= Z By(v1(k) f1(gk), 2(k) f2(gk))
keK/K,
= Y Bu(filgk), f2(gk)) = [K : K1]By(f1(9), f2(9))-
keK/K;

6.2 Classical description of automorphic vector bundles

6.2.1 Representations of I

Let H be a reductive algebraic group defined over Q, let K, C H(R) = KL A
be the product of a compact subgroup K. C H(R) which has finite index in a
maximal compact subgroup, with the identity component A of the real points of
a central torus S containing the maximal Q-split torus in the center of H. Set
D := HR)/K with its basepoint g = 1 K. In the semisimple case, D is
the symmetric space associated to H. In the reductive case, dividing by A has
the effect of removing the extraneous copies of R* that come from the center
of H, and D will be connected if K. is a maximal compact subgroup of H(R).
Let I' ¢ H(Q) be an arithmetic subgroup which acts freely on D. (Equivalently,
IF'NgKg—!={1} for all g € H(R).) Set

Y :=T\D =T\H(R)/Ko.

Bundles over Y may be constructed using representations of I' or of K. Since I'
is discrete, a finite-dimensional representation ¢ : I' = GL(E) on a complex vec-
tor space E determines an H (R)-equivariant local system (that is, a homogeneous
vector bundle with an H (R)-invariant flat connection),

£y = E xr H(R)

on I"\H(R) whose structure group is the image of . The local system &, is
the set of equivalence classes of pairs [e,h] with e € E and h € H(R), where
le,vh] ~ [~ (v)e, h]. A section s : T\H(R) — &, is a mapping s : H(R) — C
such that s(yh) = 1(v)s(h) (for all h € H(R) and v € I'). The group H(R) acts
on &y (from the right) by [e, h].g = [e, hg]. Consequently this local system passes
to a local system, also denoted &y, on Y.

If we drop the assumption that I' acts freely on D then the bundle &, will
not be well defined unless we also assume that for each point x € D,

the representation |Stabr(x) is trivial. (6.2.1)
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where Stabr(z) ={y €T : v.z = z}. More generally, &, will be an orbifold local
system, or a sheaf in the sense of orbifolds (see Section B.5) if

|Stabr(z) acts through a finite group (6.2.2)

for all z € D.

6.2.2 Representations of K,

A finite-dimensional representation A : Ko, — GL(V) on a complex vector space
V' determines a homogeneous vector bundle

V)\ :H(R) XKocV_>D~

Tt is the set of equivalence classes of pairs [h, v] where [hk,v] ~ [h, A(k)v] for all k €
K. A section D — V, is a mapping s : H(R) — V such that s(hk) = \(k)~*s(h)
(for all h € H(R) and k € K. The group H(R) acts (from the left) on V) by
g.[h,v] = [gh,v]. Assume that T" acts freely on D. Then, after dividing by T, the
vector bundle V), passes to an automorphic vector bundle on Y whose (continuous,
resp. smooth) sections can therefore be identified with (continuous, resp. smooth)
functions s : H(R) — V such that

s(yhk) = M(k)"'s(h) forally €T, h € HR), k € K. (6.2.3)

6.2.3 Flat vector bundles

The vector bundle V) described above may fail to admit a flat connection. It car-
ries a canonical connection (due to K. Nomizu [No]), which is induced from the
Cartan decomposition, but it is not necessarily flat. Suppose however, that A is
the restriction to K, of a representation H(R) — GL(V). Then there is a flat
connection on the vector bundle Vy : the mapping [g,v] — (Koo, A(g)v) defines
an H(R) equivariant trivialization H(R) x . V — D x V| so the trivial connection
on D x V passes to a flat connection after dividing by I'. So in this case, V) is an
automorphic vector bundle with two canonical connections, one of which is flat!.

Flat sections of V, — D arise from invariant one-dimensional subspaces as
follows. Suppose there is a nonzero vector vp € V and a character x : G(R) — C*
such that A(g)vop = x(g)vo for all g € G(R). Then we obtain a section S of V) given
by S(gK) = [g, x(9) 'vo]. This section is flat with respect to the above connec-
tion, and in fact, with respect to the above trivialization the section is constant.
If x|T is trivial then the section also passes to a flat section on I'\G(R)/K .

The flat connection in this case may also be described by the automorphy
factor (see Section 6.3 below) J(h,x) = A(h) which is independent of x, for in
this case the J automorphic action (6.3.1) of y € ' € H(Q) C H(R) on D x V
preserves the factors, so it preserves horizontal and vertical subspaces.

1See [Gre7] Section 5 for a more complete discussion.
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6.2.4 Orbifold local systems

If we drop the assumption that I" acts freely on D then the vector bundle Vy — D
may fail to pass to a vector bundle on the quotient I'\D. For any 2 = hK., € D
the group Stab(g)(z) = hEKch™! acts on the fiber (V1) by the rule

hkh™1.[h,v] = [hkh™ h,v] = [h, A(k)v] (6.2.4)

for any k € K. If the element v := hkh~! also lies in " and if A\(k) is not trivial,
then this equation implies that the vector [k, v] will become identified with the vec-
tor v.[h,v] = [h, A(k)v] when dividing by T'. Therefore, a necessary and sufficient
condition for the bundle to pass to a vector bundle on the quotient I'\ D is the
following: for every x € D, the action of ' N Stabg(g)(7) on the fiber (Vx), must
be trivial, or equivalently, A\|(K N ACAh™!) is trivial for all h € H(R). Similarly,
we have the following.

Lemma 6.1. Suppose the representation A : Ko — GL(V) extends to a represen-
tation of H(R) and suppose that

MK N h™Th) acts through a finite group. (6.2.5)

for all h € H(R), or equivalently, that for all x € D the group I' N Stabyg)(x)
acts on the fiber (V). through a finite group, cf. (6.2.2). Then the local system V)
passes to a local system in the orbifold sense on T'\ D. 0

Let us put these two constructions together: let A : Koo — GL(V) be a
finite-dimensional representation and let ¢ : I' — GL(FE) be a representation on a
finite-dimensional vector space E. Suppose that I' acts freely on D, or more gen-
erally, suppose that A\|(K Nh~1Th) is trivial for all h € H(R) and that |Stabr(z)
is trivial for all x € D. Then the representations A, determine a vector bundle

Vi ® Ey

on M H(R)/Ko, which is “flat in the &, direction”, and whose sections may be
identified with mappings s : H(R) — V ® E such that

s(yhk) = Y(Y)A(k) " 's(h) for all h€ H(R),y €T,k € K. (6.2.6)

In the case of primary interest to this paper, I' will not necessarily act freely, but A
will extend to a representation on all of H(R) and A|(K Nh~1Th) and ¢|Stabr(z)
will act through finite groups. Thus still have a flat vector bundle (i.e., local system
in the sense of orbifolds) V\ ® & over I'\ D whose sections are given by mappings
s: HR) = V ® E satisfying (6.2.6).
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6.3 Classical description of automorphy factors

We continue to study the quotient Y = T'\H(R)/K,, of the preceding para-
graph. Let V) be an automorphic vector bundle corresponding to a representation
A Koo — GL(V). A continuous (resp. smooth, resp. holomorphic) automorphy
factor J : H(R) x D — GL(V) for V, is a continuous (resp. smooth, resp. holo-
morphic in ) mapping such that

(1) J(hW',x) = J(h,h z)J(W,x) for all h,h' € H(R) and € D
(2) J(k,z0) = A(k) for all k € K

where z¢p € D is the basepoint. The first condition is known as the cocycle con-
dition. It follows (by taking h = 1) that J(1,2) = I. The automorphy factor
J is determined by its values J(h,zo) at the basepoint: any smooth mapping
j: HR) — GL(V) such that j(hk) = j(h)A(k) (for all k € K and h € H(R))
extends in a unique way to an automorphy factor J : H(R) x D — GL(V) by
setting J(g, hao) = j(gh)j(h)~".

An automorphy factor J determines a continuous (resp. smooth, resp. holo-
morphic) trivialization

‘I)J:H(R)XKOCV—)DXV

by [h,v] — (h.xzo,J(h,zo)v). With respect to this trivialization the action of
v € H(R) is given by

v (x,0) = (ya, J (v, T)v). (6.3.1)
Conversely any smooth trivialization ® : Vy = (H(R)/K) X V of V) determines a
unique automorphy factor J such that & = & ;. If J is a holomorphic automorphy
factor then it gives rise to a holomorphic trivialization of the automorphic vector
bundle V), and conversely.

A continuous (resp. smooth, resp. holomorphic) automorphy factor

J: H(R) x D — GL(V)

for a representation A\ : Ko, — GL(V) determines a canonical identification be-
tween continuous (resp. smooth, resp. holomorphic) sections of the vector bundle
Vi ® &y (where ¢ : I' — GL(E) is a finite-dimensional representation) on I'\ D
with continuous (resp. smooth. resp. holomorphic) functions S : D — V ® E that
are equivariant under I'; i.e., that satisfy the familiar equation

S(yz) = () J (v, 2)S(z) (6.3.2)
for all v € I and « € D. The corresponding section s : H(R) - V ® F is
s(h) = J(h,z0) " S(h.x0) (6.3.3)

which is easily seen to be well defined, and to satisfy equation (6.2.6). An auto-
morphy factor J : H(R) x D — GL(V) that is independent of x € D is the same
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as an extension of the representation A to H(R) in which case (see Section 6.2
above) the vector bundle V) ® &, is flat.
If y=(2%) € GL2(R) and D = h* = C — R then setting
(7, 2) = (ez + d)
we have that det(y)~%/2j(v, z)* is an automorphy factor for the representation

At (%9, 5m9)) = e~ € GL(C) (6.3.4)

—sin 6 cos 6

of Ko = R>%SO(2), which we identify with C*. An example of a section of the
resulting vector bundle on D is the following mapping,

s:GLy(R) — C, with s((2%)) = (ad — be)"?(ci + d)~*. (6.3.5)

We remark that the center of G(R), which is “detected” by the determinant, acts
trivially on D = h*.

6.4 Adelic automorphic vector bundles

6.4.1 Definitions

Let H be a connected reductive group over Q. Let Ko, C H(R) be defined as in
Section 6.2, and let Ko C H(Ay) be a compact open subgroup. Let K = K K.
We wish to describe automorphic vector bundles over the adelic quotient

Y = HQ\H(A)/K = HQ)\D x H(A)/Kq

where D = H(R)/Ko. Let p : K — GL(W) be a finite-dimensional represen-
tation. It gives rise to a vector bundle W, on H(A)/K consisting of equivalence
classes of pairs [h,v] where h € H(A), v € W and where [hk,v] ~ [h, u(k)v]
for all £ € K. For each x = hKK € H(A)/K (where h € H(A)) the stabilizer
Stabg(a)(x) = hKh™" acts on the fiber (W, ), by

hkh= . [h,v] = [hk,v] = [h, u(k)v]

asin (6.2.4). If y := hkh~1isin H(Q) then dividing by H(Q) will equate [h, v] with
7v.[h,v] = [h, p(k)v]. Thus, a necessary and sufficient condition that the bundle W,
should pass to the quotient Y is that for all x € H(A)/K, the group

Stabgay () N H(Q) acts trivially on (W) (6.4.1)

or equivalently, that u|(K Nh~tH(Q)h) is trivial for all h € H(A). Assume this to
be true. Then (continuous) sections of W,, — Y can be identified with (continuous)
mappings s : H(A) — W such that

s(yhk) = u(k)"ts(h) (6.4.2)
for all v € H(Q), h € H(A) and k € K.
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6.4.2 Flat bundles

If the representation K — GL(W) extends to a representation H(A) — GL(W)
then, as in Section 6.2.3 the resulting vector bundle carries a flat connection.
If there exists a vector wg € W and a character x : H(A) — C* such that
pu(h)wo = x(h)wo for all h € H(A) then, as in Section 6.2.3, the vector wy deter-
mines a flat section of the homogeneous vector bundle H(A) X x W. Moreover, if
the character x is trivial on H(Q) then this section passes to a flat section of the
vector bundle W, — Y.

Suppose the representation p is a tensor product of representations A :
Ko — GL(V) and ¢ : Ky — GL(E). If there exists an automorphy factor
J: H(R)x D — GL(V) for A then continuous sections of W,, = V\ ® &, can equiv-
alently be described as continuous mappings S : D x H(Af) = V ® E such that

S(vz, hoko) = (J (7, 2) @ (ko) ~1)S(2) (6.4.3)
for all vy € H(Q), z € D, hg € H(Ay), and ko € Ky, by setting
S(hoo"r()a ho) = J(hoo7$0)8(h)

where g = 1.K € D is the basepoint and where h = hooho € H(A).

If the representation A : Koo — GL(V') extends to a representation H(R) —
GL(V) then the vector bundle V) ® &, is flat: the factor Vy is flat as described in
Section 6.2 above, and the factor £y is always flat, by the following fact:

Proposition 6.2. Let ¢ : Ky — GL(E) be a finite-dimensional representation.
Then the resulting vector bundle £, — Y is flat.

Proof. As described in Section 4.1, there is a homeomorphism

vi[[TA\D — Y (6.4.4)

given explicitly on the ith component by Iz — H(Q)(z,t;)Ko, where the t;
are a minimal set of representatives for the finite set H(Q)"\H(Af)/Ko and
I, = HQ™'n tiKot;l. For each ¢, the representation v determines a repre-
sentation 1; : I'; — GL(E) by conjugation by t;, so we obtain a flat vector bundle

gi =F XTr; D — Fz\D
because I'; is a discrete subgroup of H(R). The mapping
[v, 2] — H(Q)[(=,t:),v] € HQ)\(D x H(Af) X1, E)

defines an isomorphism of vector bundles & = +*&,, which completes the proof.
O
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6.4.3 Orbifold bundles

In this work, we will consider vector bundles W,, = V) ® &£, where A extends to
a representation of H(R) but where condition (6.4.1) does not necessarily hold.
Rather, the weaker assumption

pl(K Nh~*H(Q)h) acts through a finite group for all h € H(A) (6.4.5)

will hold (as proven in Proposition 6.3). In this case, by Lemma 6.1, the flat vector
bundle W, passes to a local system in the sense of orbifolds on Y. The sections of
this vector bundle can be described as functions s : H(A) — W satisfying (6.4.2)
or alternately functions S : D x H(Ay) — W satistying (6.4.3).

6.5 Representations of GL,

Let Vg be the standard representation of GL2(Q) and set V = Vg @ C. Recall (for
example, from [Fu] Section 8 or [FuH] Section 15.5) that a partition u = (u1 >
pe > 0) of |u| = w1 + peo corresponds to a Young diagram with two rows, having
p1 and pe boxes respectively, and also to a Schur module S, = S, (V'), which is an
irreducible representation of GL2(Q) and which has a basis whose elements corre-
spond to Young tableauz, that is, fillings of the Young diagram with entries from
{1,2} that are weakly increasing along each row and strictly increasing along each
column. The partition |u| = 1+1 gives the determinant representation A2V = det.
The partition |u| = k + 0 gives the irreducible representation Sym* (V) consisting
of the space of homogeneous polynomials of degree k in the coordinates =1, xo.

i =3+0: [1]1]c][1]1]2][1]2]2]]2]2]2] |u| =1+1:

z3 mzy ny y3 VAN

Figure 6.2: Bases of S, i = (3,0) and p = (1,1).

Moreover, every algebraic irreducible representation of GL2(Q) is isomorphic
to S, ® det™ for some m € Z. The representations S, ® det™ and S,y ® det™ are
isomorphic if and only if u; +m = u; + m' for ¢ = 1,2 (which allows us to define
S, when p; < 0). Consequently we may always take || = k + 0 (that is, po = 0).
For k= (k,m) € Z=° x }Z set

M(k) =S, ®det™ = SymkV ® det™. (6.5.1)

By a slight abuse of terminology we refer to this as the representation with high-
est weight x. This is an algebraic representation of GL2(Q) if and only if m € Z;
in general it is a twist of an algebraic representation by a half-integral power of

the determinant. We remark that the action of K1, = {( %5, 59} decomposes
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Sym*(V) into a sum of one-dimensional representations C.z%z*~% for 0 < a < k
where z = e%.

Using the standard basis and its dual basis for the standard representation

and its dual, or contragredient, the mapping V' — VV given by (3) — (%)

determines an isomorphism of representations V = VV ® det. Similarly, the con-
tragredient of the representation Sym*V @ det™ is isomorphic to

Sym*(VV) @ det™™ = Sym* (V) @ det ™ *. (6.5.2)

6.6 Representations of G = Resr,/oGL;

Now let L be a totally real number field and let G = Res oGL2. Then G(R) =
GL2(R)*) and G(A) = GLy(ArL). As in equation (5.1.2) let Ko C G(R)? be the
subgroup
To Yo 2 2 ~ (L

Koo = {((*3/0 Za))gez(L) 1T+ Ye > 0} 2 (C)* )
and let K1 be the maximal compact subgroup with 22 +y2 = 1 for all 0 € 3(L).
Set D = G(R)/Ko = (h*)*(F) where h* = C — R, and the action of G(R)
on D is given by fractional linear transformations in each factor. Then K, is
the stabilizer of the base point i = (v/—1,...,v/—1) € D. Let k € (Z=%)>()_ 1If
a = (a,) € G(R) = (GLy(R))*®) and if z = (2,) € D set

II jo(ola), zo)™ (6.6.1)

oeX(L)

where j, ((2%),25) = (czs + d). This function j* : G(R) x D — C* is an
automorphy factor for the one-dimensional representation of K1

’uk(uéo) o 7zk9 H 67”9 0o
oc€eX(L)

where 0.) sin(6,)
1 . cos(fs) sin(0s 1
Uso = (( —sin(0,) cos(0s) ))UEZ(L) S Koo (662)

For each real place o € ¥(L) let A, be the standard representation of GLz(R)
on the vector space V, = R*®C. This determines a representation A}, of GLa(R)

on the space Symk(VUV) of homogeneous polynomial functions of degree k on V
in which an element v € GL2(R) acts by

Arkp (37) =2 (71 (57)) (6.6.3)
for any polynomial function p, (}7) . Similarly, for each k € (Z=°)*(%) we obtain
a representation \Y = ® Y, of G(R) = GLy(R)*(") on the complex vector

c€eX(L)
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space

Sym : ® SymF*~

oceX(L)
Ifp= ® p,€Sym"(VY)andy= (yo)sex(r) € G(R) then

oceX(L)
woe( 8 ()= & 6 (),

6.7 The section P,

Let G = Resyg(GL2) as in the preceding section. Let k = (k,m) € (Z=%)*(L) x
(3Z)*(). We have a representation A, @det™ of G(R) = GLy(R)*) on the vector
space
M (r) = Sym"(V) @ det™ ® Sym* (V) @ det”
oeX(L)

and its dual, A} ® det™" on the vector space
L(r) = Sym*(VY) @ det™™ = Sym* (V) ® det ™™ *.

The key technique for turning a complex-valued modular form into a vector-valued
modular form involves the function

P=P® . D= (%" 5 Sym*(VVY)
that assigns to any z = (25)sex(z) € D the polynomial

P (¥):= UEIZ_I(L)(_XU + 2, Yy )ke, (6.7.1)

which we abbreviate by writing P, () = (—X + 2Y)F.

For any v = (%7 b )geE(L) € G(R) the following equation holds:

P, =det(y)"j(v,2) N (7) - P. (6.7.2)
where
jly,2)7F = H (Cozs +dy) "% and det(y H det(v,) ke,
ocex(L) cex(L)
because

o2y =P gy (530))

az+b k
= det(y)F PALE ¢ Y
et Mot (~x+ T )

= det(7)*5(7, 2)* Py 2.
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We would like to say that the function P = P*) gives a section of the local
system corresponding to Symk(VV)7 but there are two problems with this. The
representation Symk(Vv) is not necessarily rational, and the function P does not
have the correct equivariance properties until it is multiplied by an appropriate
automorphy factor as in Proposition 6.4 below.

Regarding the rationality problem, this can be addressed under certain hy-
potheses by tensoring the representation Sym*(VV) by a power of the determi-
nant. More precisely, for each real place o, the torus (“0“ b[l) acts on Symk(VU)
with weights

ake ak b, ... agbfe Tt b

So in the representation Sym” (V) ® det™ the center of GLy(RR) acts through the
character
e ((F ay)) = agr™2me

In order that Sym®(V) ® det™ be a twist of a rational representation of G =
Resp ,oGL2 by det™? for some w € ;Z, it is necessary that these characters coin-
cide at all real places, that is, ks, +2m, = k, +2m. for all o, 7 € (L), a condition
that we abbreviate by writing

k+2m € Z1. (6.7.3)

6.8 The local system L£(k, Xx0)

As above let G = Resy (GL2). Set detoo(g) = det(gc) = [[,exr) det(go) for
g€ G(A). If g € K or if g € G(Q) we will sometimes write det(g) for detoo(g)-
Let ¢ C Op be an ideal. As in Section 5.1 the Hilbert modular variety is

Yo(c) := G(Q\G(A)/KKo(c)
where

Kot = {ve6®: v= (5 1) tmoag .

Let x = XoXoo : L*\A] — C* be a Hecke character whose conductor divides ¢, see
Section C.3. By Lemma 5.2, the character xo determines representations yo and
xg of Ko(c) on one-dimensional vector spaces E(xo) = Ey, and E(xy) = Eyy,
which therefore determine one-dimensional local systems? £(xo) and E(xg) on
Yo(c). Define

X(L) C (272 x (1z)=F)

to be the set of weights (k, m) defined by the following condition:
k+2m e Z1. (6.8.1)
2As explained in Section 6.4, £(xo) = (G(Q\G(A)/K o) X Ko(c) E(xg) consists of equivalence

classes of pairs [g,v] where g € G(A), v € E(x,) and where [ygk,v] ~ [g, x,(k)v] for all v € G(Q)
and all k € Ko(c).



104 Chapter 6. Automorphic Vector Bundles and Local Systems

Proposition 6.3. Let k = (k,m) € X(L) be a weight. Fix a Hecke character,
X = XoXoo : L*\A} — C*
such that the conductor of x divides ¢ (see Section C.3) and such that
Xoo(boo) = b2 (6.8.2)
for all b € Af. As in Sections 6.6 and 6.7 we also have a representation
L(k) =\ @ det ™ = Sym* (V) @ det ™

of G(R). Then the representations L(k,x0) = L(k) ® E(xy) and LY(k,x0) =
L(k) ® E(xo) determine local systems

Lk, x0) = L(r) ® E(xg) = GQ\G(A) XKk Ko(e) L(8) ® E(xg)  (6.8.3)
LY (K, x0) = L(r) @ E(x0) = GQ\G(A) Xk Ko (o) L(K) ® E(xo)-  (6.8.4)

on the orbifold Yo(c) = G(Q)\G(A)/ K Ko(c).

Remark. The condition that (k, m) € X' (L) is necessary to ensure condition (6.4.5)
holds for all h € H(A); compare the proof below and the proof of Lemma 5.1.

Proof. Let K" < Ky(c) be a torsion-free normal subgroup of finite index as in
Section 5.2, and consider the manifold

Yir(e) := Ygrr := GQ\G(A)/K"K .
If we assume that the local system
L(k, x0) = L(k) ® E(xg) = GQN\G(A) x g xte LK) @ E(xg)

is well defined then the projection Yi"(¢) — Yy(c) gives rise to a system of orbifold
charts defining the local system L(k) ® E(xy ) over Yp(c) as in the statement of the
proposition. Therefore we need only check that the local system L(x, xo) — Ya*(c)
is well defined.

For this purpose we recall from Lemma 6.1 that it is enough to check that
the stabilizer of a given point 2 € D = G(R)/K in G(Q) N K" acts trivially on
L(rk) ® E(xg)- The group Stabg () is a conjugate of K so it is a product of
a compact group and a central subgroup of G(A). Since K" is torsion free, the
intersection Stabg(g)(z) N K™ is contained in the center of G(Q) N K™ which is a
subgroup of the group of diagonal matrices in GL2(Op,) (compare [Mil, Proposition
3.1]). Identifying the group of diagonal matrices in GL2(Op) with Of in the natu-
ral manner, we see that it suffices to check that Of acts trivially on L(k)® E(x{).

In the representation L(k) ® E(xy), an element (§2) € Of acts by multi-
plication by

det (5 2)) " exxolen) €C
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where € is regarded as an element of A} via the diagonal embedding Of < A}
and where Y = XoXoo- Therefore it suffices to show that

xoleo) [[ ole)F2me =1. (6.8.5)
oceX(L)
But x(€) = x0(€0)Xoo(€xo) = 1, so (6.8.5) follows from (6.8.2). O

By a similar argument we obtain a well-defined local system on Yy(c) :

LY (k,x0) = L(r) @ E(x0) = GQ\G(A) Xk Ko(c) L(K) ® E(x0)-

6.9 Adelic geometric description of automorphic forms

An automorphic form f has two possible geometric interpretations: (a) it deter-
mines a section of a certain automorphic vector bundle or (b) it determines a
differential form with coefficients in a certain automorphic vector bundle. In this
section we describe interpretation (a), while interpretation (b) is described in Sec-
tion 6.10. In either case, we will need to put together all the ingredients that have
been developed so far.

Let G = Resy/g(GL2) and let ¢ C Op be an ideal. Let k = (k,m) €

(zz%)0) x (17)®W). Let x : L*\A} — C* be a Hecke character such that
Xoo(boo) = b"C 2m et

L(k, x0) = Sym"(VY) @ det " @ E(xy)

be the vector space on which we have the representation A} @ det )" ® x of
Koo X Ko(c). Let

L(k,x0) = GQ\G(A) X s () ko L% X0)
be the resulting vector bundle on Yy(¢). Set P, = =p®.
Proposition 6.4. Let k = (k,m) € X(L) and set &’ = (k—21,m+1) € (Z=°)>L) x

(1Z)*@). Suppose f : G(A) — C satisfies the equivariance conditions of a Hilbert
modular form in SS*(Ko(c),x) as in Section 5.5, that is,

F(ybguisuo) = x(b) " xo(ug )e™ f(g) (6.9.1)

for allb e A}, v € G(Q), g € G(A), ug € Ko(c) and ul, = (%75 n0) e KL
Then the following function s : G(A) — Sym*(VV)

5(g) = det(goo) "5 (goos 1)* F(9) A (9o0) ™ Pouo s (6.9.2)

defines a section of the flat vector bundle L(k, xo) over Yy(c).
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Proof. According to equation (6.4.2) we need to check that

s(vguouce) = xg (u0) ™ det (uce) ™ A (uss) "' 5(g) (6.9.3)
for all g € G(A), v € G(Q), up € Ko(c) and Uy € Koo. Let U = booul, where
beo € G(R) N A} is identified with (% ,° ) and ul, = (°%0) sn0) e K1 Set

—sin 6 cos6
b = bobos € A} with by = 1 so that X(b) = bEr?m Let z = goo.i. Using the
cocycle condition for j, (see Section 6.3), the equivariance property (6.7.2) for P,
and equation (5.6.3), equation (6.9.3) then follows from these calculations:

det(Yboogootil )% = det(v) T*b 2*det(go0) F

F(Ybsogooting 1) = b (7, 2) ™™ j(go0, 1)

F(ybguougs) = x(b) "' xq (wo) "1™ f(g)

M (Vgo0tioe) T = AR (t100) AR (goo) TTAK (1)

vaocgocuéc-i = Iygei = det('y)k]( z)” k/\lc( )P.
which hold for any b € A}, v € G(Q), g € G(A), up € Ko(c), and ul, € K. O
Using the automorphy factor A} ® det_[" for G(R), this section may also be

described as the mapping S : D x G(Af) — Symk(Vv) given by

S(z,z) == det(a,) ™A\ (az)s(za,) (6.9.4)
= det(a.) ™ Fj(az, 1)* f(za.) P, (6.9.5)
where «, € G(R) is any element such that a,.i = z. Then S is well defined, for

if Uoo € Koo, SAY, Uoo = bootily With boy € G(R) NAF and ul, € KL as in the
previous paragraph, then replacing a, by a.u~ in equation (6.9.5) gives

m—k

Jlaz s, i)kf(booxazuéo)Pz
= det(0) RO 2L (0, 1)F G (udo, 1) X (0) ! f (o) Pe
=S(z,x)

det(a,un)™

where b = boboo € A} with by = 1. Similarly one checks that
S(vz,yrug) = xg (uo) " det(y) ™A (7)S (2, z)
forallz € D,z € G(Ay),v € G(Q) and ug € Ky(c), which verifies equation (6.4.3).

Remarks.
(1) If f € S (Ko(c), x) (rather than SS%(Lo(c), x)) then equation (6.9.2) deter-
mines a section of the vector bundle £V (x, xg ') = L(k) @ E(xg ).
(2) The shift by 2 in the weight & is a consequence of the exponent (k, + 2)0,
that occurs in condition (3) of Section 5.4 and in condition (3°°") of Section
5.5. These definitions are chosen so that the differential form corresponding
to f will take values in the local system L(k, o), see Proposition 6.5.
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6.10 Differential forms

If £ is a local system of complex vector spaces on a Hilbert modular variety Y
then we denote by Q7 (Y, £) the vector space of smooth differential forms on Y (as
an orbifold) with coefficients in £. It consists of smooth orbifold sections of the
vector bundle A"T*Y ® L. If w € Q"(Y, L) is also holomorphic and satisfies cer-
tain growth conditions then it corresponds to a Hilbert modular form of a certain
weight. In this section we make the correspondence explicit.

Let G be a reductive algebraic group over Q, let Ko, = KL Ag(R)? and let
D = G(R)/K as in Section 6.2. The Cartan involution 6 : g — g determines a
decomposition g(R) = £, @ p into +1 eigenspaces, with €., = Lie(K ). Although
the subspace p is not a Lie subalgebra, it is preserved by the adjoint action of K,
so this representation ad : Ko, — GL(p) determines an automorphic vector bun-
dle Vaq on D. In fact, the tangent space T,,D at the basepoint may be identified
with the corresponding quotient of Lie algebras g(R) /€ = p so the vector bundle
Vad is the tangent bundle of D. It is not a flat bundle because the adjoint action
of G(R) does not preserve p. Let p* = Hom(p,R) be the dual vector space with
its corresponding representation of K,. Then sections of the automorphic vector
bundle associated to A"p* are differential r-forms on D.

Remark. This construction of automorphic vector bundles leads naturally to the
subject of (g, K )-cohomology, see [BoW].

In the case G = GLg, the Cartan involution is 6(g) = ‘g~!. Let K be the
identity component of the fixed point set of 8, so
Koo ={(%,%): 2> +y* >0} =C*,

p={(§ %) a,beR}=C,

and D = G(R)/ K = C—R is disconnected. Identifying z € K, with z = z+iy €
C* and u € p with u = a+ib € C we find that the tangent bundle of D is the ho-
mogeneous vector bundle that corresponds to the representation A : Koo — GL(p)
that is given by A(2)(u) = |2|~222%u. Therefore the cotangent bundle corresponds to
the representation \(z)(u) = |2|?2~2u. From equation (6.3.4) we see that a section
of the cotangent bundle of Y = I'\G(R)/K is therefore a mapping S : D — C
such that S(yz) = det(7)j (7, 2) ~25(2). We remark that the “function” S(z) = dz
satisfies

S(gz) = det(9)j(g,2)*S(2) (6.10.1)
(for all g € G(R)) so dz defines a section of T*Y.

If G = Resy, /QGLQ then we have differential forms dz, and dz, for each
real place o € X(L). We will be primarily interested in differential n-forms where
n = [L : Q]. Choose an ordering for the real places, ¥(L) = {o1,...,0,}, and
write dz; in place of dz,,. Let

dz :=dz1 N+ Ndzp,.



108 Chapter 6. Automorphic Vector Bundles and Local Systems

In the following proposition, we use equations (6.7.1) (for P,), (6.10.1) (for
dz) to obtain a differential form wy and hence a mapping

w1 S (Ko (e), x) — Q" (Yo(c), L(k, X0))-

The computation required to prove the proposition is entirely analogous to that
given in the proof of Proposition 6.4 and hence is omitted.

Proposition 6.5. Fiz o weight k = (k,m) € X(L) and a Hecke character x as in
Proposition 6.4. Let f € MS®(Ko(c),x) or more generally, let f : G(A) — C be
a smooth function that satisfies the equivariance conditions of a Hilbert modular
form in MM (Ko (c), xo0), namely,

Fbguoul.) = x(0) ' xo(ug*) f(g) [ "
JEE(L)

where b€ A, v € G(Q), g € G(A), ug € Ko(c) and

1 cosf, sin6

Uso = ((7sin90 COSGZ))O’EE(L) S K;o

Then the function w(f) = wys : D x G(Af) — Sym®(VV) @ A"T*D given by

—m—k—1

wi(z,z0) := det(a) 3oz, )2 f(zoas) (X + 2Y)F dz (6.10.2)

(where a; € G(R); a,.i = 2) defines a smooth differential form
wy € Q"(Yo(c), L(k, X0))- O

Proposition 6.6. If f € S Ko(c),x) then the differential form wy is closed
(dwy = 0), square integrable, and holomorphic. It therefore defines a class [wy| €
H("z)(Yo(c), L(k,x0)) in L?-cohomology.

Proof. In equation (6.10.2) write wy = F(z)dz where dz = dz; A -+ A dz,. The
function F'(z) is holomorphic by the remarks in Section 5.4. With respect to this
coordinate system on D = G(R)/ K, we have

" OF (2
dwy = 88( dz; Ndz —|—Z dzl/\dz
i=1

The first term vanishes since F' is analytic in z and the second term vanishes since
dz is a top degree (in the holomorphic variables) differential form. The differential
form wy is square integrable because (f, f)p < oo. a
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6.11 Action of the component group

In this section we explain that the group G(R)/G(R)° of connected components
of G(R) acts by complex conjugation with respect to certain coordinates. Let
I,J C X(L) be disjoint sets with T U J = X(L) and let

dzy Ndzy = A dw; where dw; =

=1

dz; ifo; el
dz; ifo; e J.

Then dz;AdZzy is a section of the vector bundle corresponding to the representation
of K1 = (S1)" on C given by

2160, if I
cosf, sinf e Ir o€
Hri= ® pjo where pjo(( 5578 ) =9 .. )
oceXL (( sin 6 6059”)) e 20 if g e J.

The differential form dz; A dZ; may also be obtained as the pullback
dzy Ndzy = 5(dza A - ANdzy)

where tj : G(R)/Ko — G(R)/K is defined on each factor by

( ) zi if o€l
Lj(Z;) =
J zZ; if o; € J.

The mapping ¢; yields an involution of Y5 (c¢) and of its Baily-Borel compactifica-
tion Xo(c), which is a stratum preserving orbifold morphism on each nonempty
stratum. This morphism is proper, finite and surjective, but it may not be orien-
tation preserving (in fact it will usually change Hodge types). For J C 3(L) define

wy = (VU)JGE(L) where 7, = {

Then {wy: J C X(L)} is a collection of representatives for the component group
G(R)/G(R)°, and multiplication from the right by w; gives the mapping ¢ :
GR)/Ks — G(R)/K. In fact, if ¢ € J and if

e bo\ . Aol + by
Zg = 4= .
Co do’ Col + do-

then
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Lemma 6.7. Fiz a weight k = (k,m) € X(L) and a Hecke character x. Let J C
Y(L). Right multiplication by wy induces isomorphisms of local systems on Yy(c),

Uy (L(K, x0)) = L(k,x0) and o5 (L(k, xg)) = L(K, xg)
so it also induces an isomorphism of smooth differential forms,
vy Q(Yo(e), £(%, x0)) = 2 (Yo(c), L(k, x0))-

Proof. Suppose first that A : K = KiK. — GL(V) is a representation giv-
ing rise to a homogeneous vector bundle M(A) = G(Q)\G(A) xxk V on Y =
G(Q)\G(A)/K. Let w € G(A). Suppose that w normalizes K, and that the repre-
sentation A extends to a representation of the group generated by K and w. Then
the mapping

[9,v] = [gw, AN(w) 0] (6.11.1)

defines a mapping of homogeneous vector bundles ¢ : M (A) — M (\) which covers
the mapping Y — Y that is given by G(Q)gK — G(Q)gwK. To see this, it suffices
to check that the mapping (6.11.1) is well defined. If k € K then

[gk, v] = [gkw, A(w) 1 v] = [gw(w ™ kw), \(w) 1]
= [gw, M(w ™ kw)A\(w) " v] = [gw, Aw) " A (k)]

which is the image of [g, A(k)(v)]. Suppose now that M () is a local system in the
sense of orbifolds. In other words, M(A) is flat and (6.4.5) (but not necessarily
(6.4.1)) holds for all h € H(A) holds. In this case, the same argument provides
a lift of right multiplication by w to M(A). The lemma is a special case of this
statement. t

Definition 6.8. Fix a weight x = (k,m) € X(L) and a Hecke character x as in
Proposition 6.4. Let f € SM(Ko(c), xo) and let wy € Q"(Yo(c), L(k, x0)) be the
corresponding differential form as defined in equation (6.10.2). Let J C X(L).
Define

wi(f) =5 (wy). (6.11.2)
Lemma 6.7 above implies that w;(f) € Q™ (Yy(c), L(k, x0))-



Chapter 7

The Automorphic Description
of Intersection Cohomology

In this chapter we use Proposition 6.6 to construct a map

Hilbert modular forms —- intersection cohomology
which takes

weight, nebentypus — local coefficient system
Hecke operator — action of Hecke correspondence

Petersson product — intersection product

The compatibility between the left and right sides of this chart involve a series of
technical complications including the following

e The Hilbert modular variety Yp(c) is an orbifold, rather than a manifold.

e The local coefficient systems that arise are slightly more general than those
usually considered in the literature on intersection cohomology.

e The Hecke correspondences must be lifted to the local systems.

e The normalization of the Petersson product does not agree with the usual
normalization of the intersection product.

e As mentioned in Section 6.9 and Section 6.10 the transition from modular
forms to differential forms involves a shift in the weight.

Agreement between the weight conventions is achieved using the main in-
volution which converts modular forms in S, (Yp(c), xo) into modular forms in
Sh(Yy(¢), xo), as discussed in Section 5.5 and Section 5.7. Agreement between the
normalizations for the Petersson product and the intersection product is achieved
using the Atkin Lehner operator, which converts the local system &() into the lo-
cal system E(x( ), see Section 7.4, and the complex conjugation involution, see Sec-
tion 7.3. Besides these actions, the component group of G (see Section 6.11) and the
Hecke algebra (see Sections 7.6 and 7.7) act on modular forms and on cohomology.

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 111
Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_7, © Springer Basel 2012
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In Section 7.1, the local coefficient system L(k, xo) is recalled from Chapter
6. Using the Atkin-Lehner operator (Section 7.4), the intersection pairing is de-
fined and normalized in Section 7.5. Hecke correspondences are defined and lifted
to the local systems in Section 7.6.

In Proposition 6.5 the process of converting a complex-valued Hilbert modu-
lar form into a differential form with coefficients in the local system L(k, xo) was
explained. This is applied in Section 7.2 to the Hilbert modular forms f of Section
5.4 to obtain intersection cohomology classes

[wy] € IM"H*(Xo(c), L(k, x0))-

We show in this section that w is Hecke equivariant and use it to give a description,
due to G. Harder, of this intersection cohomology group as a Hecke module. The
automorphic description of the intersection cohomology groups gives us, in partic-
ular, a complete picture of these cohomology groups as Hecke modules. This will
be crucial in the proof of Theorem 8.4, the full version of the “first main theorem”
of the introduction, in Chapter 8 below.

In Theorem 7.11 we show how the pairings on intersection cohomology de-
scribed in Section 7.5 relate to the Petersson inner product. This will be a key
tool in the proof of Theorem 8.5, the full version of the “second main theorem” of
the introduction, in Chapter 8.

Finally in Section 7.9 we indicate how these constructions may be performed
using integral coefficients. Our presentation owes much to Hida, who used au-
tomorphic forms to fix integral normalizations of the isomorphisms occurring in
Harder’s work (see [Hid7], [Hid3] and [Gh]).

Throughout this chapter we use the notation established in Chapter 5 (see
also Section 6.6): L is a totally real number field of degree n = [L : Q]; G =
Res/o(GL2); ¢ C Op is an ideal and Ko(c) C G(Z) is the corresponding Hecke
congruence subgroup.

The Hilbert modular variety is Yp(c) = G(Q)\G(A)/K oo Ko(c).

7.1 The local system L£(k, Xx0)

The following definitions are recalled from Chapter 6. Let X (L) C (Z=°)>() x
(1Z)*(@) be the allowable set of weights, as described in Section 5.3 equation
(5.3.1) and Section 6.8 equation (6.8.1). Fix k = (k,m) € X(L). As in Section
6.6 the group GL, acts via the standard representation on a complex vector space
V = C?, and this determines a representation of G(R) = GL(R)*(*) on the space

Sym : ® SymFe

oceX(L)
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of homogeneous polynomial functions of degree k. Let detoo (Yoo ) =[ex (1) det (7o)
for 70 € G(R). We obtain a representation of G(R),

L(k) = Sym*(VY) @ det ™.

Let x : AY — C* be a quasicharacter whose conductor divides ¢ and satisfies
Xoo(boo) = b F~2™ for all boy € AF__. As in Lemma 5.2 the finite part yo of x
determines one-dimensional representations, xo, x3 : Ko(c) — C* as the product
X0 := ][, <o Xv Of local characters defined by setting

<(av bv)) ~xe(dy) ifpyle

Xv Cy dy 1 otherwise.
v <(av bv)) I xw(ay) if pyle

Xv Cy  dy 1 otherwise.

for each place v < oo with p, the corresponding prime ideal, see Section 6.8. De-

note the complex numbers C with this representation by E,, or E(xo). So we
obtain a representation

L(k,x0) == L(r) ® E(xy) = Sym" (V") @ det )" ® E(xy)

of Ko(¢). Ko (in fact, a representation of Ky(c).G(R)). In other words, as a vec-
tor space, L(k, o) is isomorphic to Sym* (V) but the action of ¥ = Ypye0 €
Ko(¢).K on a polynomial function p ((3)) is given by

y.p (()55 )Uez(L)) = detoo (Yoo) X0 (Y0)P ((7;1 (% )UEZ(L))) R ARY
The representation L(k, xo) gives rise to an orbifold local system
L(k, x0) = L(k) @ E(xg) = GQ\G(A) X k() L(#, X0)

on the orbifold Y;(c), see Proposition 6.3. Similar remarks apply to the construc-
tion of the orbifold local system LY(k,xo) that is associated to the following
representation of Ko(¢)K :

LY (k, x0) = Sym" (V) @ det " ® E(xo)

(that is, the character y is replaced by xo).
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7.2 The automorphic description of

intersection cohomology
As above, let k = (k,m) € X(L) and let x : L*\A] — C* be a quasicharacter
satisfying Xoo(boo) = bF ™2™ for by € AF_ . Assume that the conductor of y
divides the ideal ¢ C Op,. In this section we describe a basis of differential forms
for the intersection cohomology groups I™H*(Xo(c), L(k, X0))-

By Proposition 6.6 a modular form f € S¢®(Ky(c), x) gives rise to an L2
holomorphic differential form wy € Q™ (Yy(c), £(k, x0)). We wish to use the isomor-
phism Z (of the Zucker conjecture, see Theorem 4.2) to associate an intersection
cohomology class to such a differential form. We cannot apply this isomorphism

as it stands since the representation L(k, xo) does not necessarily extend to a
representation of G. To overcome this, define

Ki(e):=={(25) € Ko(e): (¢5) =(57) (mod o)}
it is a finite-index subgroup of Ky(c). One then has a covering map
Pt Y, (0 — Yo(o).
Since xo is trivial on K71(c), one sees that there is a natural isomorphism
P L(k, x0) = GQ\G(A) Xk Ky, () L(K, Xtriv)-

In particular, p*L(k, xo) is the local system associated to the representation
L(K, Xtriv) of G and the Zucker isomorphism gives

Z: I{(*z)(YKu(c),p*[:(,‘i7 XO))%IH*(XKH(C),])*E(R, X0))- (7.2.1)
We can then define the Zucker isomorphism

2 < Hiy) (Yo(0), £ x0))—TH" (Xo(c), £ (s, Xo)) (7.2.2)

by Z := [Ko(c):lKu(c)]p* o Z op*. We therefore have for each J C ¥(L) a homomor-
phism
wy : S (Ko(c), x) — IMH"(Xo(c), L(k. x0))
[ 2(lws (N = Z([L5(wp)])-
The space of cuspidal cohomology classes is defined as follows:

I™H2, o (Xo(0), L(k,x0) =D P ws (S (Ko(c), X)) -

X JCX(L)

(7.2.3)

Here, the first sum is over all Hecke characters x : L*\A] — C* such that
Xoo (o) = azk=2™ and x|OF = xo. If j # n we set ImngSp(Xo(c),L(fa,Xo)) =0.
In Proposition 7.13 we will prove that the mapping w; is Hecke-equivariant.
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We next isolate the subspace of invariant classes as in Section 4.4. These can
only occur in the case that & = (0,m) € X (L) for some m € Z*(F). As explained
in Section 4.4 for each 1 C j C h(Ky(c)) there is a canonical injection

Sj - H’L(g7 Koo’ L(K‘7 Xtriv)) — H(ZQ) (}/()](c)7 L:(Ii, Xtrivo)) — H’L(}/O(c% ['(Kq XtrivO))7

Here H'(g, Koo; L(K, Xtrivo)) is the relative Lie algebra cohomology of the Lie al-
gebra g of G(R) and xtiv is the trivial character. Translating this into the adelic
language using (5.1.6) we thus have a subspace of invariant cohomology classes

ImHiinv(XO(c)7 ﬁ((()? m)7 XO)) = Zq @H%Q’ Koo (Cd) ® L((O’ m), XtrivO))
@
(7.2.4)

sitting inside I™H*(Xo(c), £(k, Xtrivo)). The sum is over the set of functions ¢ :
G(Q)\G(A) — C* of the form ¢ = x o det for some quasi-character x : L*\A} —
C* that is unramified at all finite places; this implies that ¢ is trivial on Ky(c). In
other words, ¢ factors through the determinant map (5.1.6). For a more explicit
description of these classes, see Section 11.2 below. We set
I™H;, (Xo(c), £(k, x0)) = 0

if k # (0,m) for some m € Z1 or xo # Xtrivo-

The following theorem of Harder [Har] (as rephrased by Hida [Hid7, Section
3]) says that these two subspaces of the intersection cohomology actually fill the
space:

Theorem 7.1 (Harder). The middle intersection cohomology decomposes as fol-
lows:

IMH™(Xo(c), L(%, x0)) = 1™ Hi (Xo(€), £, x0)) & 1™ Heyep, (Xo(e), £k, X0))-

mv

Remark. We note that this theorem is not phrased in the language of intersection
cohomology in either [Har] or [Hid7]. However, it is straightforward to deduce the
given statement using the identification

ITH™ (Xo(c), L%, x0)) = Image (H'(Yo(c), L(~, x0)) = H" (Yo(c), L(~, X0)))

which holds since Xo(¢) has isolated singularities at the cusps and orbifold singu-
larities in the interior.
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7.3 Complex conjugation

There are several different notions of “complex conjugation” in the current setting.

(1) If f, g are (holomorphic) modular forms with values in C, the Petersson prod-
uct involves the values of f and g.

(2) If f is a (holomorphic) modular form with values in C then f will be anti-
holomorphic, but f.(z) = f(z) will be holomorphic in z.

(3) If wy is the holomorphic differential form that corresponds to a (holomorphic)
modular form f then ¢ (wy) will be a differential form of type (n —|J|,|J|)
with n — |J| factors of type dz; and |J| factors of type dz;.

(4) If a modular form f has a Fourier expansion

FUED) = lylay D alm, fgs(Ex, &y)

£>0

(where m = {yDy, /) then one might consider the function obtained by re-
placing each Fourier coefficient a(m) by its complex conjugate.

In [Shim4, Thm. 1.5] Shimura constructs an action of a certain Galois group
on the space of Hilbert modular forms by acting on the Fourier coefficients of
the modular form. This action is further described in [Hid3, Thm. 4.4] and [Hid5,
(2.1)]. For the Galois group element that is complex conjugation, it may be de-
scribed as follows. Define w € GLa(Ar) by w, = I for v < oo and w, = (’01 (1))
for 0 € £(L). Let f: G(A) — C be a modular form. Then the complex conjugate
modular form is

fe(g) = f(gw).
If we consider the function f to be a section of a vector bundle over D x G(Ay)
where D = (C — R)*() then by taking g = (¥ 7) € G(R) and z = z + iy we see
that fo(z,g0) = f(z,g0) for all (z,g0) € D x G(Ay).

Lemma 7.2. Let k = (k,m) € X(L) be a weight and set [k + 2m] := ks + 2m,
(which is independent of o € X(L)). Let x : L*\A} — C* be a Hecke character
such that Xoo(boo) = bZF~2™, whose conductor divides ¢. Then complex conjuga-
tion of modular forms defines isomorphisms

S (Ko(c),x) = Sk(Ko(c), x| - ‘—2[k+2m])
SZOh(KO(C)yX) — SZOh(Ko(C),Xfl‘ . |72[k+2m])

where | - |72*+27m denotes the character t — \t&f[k*‘?m].

Proof. Let f€S.(Ko(c),x). Let teAY, 7€ G(Q), g€ G(A), ul = (%) sinf) e KL
and up = (¢ 4) € Ko(c) so that

fltygudouo) = x(t) f(9)p(uds)Xo(uo)
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where p(ul ) = ™2 Note that x(t) = x (¢ )\t|A2[k+2m] for t € A} by equa-
tion (C.3.2). Hence

fe(tyguloug) = f(tygul, uow)

(
() u(w ™ ul w)xo(uo) f(gw) (since w commutes with ug)
(
(

tu ((2?5 6 cons ) Xo(uo)f(gw)
t)(use )Xo (uo) fe(9)

which shows that f. € S, (Ko(c),x |- |2#*+2™]). The argument for S is sim-
ilar. g

X
X
X

The following lemma tells us that notions (2) and (4) of complex conjugation
coincide:

Lemma 7.3. Let f € S.(Ko(c),x). Fory € A} such that y, >0 for all o € X(L)
one has

L ((B5) = lyla, Y a(&yDrsg. fas(Ex, Ey).

£>0

Proof. We have

Fe (59N = F(vp=re ) = F((H9) (oo 2)) = F (=) 7))

by the left G(Q)-invariance of f. On the other hand

F(r= G0 7)) =lyla, Y a(6yDrjg, £ax(€x, &y).

£>0

since (§yoDrq) = (§(—v0)Dr ) as ideals of Of. O

7.4 Atkin-Lehner operator

In this section we describe the Atkin-Lehner operator, which acts on the modular
variety Yy(c) and on its compactification Xo(c). This action preserves newforms
and it takes a newform f to its complex conjugate f. (times a factor). Since it
acts on the space Yp(c) it also acts on cycles in the space, and therefore gives
us a cycle-level “lift” of complex conjugation f — f.. The Atkin-Lehner opera-
tor is also needed in order to compare the Petersson inner product on modular
forms with the intersection pairing (see Theorem 7.11). The intersection pairing in-
volves two different groups, TH™(Xo(¢); £(k, x0)) and TH™(Xo(¢); LY (k, x0))- The
Atkin-Lehner operator converts the local system £ (x, xo) into its dual, £(x, x0),
see Lemma 7.4, so the intersection pairing becomes an inner product.
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More precisely we will construct a commutative diagram

Se(Ko(e)x) > SCMKo(e)x) 7w QM (Yo(e), £(, x0))

¢ Wr Ly cob W (7.4.1)
Yy ; A\

Se(Ko(e),v) > S(Ko(e), ¥) - Q"(Yo(c), L(k, o))

— wJ

where J C %(L), where ¢ = y = x 71| \’2[]“*27"]7 where ¢ denotes complex conju-
gation, and where the mapping W/ in the first column differs from ¢ by a scalar
multiple, see Proposition 7.7 and equation (7.4.9).

Assume as in the previous sections that ¢ C O is a fixed ideal. Let ¢ € A}

be an idele such that ¢, = 1 if v|oco and such that
[co]l = ¢

where ¢ is the finite part of ¢, and [¢p] is its associated fractional ideal. Then the
Atkin-Lehner matrix is

W, = <g _01> c G(A). (7.4.2)

Right multiplication by the element W, (or by W¢! = —W,) induces a well-defined
mapping on the Hilbert modular variety Yp(c) = G(Q)\G(A)/Ko(¢)K o, for if
g € G(A), if ug € Ko(c) and if us € Ko then

G(Q)gW Ko(c) Koo = G(Q)guotioc W Ko(c) Ko € Yo(c)

because W, commutes with K., and because W(luch € Ko(c). Moreover this
mapping is invertible: in fact,

(Wc)2 — (—E 0 )

0 —¢

which is obviously invertible. In fact its action on Yy(c) has finite order because
W2 acts through the idele class group.

The action of the component group mo(G(R)) (see Section 6.11) commutes
with the Atkin-Lehner operator. The characters xo, xy of Ko(c) are also related
via the Atkin-Lehner operator as follows:

x¢ (wo) = xo(W tugW,) for all ug € Kolc). (7.4.3)

Let E(xo) = C be the one-dimensional vector space on which Ky(¢) acts by xo
and let

E(xo) = GQ\D x G(Ay) X g,y E(x0)

be the corresponding line bundle on Yj(¢).
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Lemma 7.4. The Atkin-Lehner operator W, : Yy(c) — Yy(c) determines natural
isomorphisms

E(xo) W (E(xp)) and E(xg) = W (E(xo))
and hence also, an isomorphism
LY (K, x0) 2 WZL(K, X0)-
Proof. Since W, commutes with K, it suffices to show that the map
E(Xg) = G(Af) X Ko(c) E(XEJ/) - G(Af) X Ko(¢) E(x0) = £(x0)
given by
[0, v] = [2oW, V]

is well defined (for then it will obviously be an isomorphism). If [zok,v] € E(xy))
with g € G(Ay) and k € Ko(c), then the following diagram commutes:

E(xq) ~ €(x0)
[zok, v]  [2okWe,v] = [2oWe, xo(W. kW, )]
| |
[0, X (K)v] - [zoWe, xg (k)v]
which proves that the mapping is well defined. O

In order to obtain a mapping W as in diagram (7.4.1), we want to land in

the space of modular forms with character

— —2[k+2m
(1) = x(t) = x (Ot
rather than y" so we need to modify the above isomorphism slightly by multiplying
by a complex number of norm 1:
Definition 7.5. The mapping W : S,.(Ko(c), x) — Sk(Ko(c), ) is defined by
] [x(det o)
|14 = We). 4.4
H(Nte) =N o W (7.44)
(See also [Hid3] Section 7, p. 354.) We similarly define an isomorphism

L(r,v0) = W (L(K, X0))
by the mapping
G(A) Xk ro(c) (k) @ E(xg) = G(A) Xk ko () L(K) @ E(¥y)

given by
x(det @)

a,v| = |alW,,
o, 0] x(det o)

x(det We)v (7.4.5)

for « € G(A) and v € L(k) ® E(x{)-
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Proposition 7.6. Definition (7.4.4) does indeed map S, (Ko(c), x) to Sk(Ko(c), ).
The mapping (7.4.5) is well defined. It induces a mapping on differential forms

W Q" (Yo(e), L, x0)) = Q" (Yo(e), L(~, ¥0))
which is given by

x(det azzp)

w* =
cw(z:20) Ix(det azzo)]

x(detWe)w(z, zoWe) (7.4.6)
where o, -i=z € D =GR)/Ks and xg € G(Ay). This mapping commutes with
the action vy of the component group.

Proof. First let us check that f € S(Ko(c),x) = W f € Su(Ko(c),). Notice
the following preliminary properties of x. We may write x(t) = X1(¢)[t[, for some
unitary Hecke character X; and s = —[k + 2m| = —k, — 2m,, for any o € X(L). If
Uso = (Y4, ur) € Koo then

x(det uoo) = |x(det uso)| = (u? 4 u3)®.

Moreover, X1,,(t,) = 1if v{cand t, € Of, . For any u € G(Z) and any v < oo, we
have that (det u), € OF so |det u,|, = 1. Consequently, if ug = (24) € Ko(c)
then:

x(det ug) H Xy(ayd,) and |x(det ug)| = 1. (7.4.7)

Pule
Now let t € AY, 7 € G(Q), g € G(A), ul, = (37, 3n8) € KL. Set p(ul) =
eik+2)0  Then
[t13° [x(det aug)l

Wc*f(t'yau ug) = x(t?) x(det aug)

f(t’yau(l)ouo W)

d
=i o Wt na (7 ot
d
— vt ";E o FaWoutuio) T (o) T wofa)
polc polc
d
=500 o) FWnul o)
= Y(OW o) ulude)do(uo)
A similar calculation shows that equation (7.4.5) is well defined. Equation (7.4.6)
is obtained from (7.4.5). O

To complete the construction of diagram (7.4.1) we need to define the action
of Atkin-Lehner on S and check that the diagram does indeed commute. There
are no choices involved in this definition if we insist that the diagram commute,
and we obtain
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Proposition 7.7. The mapping W8 : S (Ko (c), x) — S (Ko (c),v) given by
Wreoh f .= (W =)~ may be expressed as follows:

W o) = Moy o) x(det WO £ (@)

for a € G(A). In particular the diagram (7.4.1) is commutative so that

Wews(F7) = ws(WE(f)™") (7.4.8)
for all f € SN Ko(c),x) and all J C X(L). The complex conjugate of f is given
by fe= (=D)WH((f~*)e) ™" where {k} = 32, cxypy o 0

We have the following result from Shimura [Shim4] and [Hid5, (4.10b)] which
relates the complex conjugate f. and the Atkin-Lehner operator.

Lemma 7.8. If f € S.(Ko(c),x) is a newform then
WE(f) = W(f)NL (o) 22 g, (7.4.9)

where W (f) is a complex number of norm 1. If f € S°h(Ky(c),x) is a newform
it then follows that

W () = ()W ONL g (022 (7.4.10)
where {k} = ZUEZ(L) ko

Proof. Let f € S,(Ko(c),x) and let m C Of, be an ideal with m 4+ ¢ = Or. It is
immediate from the definition of W that

WD) = X W (71T ),

On the other hand, if f € S, (Ko(c), x) then

(fITe(m), f)p = x| - [*F27 () (£, £ Te(m)) p

by Lemma 5.6. In other words, the eigenvalue of T,(m) acting on WF(f) is the
complex conjugate of the eigenvalue of T.(m) acting on f, at least for m+c¢ = Oy,.

It follows that if f is a simultaneous eigenform for all Hecke operators then
the Hecke eigenvalues attached to ideals m C Op with m + ¢ = Op of WX(f)
and f. agree. On the other hand, complex conjugation preserves newforms, and
W[ preserves newforms since it preserves the kernels of the trace maps recalled
in Section 5.8. In particular by strong multiplicity one, W maps f to a nonzero

c

complex multiple of f., that is, if f € S, (Ko(c),x) is a newform then

WE(f) = W(HN(e)EF2m/2
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for some nonzero complex number W (f). To complete the proof we need to check
that [W(f)| = 1. Let f,g € Sx(Ko(c), x). One has

[x(det a)[?

[k-+2m]
det a)x(det o) flaWe)|det(a)ly, ™ dpc()

(WE(f), W (g))p = /

Yo(C)

- / g(aWe) F (W) [det(a) |72 dpe(0).
Yo (c)

g(aWy) X(

Since W, normalizes Ky(c¢) and dpu. is constructed from a Haar measure, this last
quantity is N(c)~*+2ml(f g)p. Thus

(W), WE(9) = N2 (f, g)p.

On the other hand,

(W), W) = IW(HN@QEFERIRE(f fo)p = [W(HN(QF 222 (f, f)p

which implies that |[W(f)|? = 1. O

7.5 Pairings of vector bundles

In order to have a product on the intersection cohomology of X(c) it is first nec-
essary to have an inner product on the local coefficient systems. There is a natural
pairing on Symk(V) (see below) which, when extended to the local system, gives
a pairing between L(x, xo) and LY (s, xo). Then we use use the Atkin-Lehner op-
erator to convert this into a product on £L(k, xo)-

For each k € (Z29)*(1) we have the representation of G(R) = GLy(R)>()
on the vector space

Sym" (V) = @gexn) Sym™ (V)

of polynomials that are homogeneous of degree k, on V,,. Following [Shim1] Section
8.2 and [Hid6] Section 6.2, there is a natural G(R)-equivariant pairing

Sym* (V) x Sym*(VV) — det ™, (7.5.1)

see Definition 7.9, which is constructed as follows.

Fix o € (L) and by abuse of notation write k rather than k, in this para-
graph only. Use the standard basis of C? to identify Sym”(V,) with the vector
space of homogeneous degree k polynomials in two variables, which in turn has
the basis {xk, oy 7my’“’17yk} . The k+ 1 x k + 1 matrix

(7.5.2)

Wy (—1)771(E) fi-14i—1=k
0 otherwise
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defines a bilinear form (A, B) := A¥RB on Sym*(V,,) such that

_ — u z\k
\IJ((uk,uk Lo, oo ob), (aF, 2 1y,...,yk)):(uy—vm)k:det(vy) .

If v € GL(V,) then Sym®(v) acts on Sym”(V,,) (with action we denote by ~-) and
we have:

U(y-A,v-B) =det(y)"¥(A, B) (7.5.3)

for any A, B € Sym"(V,). Using the dual basis {X* X*1V,... XY*~1 vk},
and noting equation (6.6.3), this gives the following inner product on Sym*(V.Y):

k k k -1
<Z quk‘ij,ijXk‘ij> => (-1) <I;) UjW— ;. (7.5.4)
j=0 j=0

=0

In particular, we obtain the following, which will be needed in the proof of Theorem
7.11 and Proposition 9.2:

<(—X+zY)k,(—X+wY)k> = (2 —w)*. (7.5.5)

Multiplying the infinite places together gives the inner product (7.5.1):

Definition 7.9. Let k = (k,) € (ZZ0)*W) . If p = ®,ex(1)Pe and P’ = ®pex ()Pl
are elements of Sym”(V'V), set

)= [1 ®oph)-

oc€eX(L)
This product has the following equivariance property:
(y.p,7.p') = det(y) " (p,p’) (7.5.6)

for all ¥ € G(R), where as usual, det(y) ™% := [Toes) det (v, )"

Let k = (k,m) € X(L) be an allowable weight and let x = xoxoo : A} — C*
be a quasi character such that Yoo (boo) = b¥~2™. Let L(k, xo) and L (k, x0) be
the resulting local systems. Let x o det denote the quasi-character of G(A) given

by v = x(det(v)).

Proposition 7.10. The G(R)-equivariant pairing (7.5.1),
Sym*(VY) x Sym* (V) — det
extends canonically to a G(R)Ko(c)-equivariant nondegenerate pairing

(-,) : L(k, x0) x LY (k,x0) = x o det — C.
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Proof. Extend the pairing (7.5.1) to L(k, xo) at the infinite places, using multipli-
cation, which gives det™ ® det ™ — det °™. Since Yoo © deto, = det "™ this
defines the pairing at the infinite places. At the finite places, define

E(xy) ® E(xo) = xo o detg (7.5.7)

(where deto : G(Ay) — A} and xo : A} — C* denote the restrictions to the finite
places) also using multiplication as follows. If ug = (¢ %) € Ko(c) then

Xo(uo0) " xo(uo) = [] duay = x(det(uo))
polc

so this defines the pairing to the one-dimensional vector space E(x o det) at the
finite places.

The one-dimensional local system £(xodet) is trivial because y odet is trivial
on G(Q), cf. Section 6.2. In fact, a vector in £(x o det) is an equivalence class of
pairs [g,v] where g € G(A) and v € E(x o det), with [ygk, v] ~ [g, x(det(k)).v] for
all vy € G(Q) and all k € Ky(c). A canonical trivialization is given by the mapping

[9,v] = x(det(g)).v

Thus we obtain a complex-valued non-degenerate pairing by composing this triv-
ialization with the pairing (7.5.1)®(7.5.7). To summarize, the pairing

() + LK, x0) X ‘CV(’@XO) - C

is given as follows. Let p = (p,) and p’ = (p/,) (o € (L)) be elements of Sym* (V")
and let v € E(xy) = C and let v' € E(xo) = C. Let g € G(A). Then [g,p ® v]
represents a vector in the bundle £(k, xo) and [g,p’ ® v'] represents a vector in
LY (k,x0), and

(lg:p@ ], (9,0 @) = x(det(g)) [] (poph)ve’ €C. (7.5.8)
oex(L) 0

Since the above pairing (-, -) is nondegenerate, and since the line bundle cor-
responding to the representation dety, is trivial, it follows from Theorem 3.4 that
the resulting pairing on middle intersection homology and cohomology

[Han—(Xo(c), £) x TH;(Xo(c), £¥) 5 THy(Xo(c),C) — C
TH3(Xo(c), £) x THI(Xo(c), £¥) 2117 [H2n (X, (c),C) — C

are also nondegenerate, where £ = L(k, x0), LY = LY (k,x0) and n = [L : Q] =
dimc Xo(t).
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The Atkin-Lehner operator W : Yy(c) — Yj(c) has a unique extension to an
operator on Xy(¢) and by Lemma 7.4 it induces isomorphisms

W::IH]'(X()(C),[:) — IH]‘(X()(C),[:V)
W THY (Xo(c),£) — TH?(Xo(c),LY).

Consequently we obtain nondegenerate pairings on middle intersection (co)homo-
logy,

[', ']IH* : IHQn_i(XO(C)7[.‘,) X IHi(Xo(C),E) — C
[ Jrme s TH*™ Y Xo(c), £) x IH(Xo(c), L) — C
by defining
la,b]1m, + = (a, W b)rm, (7.5.9)

[a, b][H* L= <Cl7 W:b)IH*
where £ = L(k, xo0) and LY = LY (k, x0)-

The main result of this section is the following theorem, which will be used
in Chapter 8. It says that the Petersson product on automorphic forms coincides
(up to a factor) with the topological product on intersection cohomology. Let
k= (k,m) € X(L) be a weight. Write [k+2m] := k, +2m, (which is independent
of o) and {k} := 3, e ko Let

T(g,J) == (-1)"1(=2i)"(2)) "IN o (c) 22 (g) € C (7.5.10)
where n = [L : Q] as above.

Theorem 7.11. Let f,g € STV (Ko(c), x) be newforms. Let J C X(L). Then

wr(f™), wswy—s(g Nru- =T(g, J)(f, 9)p,
Proof. From Section 6.11 we have
vy(dz) A sy g(dz) = (—D)ldz A dz
coh

so it suffices to consider the case when J = ). Using the definition of (-, )" (see
above Lemma 5.5), it suffices to show that

w(f)swsry (@] =T(g™",0)(f, 9)F"

whenever f, g € S (Ky(c,x)) and f~¢, g~* are newforms.

According to Proposition 4.3 the intersection product (-, )7 g+ on intersection
cohomology corresponds to the exterior product on differential forms under the
mapping Z. Hence

W) wspy (@i = (Z(w(f), WE(Z (g yw(9)) 1

= e/ w(f)A Wc*LE(L)W(Q)
Yo(t)
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where (as in Proposition 4.3) the values of w(f) and W5 1 w(g) are multiplied
using the pairing (-,-) of Definition 7.9, and where ¢ denotes the augmentation

which adds the values of these integrals over the individual components of Yy (c).
Recall that

w(f)(z, ho) = det(az) " F (e, )2 f(aho) (-X +2Y)" d2
By equation (7.4.10) and using the fact that the diagram (7.4.1) commutes, we find
W yw(9) = thy Wew(g) = thyw (WE"(9))
= Ny 22w (g7 (= 1) " iy 1w (9c)
which, evaluated at (z,ho) € D x G(Ay) (see Proposition 7.7) is:

N /o) 2m2 W (g=) (= 1) det(az) ™™ j(az,i) 2 ge(azho) (— X +2Y )k dz
=Ny 0()FF 22w (=) (= 1) ¥ det (o) ™™ F 2 (s, 1) T2 g (@ ho) (— X +2Y )R dz
=Np0()FF2M2W (g7 (1) (—yoo) ™ L g(asho) (- X +2Y)FdE

where 2 = Zoo + iyoo € D, and o, = ((§ “1*)) . Pairing w(f) with W5, 1 w(g)
and using equation (7.5.5) we find

w(f) N Wi yw(9)(z, ho)
= Np () F 22w (g=) (1) My 2272 (2 — 2)Fg(azho) f(azho)dz A dz

dz A d
— T(g™" 0)(=28) Y22 * g(asho) f (s o) Zyﬁ ?

o0

The result now follows from equation (5.7.3) and the fact that
dz Ndz = (—2i)"dx A dy. O

7.6 Generalities on Hecke correspondences

The action of the Hecke algebra on modular forms given in equation (5.6.5) comes
from an action of a Hecke correspondence on the associated differential forms. See
Section 3.5 for a general introduction to correspondences. In the next few sections
we explain the translation between Hecke operators and Hecke correspondences
and we prove that the mapping f — wy (which associates a differential form wy
to an automorphic form f) is Hecke-equivariant. We also show that the action of
the Hecke algebra commutes with that of the component group of G and that the
Atkin-Lehner operator is Hecke-covariant.

It is notationally simpler to describe the Hecke correspondences in a slightly
more general setting. So, for the purposes of this section only, let G be a group,
K C G a subgroup and let y € G. Suppose that

H=H(y) =Knyky™
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has finite index in K. The resulting Hecke correspondence
(c(I),cly)) : G/H = G/K

is given by ¢(I)(gH) = gK and ¢(y)(¢9H) = gyK. The isomorphism class of this
correspondence depends only on the double coset KyK. Indeed, if 4/ = yk for
some k € K then H(y') = H(y) and ¢(y’) = ¢(y) so we obtain the same corre-
spondence. If 4’ = ky then H(y') = kH (y)k~! and we have a well-defined mapping
¢ : G/H(y') — G/H(y) given by ¢(¢gH(y')) = gkH(y). Then the following dia-
gram commutes and defines an isomorphism of correspondences:

a/ul) - c/H)
oD ) D) cly)
G/K - G/K .

Let R C G be a semigroup that contains K and y. As in [Shim1, p. 51] the
decomposition into left cosets K = [[/_, a;H corresponds to the decomposition
of KyK into left cosets

KyK = [[(am)K
i—1

(with a;y € R), so it defines a one to one correspondence
K/H < (KyK)/K. (7.6.1)

We now check that this is indeed a bijection. First, the mapping a; H — a;yK is
well defined since any h € H may be expressed as h = yky~! with k& € K, so

a;ihH — a;hyK = ayky 'yK = a;yK.

The mapping (7.6.1) is one to one for if a;yK = a;yK then (a;)"'a; € yKy !,
and since a;,a; € K we have: a;lai € H. The mapping (7.6.1) is surjective for if
bK C KyK then b = ay for some a € K.

Similarly there is a canonical one to one correspondence H\K + K\(KyK) :
the decomposition into cosets K = ]_[;:1 Hb; gives a decomposition KyK =
[[=, Kyb; and moreover, yb; € R.

The Hecke algebra of R consists of formal Z-linear combinations of double
cosets [KyK] with y € R. Multiplication is defined as follows. Suppose KyK =
[[i=, Ka; and KwK = [[;_, Kb;. Then

T S

[KyK].[KwK] = Z Z[Kaiij} :
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It can be shown that this product arises from the composition (see equation (4.5.2))
of the correspondences (¢(I), c(y)) and (c¢(I), c(x)).

Action on a vector bundle. Suppose that a representation ¢ : R — GL(E) is
given, where R C G is a semigroup containing K, 3, and y~!. The representation
¢ defines a vector bundle (or, if R = G, a local system) on G/K,

EK :EK(’IZJ) :GXKE
consisting of equivalence classes of pairs [g,v] (¢ € G; v € E) where [gk,v] ~
[g,v(k)v] for all k € K. A section s : G/K — Ex of Ex may be expressed as
s(gK) = |g, f(g)] where f: G — E and f(gk) = (k)" f(g) for any k € K. The

following proposition describes the action of the Hecke correspondence on sections
of the vector bundle .

Lemma 7.12. Lety € R and let H = K NyKy~'. The Hecke correspondence
(c(I),c(y)) : G/H = G/K has a natural vector bundle lift, c(I)*Ex — c(y)*Ek.
Letay,...,a, € K be a complete set of representatives for the quotient K/y~'Hy.
Let s(gK) = [g, f(g)] be a section of Ex. Then s = c(y)«c(I)*s is the section
s'(9K) = [g, f'(9)] where

o) = wlaiy™") flgaiy™). (7.6.2)
=1

Proof. Let ¢(I)*(Ex) = Ew = G Xy E be the corresponding local system on G/H.
Then ¢(I)*(s) is a section of ¢(I)*(Ek) which is given by the same function f, that
is, ¢(I)*(s)(gH) = |g, f(g)]. The mapping ¢(y) is covered by a morphism of vector
bundles (that we denote with the same symbol), ¢(y) : Eg — Ex defined by

c(y)([lg,v)) = lgy, ¥(y) '] (7.6.3)
which is well defined because for any h € H,

c(y)(lgh, v]) = lghy, v(y)~"v] = lgy, vy~ hy)d(y~ o] = c(y)(lg, v (Rh))).

The Hecke correspondence acts on the section s to give ¢(y)«c(I)*s, where c(y).
denotes summing over the fibers of ¢(y), which we determine as follows. Suppose
c(y)(gbH) = c(y)(gH). Then gbyK = gyK so b € yKy~!. Therefore c(y)~!(gyK)
consists of the points gb1 H, . .., gb,. H where by, ..., b, form a complete set of repre-
sentatives for the quotient y Ky~ /H. Equivalently, the elements a; = 3y~ by (1 <
i < r) form a complete set of representatives for K/y~'Hy, and c(y) ' (gyK) =
{gyaiy’lH: 1< < r}. Replacing gy with g we conclude that c(y)~!(gK) =
{ga;y™'H : 1 <i<r}. At such a point, the section c¢()*(s) has the value

c(1)*(s)(gaiy " H) = [gaiy™", f(gaiy™")].
So applying ¢(y) and using equation (7.6.3) gives

c(y) ()" s(gaik)) = [gai, vy~ ") flgaiy™")] = [g,¥(aiy ™) f(gaiy™")]-
Summing over these points in the fiber c¢(y)~!(gK) gives equation (7.6.2). O



7.7. Hecke correspondences in the Hilbert modular case 129

7.7 Hecke correspondences in the Hilbert modular case

Let us return to the Hilbert modular case with ¢ € Op, and Yy(c) = G(Q)\D x
G(Af)/Ko(c) where D = G(R)/ K. As in Section 5.6 let R(c) be the semigroup

of matrices

G(Ap)N {x € My(Opr) :x = (2%) with ¢ € Oy, and d, € O} whenever pv\c} :
and let RV (c) be the semigroup
G(Af)nN {x € Mg(@L) tr = (‘Cl Z) with ¢ € ¢Oy, and a, € O whenever pv\c} .

Then x € R(c) <= x* € RV(¢c) < WaW ! € RV(c). Let x € R(c). To
obtain agreement with the “cohomological” normalization (see Section 5.5) which
is used in the definition of the differential form wy, it is necessary to use the Hecke
correspondence (¢(I), c(z*)) rather than (¢([),c(x)), in other words, we associate
to the double coset Ko(c)zKy(c) the Hecke correspondence

(c(D), e(x")) : Yir = Yo(c)
where Yy = G(Q)\D x G(Ay)/H with H = H(z") = Ko(c) Nz* Ko(c)z™*, and
c(I)(G(Q)(2,9H)) = G(Q)(2, gKo(c))

and
c(z") (G(Q)(z,9H)) = G(Q)(z, gz* Ko(c))

for any z € D and g € G(Ay). This action depends only on the finite adelic part
G(Af)/Ko(c) so we may write

c(I)(gH) = gKo(c) and c(z")(gH) = gz'Ko(c)

L

which places us in the framework of Section 7.6 where G = G(Ay), y = a*,
K = Ko(¢), R=R(c) and ¢ = x (as defined in Section 7.1).

Recall from Section 5.4 and Proposition 6.3, for any v = (‘Cl Z) € G(Ay) that
xo0(7) = I, (xv(w)) and xg (v) = I, (% (70)) where

<(au bv)) ~ xe(dy) if pole

Xo Cy  dy 1 otherwise
v <(av bv)) _ Xo(ay) if poc

Xv Cy  dy )1 otherwise

Recall also from Section 7.1 that the local system
L(r,x0) = L(r) ® E(x)

is the vector bundle on Yj(c) corresponding to the representation L(x) of K and
the character xy of Ko(c).

and
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Proposition 7.13. As in Section 7.1, fir k = (k,m) € X(L), and fiz x : A} — C*,
a Hecke character whose conductor divides c. Let J C X(L). Then the mapping
(7.2.3)

wy : S (Ko (c), x) — I™H™(Xo(c), L(k, X0))
[ Z([ws ()

1s Hecke-equivariant in the sense that

w (fIKo(e)zKo(c)) = c(z)wc(D)" (wa (f))
for all x € R(c).

Proof. Several steps are involved in translating Lemma 7.12 into a proof of this
Proposition. The action of the component group mo(G(R)) (see Section 6.11)
commutes with the action of any Hecke operator (since one involves the finite
places and the other involves the infinite places), so it suffices to take J = (). Let
f € M (Ky(c), x) be an automorphic form. By equation (6.10.2), it determines
a differential form w(f) = wy € Q"(Yo(c), L(k, x0)). Let € R(c). It determines
a Hecke operator Ko(c)zKo(c) which acts on f by equation (5.6.5) to give an
automorphic form f|Kq(¢)xKo(c) € MP(Ko(c), x) namely

(f[Ko(e)zKo(c) ZXO z;) " flaz; ")

where Ko(c)zKo(c) = [[i_; 2;Ko(c) with ; € R(¢) (1 < i < 7). The element x
also determines a Hecke correspondence

(e(I), e(x*))  Yi(ary = Yo(e)

with a lift to the local system L(x, xo), as defined in Lemma 7.12. Then we must
show that

c(@)wc(D)" (wy) = Wiz, -
The action of the Hecke correspondence only involves the finite places, so we
may suppress the dependence of f on G(R) and consider it to be a function only
of g € G(Ay). A similar remark applies to wy, see equation (6.10.2).

For brevity, write K = Ky(c). According to Lemma 7.12, using v = x{,
G =G(Ay), K = Ky(¢), y = z*, we find:

(c(z")se(I) ZXU a;x” Y)wr(aa;z™")

where aq,...,a, form a complete set of representatives for the quotient K/H'
where H' = KN (2*)"'K2* = KNaxKz~!. Since xy (a;) = x(det(a;))xo(a;)~* and
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Xo (7)) = xo(z)~! we find
c(z")we(I Z Xo(aiz) ™ x(det(a;))wy(aa;z™*)

= Zxo z;) twy(ax;t) = wyir, (@)

where, as in Section 7.6 we take z; = a;x € R(c) in the decomposition KzK =
szl xX; K. O

Action of the Hecke algebra. In the previous paragraph we have defined, for any
double coset Ko(c)zKo(c) a Hecke correspondence Y,y = Yo(c) and an induced
mapping on differential forms and on intersection cohomology (for any perver-
sity p)

Ko(c)xKo(c)s := c(x")sc(I)* : I°PH.(Xo(c), L(K,x0)) — IPH.(Xo(c), L(k, X0))
IPH*(Xo(c), L(K, x0)) — IPH*(X0o(c), L(k, X0))
(7.7.1)

which is compatible with the action of Ky(c)xKp(c) on modular forms in
Seh (Ko (c), x). As in (5.6.6), for any ideal m C Op, define the following element
of the Hecke algebra,

Te(m). == Ko(¢)yKo(c)s, (7.7.2)

where the sum is over double cosets Ko(c)yKo(c) with y € R(c) such that
[det(y)] = m.

7.8 Atkin-Lehner-Hecke compatibility

The Atkin-Lehner operator does not commute with the action of the Hecke alge-
bra. Rather, it converts the action of T, into the action of the “opposite” algebra
TY as we will now explain. Let RY(c) denote the semigroup

G(Af)N {y € Mg(@L) cy=(2Y) withce ¢O; and a, € O whenever pv|c} )
Elements of RY(c) determine Hecke correspondences exactly as in Section 7.6.

Moreover,
y € R(c) <= WayW, e RY(c).
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7.9 Integral coefficients

By inverting finitely many primes it is possible to produce the pairings and map-
pings described in this chapter with coefficients in certain subalgebras A C C.
In this section we outline the requirements on such an algebra. Throughout this
section we fix a weight x = (k,m) € X(L) and a quasicharacter x such that
Xoo(boo) = bgok_2m~

Fix a “large” number field M, Galois over Q, such that

(1) All Galois conjugates of L are in M.

(2) All Galois conjugates of the number field generated by the values of the
finite-order character x| - Xfm on A} are in M.

Choose, once and for all, an embedding Op; < C. We now view C as a Oys-algebra
via this embedding. In this section, A C C will be an Oj;-subalgebra satisfying
the following conditions:

(1A) The algebra A contains 1 and is regular, Noetherian, and of finite cohomo-
logical dimension.

(2A) The algebra A contains the values of x|1—[ LOX

ple Zo(p

(3A) The integers j with 1 < j < k are invertible in A.

(4A) We can choose a torsion-free finite-index normal subgroup K <1 K(c) nor-
malized by W, such that every rational integer dividing |Ko(c)/K™| is in-
vertible in A.

(5A) For any 1 <i < h = h(Ko(c)) and o € (L), the ideal
(det(a(ti(c))) N M)A

is principal and invertible in A.

In the last condition, with notation as in Section 5.2, h = h(Kj(c)) is the narrow
class number of L, and ¢;(c) are representatives for the narrow class group. In the
display, we extended the notation slightly, denoting o : Op < Oy the embedding
induced by o : L — R. Notice that all of these conditions are automatically sat-
isfied if A = C or A is a sufficiently large field. In particular, for condition (4A),
we may use the K given in the following remarks.

Remarks.

(1) For each rational prime p € Z, let Q(u,)™ be the maximal totally real sub-
field of the pth cyclotomic field Q(up). If p C Oy is a prime ideal outside of
the set of prime ideals dividing

{p: Qup)* C L},
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then using the argument in Lemma 1 of [Gh, Section 3.1] we have that Oxz,y
satisfies (4A) with

K™ = Ko(c) N {(‘; Z) € G(Z): (Ccl Z) = (é (1)> (mod q")}

for some auxiliary prime q C O, coprime to p and sufficiently large n.

(2) If A= O,y for some prime p C Oy, we can always choose the ¢;(c) so that
condition (5A) is satisfied. This condition is needed for the construction of
local systems (as outlined below).

Using the results recalled in Section B.5, one can prove the following lemma:

Lemma 7.14. If A C C is an algebra satisfying the requirements (1A)—(5A) above,
then the Hilbert modular variety Yo(c) is an A-homology manifold and this deter-
mines an A-orbifold stratification of the Baily-Borel compactification Xo(c).

Proof. Recall from (5.1.7) that we have an identification

h(Ko(c)) _ h(Ko(c)) _
Yo «+— |J Y@= [J The)\p™*.
=1 =1

Let K < Ky(c) be the torsion-free, finite index normal subgroup normalized by
W, that appeared in the set of assumptions on A above (any torsion-free, finite
index normal subgroup will do if A is a field). We obtain torsion free subgroups

Ig™ = G(Q) Nt()GR) K ti(e) ™ ITh(c).

Let . . . .
Y= rEmpc® and T =T (o) /LT

Then %" acts on Y™ in a manner such that the quotient T\ Y™ is naturally
isomorphic to Y (c). This action extends by continuity to an action on the Bailey-
Borel compactification Xé’fr of Yoi ' Then the key point in the proof of Lemma
7.14 is that the order of any subgroup of I'y™ is invertible in A (which follows

from the various assumptions on A). O

In particular this gives rise to an A-orbifold structure on Yy(c), see Section
B.2, and hence also an orbifold stratification of Xy(c) (where the singular strata
are the cusps), as described in Section 5.2. The lemma implies, in particular, that
we may use the orbifold stratification of Xy(¢) to compute the intersection homol-
ogy and cohomology groups with respect to any local system of A-modules (see
Section 3.3).

Local Systems. Let A C C be an O);-module as described above. Using the weight
k = (k,m) € X(L) and the quasicharacter x we have a representation L(k, Xo)
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as described in Section 7.1. For an integral model, we replace the representation
L(k) = Sym"(VV) @ det™ of G(R) with the representation L(k, A) of GLa(A),
consisting of polynomial functions on V(A) = A% with coefficients in the alge-
bra A. The construction of Section 7.1 cannot be used to create a local system
from this data because the group G(R) does not preserve the A-valued polynomi-
als. Instead, we use the fact that G(R)/ K is a disjoint union of finitely many
contractible manifolds (each diffeomorphic to a product of upper half-planes). So
we may start with the trivial bundle L(k, A) on G(R)/K, and then divide by
[y (c) for 1 C i C h. Here we embed I'}j(c) < GL2(A) via a choice of embedding
O = Oyp. The group I (c) does preserve the A-valued polynomials because of
the assumption that A is an Op;-module, the assumption that all Galois con-
jugates of L are contained in M, and assumption (5A). Working component by
component, this construction gives us a local system L(x) over Yy(c). Similarly,
by hypothesis (2A), the one-dimensional representation E(xy) (of complex vector
spaces) of Ko(¢) may be replaced by a one-dimensional representation F(xy, 4)
on A, which gives rise to a one-dimensional local system £(xy, 4) of A-modules.
In summary we obtain a local system

L(k,x,A) = L(r, A) @4 E(xg, A)
on the orbifold Yy(c). The resulting pairings

IHi(XO(c)7 L"(’lﬁ X0 A)) X IHn—i(XO(c)a ‘C(Ka X05 A)) — A
TH'(Xo(e), L(r, X0, A)) x TH" ™ (Xo(c), L(k, X0, 4)) = A
take values in A. These pairings are not necessarily perfect over A. However, if the

order of the torsion in the middle degree cohomology of the links of the singular
points of Xy (c) is invertible in A (see [Gre8]) then these pairings will be perfect.



Chapter 8

Hilbert Modular Forms with
Coefflicients in a Hecke Module

The goal of this chapter is to prove Theorems 8.4 and 8.5, the full versions of The-
orems 1.1 and 1.2 given in the introduction. We consider a quadratic extension of
totally real number fields L/E. Let

t:Gp:=Resg/g(GL2) —— G = Resy g(GL2)

be the diagonal embedding. In Section 8.2, we define the Hecke operators f(m)
(on L): they are “lifts” of the operators T'(m) on E. We prove that these operators
have the “key property” (1.5.3) mentioned in the introduction: if f is a newform
on Gg with Hecke eigenvalues Af(m) and if its base change fis a newform on G,
then [ is an eigenform for f(m) with the same eigenvalue, A¢(m).

Let ¢ C Of, be an ideal. Let x = xg o N g be a Hecke character for L whose
conductor divides ¢. Let M be a module over the Hecke algebra T for G,. Let v €
M be an appropriately chosen simultaneous eigenvector of all Hecke operators. The
operators T'(m) are used to form a family of Hecke translates, v(m) = v, (m) of 7.
Theorem 8.3 then states that for any A € (MX?)" there exists a Hilbert modular
form for Gg whose Fourier coefficients are equal to the products (A, vy, (m)), at
least if m is a norm from Op,. This is a purely algebraic version of the phenomena
described by Hirzebruch and Zagier [Hirz] and it is a formal consequence the
existence of a section of the base change mapping on the Hecke algebra.

In Section 8.3 we consider the case where the Hecke module M is the inter-
section homology group, I™H.,.(X(¢), L(k, X0)), and ~ is an intersection homology
class. Then the linear mapping A may be taken to be the intersection product with
any other intersection homology class. So we may conclude that the intersection
numbers (A, vy, (m)) 7z are the Fourier coefficients of a modular form.

In Theorem 8.5 we express these Fourier coefficients in terms of f-isotypical
components under the Hecke algebra. The resulting formula involves the pairing
between the two natural sources of intersection (co-)homology classes on Xq(c).

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 135
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One source is the “diagonally embedded” Hilbert modular variety Z, attached to
E and its “twists” Zy, see Chapter 9. A second source comes from the L? differen-
tial form wy(f) associated to a cusp form f for G. According to Proposition 4.8
the intersection product between such classes may be identified with the integral

Sz, wi(f)-

8.1 Notation

Let L/E be a quadratic extension of totally real number fields. To simplify nota-
tion, write
n:=[L:Q], d=dyrp, D=Dk

for the degree of L, the discriminant of L/E and the different of L/E respectively.
If ¢ € Op is an ideal, write cg = ¢ N Og. We use class field theory to identify
the group of Hecke characters n : EX\Aj — C* trivial on the image of the
norm Ny g : Af — Aj with Gal(L/E)". In other words, the nontrivial element
n of Gal(L/E)" is trivial at infinity, assigns the value 1 to finite primes in FE
that split in L and assigns the value —1 to finite primes that are inert in L.
We may use the construction of Section 5.11 to define twists of Hilbert modular
forms by 1. As above, let ¥(E) := {001, ...,00g:q)} denote the set of embeddings
E < R and let ¥(L) := {01,...,0,} denote the set of embeddings L — R. For
k= (k,m) € X(E), define k = (E, m) € Z*1) by stipulating that k, = ke, and
Mo = Mg, if 0 extends oy. Fix an ideal ¢ C Op, and let x be a quasicharacter of A}
with conductor dividing ¢. We assume that x is of the form x = xgoNp /g for some
quasicharacter xg : EX\A% — C* satisfying X poo(boo) = b F~2™ for boy € AL

If M is a module over a Hecke algebra T and if v € M and t € T we write
t(y) = 7|t = t.y for the action of T on M.

If n C O is coprime to ¢, we often abuse notation and set x(n) = x(n),
where n € A} is any idéle trivial at the infinite places and at the places dividing
¢ such that [n] = n. We will commit the same abuse of notation in dealing with
xe(n') for n’ coprime to deg = dr/p(¢NOg). In this section we will use the theory
of prime degree base change for GLy developed by Langlands [Lan]. This theory
is recalled in Appendix E.

8.2 Base change for the Hecke algebra

Let ¢ C Oy, be an ideal and set ¢g = ¢ N Og. From Section 5.6 we have Hecke
algebras T, and T, . Define Hecke subalgebras

TP : = Z[{Ko(c)zKo(c) € Te : Typ) = (§9) whenever B|¢D} C T,  (8.2.1)
T : = Z[{Ko(cp)zKo(cg) € Tep : Typy = (§9) whenever plcpd}] C Te,.
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Thus T*®¢ C T, and TP C T, are the subalgebras consisting of operators trivial
at the ramified places. There is an algebra homomorphism

b: TP — Teed (8.2.2)

induced by the L-map
b:LGp — Gy

given on the connected components of the L-groups by the diagonal embedding,
as explained in Section E.4 below. Explicitly, b is defined by requiring that for
Pt ¢D we have

) Tepa(p) for p = PP split in L/E
PR = {TcEdm% ~ Np/o(P)Tepalp.p)  for p— P inert in L/E
(8.2.3)

Tepa(p,p)  for p=PP split in L/E

b(TC((’B7q3)) = {TcEd(pQ’pQ) for p =B inert in L/E

(see Lemma E.5). It follows from [Bu, Proposition 4.6.5] that the operators T.(B),
T (B, B) for P 1 ¢D generate the algebra TP, so these equations suffice to define b.
Let Z[x] (resp. Z[x ]) be the subalgebra of C generated by x(m) (resp. xg(n))

as m (resp. n) ranges over the ideals of O, coprime to ¢D (resp. Op coprime to
cegd). We note that Z[x] C Z[xg|. We then have ideals
I(x) : = (Te(m,m) = x(m))micp=0, C TP ®7 Z[x] (82.4)
I(xg) : = (Tep (0, 1) = Xx2(1))ntcpa=op C T @z Z[xz]:

It follows from (8.2.3) that b induces a morphism
b: TP @z Z[xe]/I(x) — T @z Zlxz]/I(xr)-

Using the p-adic Cartan decomposition and (5.6.8), one checks that its image is
generated as a Z[ygl-algebra by T:(Nz,(B)) as ‘P ranges over the prime ide-
als of O, coprime to ¢D, and as a Z[yg|-module by T:(Nz /g(m)) as m ranges
over the ideals of Op, coprime to ¢D (compare [Bu, Proposition 4.6.2 and Propo-
sition 4.6.4]). In other words, we have “killed” the Hecke operators T¢(m, m) and
T, (n,mn).

We are now going to define a linear map

T T @z Zlxe] /1 (xp) — T @z Zxsl/1(X)- (82.5)
that is a section of the base change map b. It is defined on basis elements

T(m) = T, q(m) € T=4
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and extended Z[xg|-linearly. The Hecke operator T(m) € Te ® C is defined as
follows. If m C Og is not a norm from Of, set f(m) := 0. The definition of the
operator f(p”) involves a choice: if p C OF is a prime ideal that splits in Oy, (say,
pOr = PP) then choose a prime P lying above p. Otherwise let P = pOy,. Then

Id ifr=0
f( ) = T(B") if p splits in L
P T.(B"/?) + XE(p)NE/@(p)Tc(%T/2’2) if p is inert and r is even
0 otherwise

where “otherwise” means that either p ramifies in L or p is inert and r is odd.
Finally, if m = Hpe ;b7 for some set I of primes in O and some integers r, > 0
then set

T(m) = [[TG™).

Lemma 8.1. Let ¢ C Of, be an ideal, set cg = ¢NOp, and let xg be a quasicharacter
as in Section 8.1. The restriction of the map

~ T @y Zxs)/I(xp) — T @2 Zxs]/1(X)

to b(T*P) is a Z[xg|-algebra morphism that is a section of b.

Proof. The definition of ~ is multiplicative in the sense that

whenever m 4+ n = Op. Since the Hecke algebras TP and T¢#¢ are multiplicative
as well, to prove that ~ is an algebra morphism it suffices to check that

© (TP @z Zlxel/I(xp)) — TP @z Zxsl/1(x)

is a Z[xg] algebra homomorphism when restricted to the subalgebra

A= (Tepa(p"))rz0 NO(TP @2 ZxE]/1(xE)) = (Tepa(N(B)))rezz0

for each prime p C Og coprime to ¢gd with prime ¥ C O the prime above p.
Here the ( - ) denotes the span as a Z[xg]-module, and we are using the p-adic
Cartan decomposition together with (5.6.8) to deduce the equality (compare [Bu,
Proposition 4.6.2 and Proposition 4.6.4]). If p is split in L/FE this is trivial, so we
henceforth assume that p is inert in L/E and write P for the prime above p. In
this case, the image of A under ~ is contained in the Z[yg|-subalgebra

B = (T(P)")r>0 C TP @z Z[x£]/I(x).
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Let

T(P) : = (Tep(B"))r>0 € TP @z Z[xk]
T(p) : = (Tepa(p®))r>0 € T ®z Z[xg].

Thus A = T(p) ®z Z[xe]/I(xg) and B = T(PB) @z Z[xe]/I(x). It follows from
[Shim1, Theorem 3.20] that T () and T'(p) are free Z[xg]-algebras on two gener-
ators:

T(B) = Zxs][Tep (B), Ten (B, B)]
T(p) = Z[XE} [TCEd(p2)7 TtEd(an pQ)]

This implies that A and B are the free Z[xg]-algebras on one generator given by

B = Zxe|[T:(B)] (8.2.6)
A = ZIxp)[Tepa(p?)]

In view of (8.2.6) we have an algebra morphism s : A — B defined by
stipulating that
§(Tepa(p?)) = Te(B) + x£(P)NE/g (),

and it is easy to see that s is a section of b. Thus to prove the lemma it suffices
to show that s = 7 . For this it suffices to show

s(Tepa(p™)) = T(p™").

We proceed by induction on r. The statement is obviously true for » = 0, 1. Assume
it is true for » — 1. Applying (5.6.8), we have that s(T,,(p?")) is equal to

$(Tepa(p® ) Tepa(p®) — xeNE/Q(P) Tepa(p™?) — XENE/Q(0*) Tepa(p® ™))
(8.2.7)

=T(p* )T (p?) — x5Ng/o®)T(p* ) — xeNg/o(p?)T(p* )

Here we have written (and will continue to write) xgNg/go(m) = xg(m)Ng q(m)
for ideals m C Og. Substituting

T(p> )T (p?) = (Te(B" ") + xBN g ()T (B 2))(Te(B) + xeNg/0(p))
T(p* %) = T(P"") + x8Ng/o®)T(F )
T(p™ ) = TP ) + x8Ng/o®) T (P )
into (8.2.7), we have that s(T.,q(p?")) is equal to
TP HTe(B) + xeNg/od)Te(B ) Te(B) + xeNg/od) (B )

+ xENE/0(P*) (B %) — xeNg/oP)(T(B"") + xeNg o) T(B2))
= xeNEg/o(p*)(T(B"?) + xeNg/gp) T (B %))
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= TP T(B) + xeNg/op)T(B" ) T(P)

— xENE/Q(P*)(Te(P?) + x5Ng/g®)T(F %))
= Te(B") + xeNpgo®*) T(F?)

+ XENE/QP) (T(R ) + xeNE /(") T (B 7))

— XeNg/g(0*)(Te(PB" ) + x&Ng/o®) T (B ?))
=T(P") + xeNp/o(®) TP ) = T(p*).

This completes the proof of the lemma. O

~

An immediate consequence of the fact that ~ is a section of b over its image is
the crucial Proposition 8.2 below. In order to state it, let ¢; € Op be an ideal. For
any newform f € SV (Ko(c’z), XE), there exists a base change fe SRV (Ko ('), x)
for some ¢ C Op with ¢ N O equal to ¢ up to powers of primes dividing
2d. This fis uniquely characterized as the newform generating the automorphic
representation 7 that is the base change of 7 in the sense of Section E.4 below.
The following diagram may help in keeping track of the base change mappings.

Lo TP SE(E(), X)
A

b~ ~

\

E T SR (Ko(dp), )

Proposition 8.2. Let m C Og be an ideal coprime to dcg. If m is a norm from
Or, then the Hecke operator T(m) satisfies

o~

I T(m) = Ag(m) [
for all newforms f € S2V(Ko(cz), xg) such that fe SREW(Ko(c'), x)-

Proof. Let H be an unramified connected reductive group over F,, where v is a
finite place of the number field F, and let Ky C H(F,) be a hyperspecial sub-
group. Recall that an unramified irreducible representation of H(F,) has a unique
vector fixed by Kp [Cart, p. 152]. We apply this fact in the case H = GLg and
Ky = GL2(Op,) to conclude that the Hecke eigenvalues of f (resp. f) appearing
in the proposition are the same as the Hecke eigenvalues of the automorphic rep-
resentation 7 (resp. m) generated by T (resp. w) (compare Section E.1). Thus by
definition of the base change 7 of 7 (see Section E.4 and (E.8.2)) one has

Af(t) = Ap(b(t))
for all t € TP. Since ~ is a section of b, the proposition follows. O

Remark. The simple shape of the formula given above for the f(m) depends on
the fact that L/F is quadratic. The root of this is the “a=2” in the Hecke algebra
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identity
Te(m)Te(n) = > Npjg(a)Te(a a)T(a >mn),
m+nCa
(see (5.6.8)). However, if L/E is an arbitrary prime degree extension of totally

real fields and p is a prime of Op that totally splits as p =B;...*B,, in O, then
an obvious extension of the argument given above proves that

Te(P1)f = Ar(p)f

if the newform f € S"°% (K, (c), x) is the base change of a Hilbert modular form
f on E and p is coprime to c.

8.3 Hilbert modular forms with coefficients
in a Hecke module

The main goal of this section is to prove Theorem 8.3, which uses the operators
T'(m) of the previous section to produce Hilbert modular forms on E with coeffi-
cients in M. As in the previous paragraphs, we fix ideals ¢ C Op and ¢cg = c¢N E,
we fix Hecke characters x = xp o Ny g such that Xpoo(beo) = b k2™ for all
beo € A% and we assume the conductor of x divides c.

Let M be a finite-dimensional, left T. ® C-module (for example, the inter-
section cohomology of an appropriate Hilbert modular variety). Then it is also a
module over the abelian subalgebra TP so it decomposes into Hecke eigen sub-
spaces which correspond to newforms in the following way. If f € SEV(Ko(c), x)
is a newform (and therefore a simultaneous eigenform for all Hecke operators), let

A TP —C

be the linear functional defined by A¢(t)f := f|t as above. Let M(f) denote the
f-isotypical component of M, that is,

M(f):={BeM: tB=\s(t)Bforallt € TP}.
Define the submodule M¥ to be the sum of isotypical components

MP =P M(f) S M, (8.3.1)
f

where the sum is over all (normalized) newforms f € S2¥(Ky(c),x) such that

for almost all primes B C Op we have Af(P) = Af(P7) for all 0 € Gal(L/E).
By the theory of quadratic base change (see Corollary E.12) there is a canonical
decomposition

ME = pmxE @ MXEN
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where 7 is the generator of Gal(L/F)", and

M= = P M(f) € MP (8.3.2)
f
is the submodule spanned by the f-isotypical components such that f = g is a
base change of a newform g € S2°V(Ky(¢y), XE), where ¢; C Op is an ideal equal
to ¢cg up to primes dividing 2dy /.
The dual space (MF)V := Homc(ME, C) is tautologically a T*P @ C-module.
Denote the endomorphism of (M) induced by t € T, by

t* . (ME)V N (ME)\/

Suppose that v € MXE. In analogy with (1.5.2), for each ideal m C Og
define the following Hecke translate of ~:

f(m)'y if mis a norm from Op and m+ cgd = Of

0 otherwise.

y(m) = yyp(m) = {

(8.3.3)

In Section 8.5 we will give a proof of Theorem 8.3 below, which interprets

the generating series associated to T'(m)(v) (as m varies) as a modular form with

coefficients in MX2. To state it, note that from any ® € MX2 @S, (Ko(N(c)), xE)
we obtain a map

(@) : (MX#)Y — S (Ko(N(c)), X&)
Ar— (A, D)

Theorem 8.3. If v € MXE_ then there exists an ideal N'(¢) and a unique
Oy xp € MYF @ S (Ko(N (), x)-

such that

(1) The map ( - ,Pyg) is Hecke-equivariant in the sense that for all A €
(MxE)Y and t € TP ® C we have

<t*A’ (P’YvXE> = <A7 (I)’YyXEHb(t)

(2) If m C Og is a norm from Op, m+ (¢NOg)dy g # Op orm+dy/p = OFp
and n(m) = —1 then the mth Fourier coefficient of Oy, 5 Yy p(m).

Remark. In fact the ideal A/(c) may be taken to be of the following form,

N(¢) =maby pee [] b, (8.3.4)

pleE
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where my C Op is an ideal divisible only by dyadic primes, which we take to be O
if c+201 = Or, and by, /g is an ideal divisible only by the primes ramifying in L/E.
If we choose N (¢) as in (8.3.4), the modular form ®, , ,, actually lies in the subspace

MXE @ ST(N(c), xE) (8.3.5)
where

Sy (N(0), xE) = {f € Se(Eo(N(c),x) : a(m, f) =0
if n(m) = —1 or m+ N(c) # Og}.
Although the “plus” subspace Si(cgd, xg) is not preserved by T¢#? it is pre-

served by b(T*P). This may be checked using the explicit description of b given in
(8.2.3) above.

8.4 Hilbert modular forms with coefficients
in intersection homology

Recall from Section 7.6 that I™H,,(Xo(c), L(K, x0)) is a T, ® C-module. Thus it
makes sense to define the isotypical part,

I™H7 (Xo(c), LR, x0)) = = I™Hn(Xo(c), LR, x0))"
I HXE(Xo(c), L(R, X0)) : = I™ Ha(Xo(c), L(R, x0))¥*

as in (8.3.1)%. With this notation, Theorem 8.3 immediately implies the following
generalization of Theorem 1.1 to nontrivial local coefficient systems:

Theorem 8.4. If~y € I™HXE(X(c), L(R, x0,C)), then there exists an ideal N(c) C
Oy, and a unique

Doy € IMHXP (Xo(c), L(R, x0)) @ Su(N(e), XB)-
such that

(1) The map (-, @y yp)ru is Hecke-equivariant: if A € I™HX? (Xo(c), L(R, X0))"
and t € TP, then
<t*A7 CI)%XE> = <A7 q)’y7x5>|b(t)'

(2) If m C Og is a norm from Op, m+ (¢NOg)dy g # Op orm+dy/p = OFp
and n(m) = —1 then the mth Fourier coefficient of Oy, 5 Yy p(m). O

Remark. The definition of I™ HX? (X (¢), L(R, x0)) implicitly depends on a choice
of quasicharacter y : L*\A} — C* whose restriction is xo. There may be more
than one choice of such a character, a fact which also played a role in the statement
of Theorem 7.1 above.

I Notice that each of these groups are Hecke submodules of I™ Heusp(Xo(c), £(R, X0))-
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8.5 Proof of Theorem 8.3

As in equations (8.3.1) and (8.3.2), using Corollary E.12 we have a canonical
decomposition of the following subspace,

SR (30 @ SR (e, x) = S (e, x) € SR (Ko(e),x)

where SEQW’E(C, X) is the subspace spanned by those newforms f such that, for al-

most all prime ideals P C Op,, we have A (P) = A¢(P7) for all 0 € Gal(L/E), and

where SZ°X* (¢, x) is the subspace spanned by those newforms f such that f =g

for some g of nebentypus x g (and where 7 is the nontrivial element in Gal(L/E)").
Given v € MXE we may therefore write

v=> @), (8.5.1)

new, XE(

where g € S2 ¢,X) is a newform and ~(g) € MXE is g-isotypical under the
action of T.. If m+ dcg # Op or if m is not a norm from Op, then by definition
Yxe(m) = 0. Otherwise, we have

T (M ZT (8.5.2)

new, XE(
7

where the sum is over newforms g € S2 X)- Applying Proposition 8.2, we

obtain

Yy (M0 Z A ( (8.5.3)

where the sum is over newforms g such that g € S (¢, x). Here the } factor ap-

pears because there are exactly two newforms g contrlbuting the same summand.
To see this, note that it suffices by Theorem E.11 to check that w(g) % 7(g ® n),
where 7 is the nontrivial element of Gal(L/E)" and 7(g) (resp. m(g ® 1)) is the
automorphic representation generated by g (resp. g ®@ ). If w(g9) = 7(g ® n),

then 7r( ) will not be cuspidal (see [Ger, Theorem 2 and Appendix C]) which is a
contradiction. It follows that

Dy xp = Z'V

satisfies requirement (2) of the theorem. Here the sum is over newforms g such
that g € S2°""*7 (¢, y) and where ¢g°#4 is the cusp form obtained from g by deleting
the Fourier coefficients having a prime in common with ¢gd (and cg = ¢N OF)
as in Lemma 5.9. By Corollary E.12 in conjunction with Lemma 5.9, for each g in
the sum we have that g°#¢ € S, (Ko(cz), xg) for some ideal

¢z Cmabppen [[ p

plee
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where ms is an ideal divisible only by dyadic primes which we may take to be O
if ¢+20r = O and by /g is an ideal divisible only by those primes dividing d.
For the Hecke equivariance statement in the theorem, suppose that g con-
tributes to (8.5.1) and let t € T*P. Note that g and § are unramified outside of ¢D
and c¢gd, respectively. Therefore, the eigenvalue of ¢ on g is the same as the eigen-
value of t on the automorphic representation generated by g, and similarly for the
eigenvalue of b(t) on g (compare the proof of Proposition 8.2). Thus the eigenvalue
of t on g is equal to the eigenvalue of b(t) on g*¢ by the definition of base change
(see Section E.4). This implies the Hecke equivariance statement in Theorem 8.3.
As for the uniqueness of ®, ,, suppose that

by = ZZﬂ(h) ® gn € MX* ® SH(KO(N(C))axE)
h

gh

satisfies property (2) in the theorem. Here the sum on h is over a basis of newforms
for SE°XF (¢, x), B(h) is h-isotypical under the action of T*P#, and for each h the
collection {g,} is a subset of S, (Ko(N(c)), xg). If 9 # @, then we can find
a linear functional A € (MX2)Y such that

(A, o — q)’Y7XE> # 0.

Decomposing (MX2)Y into eigenspaces under the action of T*PE we see that we
may assume that A is a projector onto the hg-isotypical component of MXE for
some newform hg € S2°V(Ko(c), x) in the sense that A(B(ho)) = 0 if h # chg for
some ¢ € C* (this step uses strong multiplicity one for newforms, see Section 5.8).
By definition of MXE we have hg = go for some newform go € Sy (Ko(N(c)), xE)
(though it may not be new for the level N(c)). Thus if &g # @, ,, then the
following pairing is not zero:

(N, @) — Dy p) (8.5.4)

\

= [ (A8 D gno | — (M 3(@0)) @ 3(g5" + g0 @ 1)

9hg

Here go ® 7 is the newform generating the automorphic representation 7(go ® 7).
We will use the assumption that (8.5.4) is not zero to derive a contradiction.

Upon renormalizing §(go) if necessary, we may assume that gy IR0 has
Opg-Fourier coefficient equal to 1. Thus, since the Og-Fourier coefficients of ®q
and @, ,, agree by requirement (2), we have

(A, 5(90)) = (A, 7(90))-

We also know that for all m satisfying the conditions in (2) the mth Fourier coef-
ficients of ®¢ and @, ,, agree; thus for such m we have

> a(m, gn,) = 3 (a(m, g5") + a(m, go @ n°)) . (8.5.5)

Ghg
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In particular (8.5.5) is valid for m a norm from Op,. In view of the section s of the
base change map b constructed above, this implies that all of the g, contributing
to the left-hand side have the property that the base change of 7(gp,) to L is
m(ho). As noted previously in the proof, there are precisely two nonisomorphic
cuspidal automorphic representations that base change to 7(ho), namely m(go)
and 7(go ® n). Thus the left-hand side of (8.5.5) is actually a sum over gy, such
that 7 (gn, ) is isomorphic to either 7(go) or m(go ® ). Decompose

{9no} = {g1:}iz1 U{92j}j=1

where the automorphic representation generated by gi; (resp. g2;) is m(go) (resp.
(g0 ® n)). We claim that

Zgu = ég(c)d and 292]' = égo ®n
i J

The claim implies that (8.5.4) is in fact zero and this contradiction completes the
proof of the theorem.

To prove the claim, let V = Vi @& Vi C S, (Ko(N(c)), XE), where Vi (resp.
V4) is the subspace spanned by forms in the automorphic representation m(gp)
(resp. m(go ®n)). Newform theory provides a basis for the space of modular forms
generating a given fixed automorphic representation with bounded level (compare
Section 5.8). In particular, it implies that any element f € V is determined by the
Fourier coefficients a(p™, f) with p|N(c) and n > 0. This implies the claim. O

8.6 The Fourier coefficients of [y(m), ®, |15,

The goal. By Theorem 8.4, the fact that ® ,, for v € I"HX?(Xo(c), L(K, x0)) is a
modular form with coefficients in I™ HXZ(X(c), L(R, xo)) is a formal consequence
of base change and the existence of a section of the base change morphism on
the Hecke algebra. If we start with a cycle Z and a flat section s that represents
a class [Z] = [Z,s] € I™H,(Xo(c), £V(n Xo)) then it can be used to construct
modular forms as follows: first apply? the Atkin-Lehner operator W7~ to obtain
an intersection homology class with coefficients in L(&, x¢), and project the cycle
to obtain a class

-1 ~
= QW [Z]) e IMHY*® (Xo(c), L(K, x0))
where
Q@ = Qxp : I"Hn(Xo(c), L(K, x0)) — I™HY* (Xo(c), L(, X0))
2This step, togther with all occurrences of W™ ! on this page could be eliminated by starting
with a flat section of £ rather than of £Y; but then W (Z) would occur in the integrals (8.6.1).

We choose to apply W~ here rather than later, so that the equations in this section will match
those in Chapters 9 and 10.
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is the orthogonal projection (with respect to the Petersson product or equivalently,
with respect to the decomposition into isotypical components under the action of
the Hecke algebra). Then feed this into the formal generating series ® , of The-
orem 8.3 to obtain a modular form with coefficients in I™H, (Xo(c), L(F, x0))-
Finally, any linear functional on I™H,,(X¢(c), L(R, xo)) will give a modular form
for Gg. Such a linear functional is given by the intersection pairing with other
intersection homology classes, for example, with Hecke translates of « such as

f(m)y if mis a norm from O, and m 4 cgd = Of
0 otherwise.

v(m) =y (m) = {

In this section we express the Fourier coefficients of the resulting modular form,

(), @y ol = [QIWETHZD (M), @gaye1(z)) 11

in terms of certain periods, that is, in terms of integrals over the cycle Z when Z
is the “diagonal” cycle that comes from the diagonal embedding

L:Gg = ReSE/QGLQ — RESL/QGLQ =Gy.

In this situation a flat section s of LY (K, xo) can be constructed canonically over
Z. Here is a brief description of this procedure in the case that xo = Xty is the
trivial character. In Section 7.5 we constructed a bilinear form

<'7 > : L("@Xtriv) X L\/(K’ Xtriv) —C

invariant under the action of Gg. This implies the existence of an element in
L(%, Xtriv) ® LY (K, X4riv) invariant under the action of G, which therefore passes
to a flat section of

£("€a Xtriv) & Ev(’iv Xtriv)|Z = £v (k\a Xtriv)|Z~

The general case is discussed in Section 9.2. For more details in the classical
Hirzebruch-Zagier setting, see [Ton].

The setup. Let ¢ C Op be an ideal and let ¢g = ¢ N Og. Then we obtain a
(non-compact) Shimura subvariety

Z =Zo(ep) = m((Ge(A))) = Ge(Q\Ge(A)/ Kb Ko(cr)
of Yy(c), where
VI GL(A) — Yo(c) = GL(Q)\GL(A)/KOOK()(C)

is the canonical projection and Kgoo C Gr(R), Ko(cg) C Gr(Ay) are defined as
in Sections 5.1 and 5.2 with L replaced by FE.
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Let s be a flat section of LY (K, xo) over Z, or over an open subset of Z that
is the complement of a proper subvariety. As in Section 2.7 the pair (Z, s) deter-
mines a Borel-Moore homology class which, by Theorem 4.6 has a canonical lift
to intersection homology,

[Z] € I™H,,(Xo(c); LY (R, x0))-

Let f € Sz(Ko(c),x), let J C X(L) and let wy(f~*) € Q™(Yo(c), L(R, x0)) be the
resulting differential form (cf. (7.2.3)). Using the pairing L(%, xo) x LY (%, x0) — C
of Section 7.5 the section s can be paired with the differential form, so the integral
f(Z,s) wy(f™") is defined. Assume, as in Theorem 4.8 that there exists a character

0 of Gg(A) so that, viewed as a function on Gg(A)/KgwKo(cg), the section s
satisfies |s(gx)| < |0(g)||s(x)] for all g € Gg(A). Then by Theorem 4.8, the integral

/( e

is finite and it equals the Kronecker product (Z(ws(f~*)),[Z, s])k

By Lemma 7.4 the operator W : Yy(¢) — Yo(c) converts L(R, xo) to LY (R, xo)
S0
(We™H(Z,5)] = W™ H(Z,8]) € I™H(Yo(c), L(F, X0)).

Theorem 8.5. Let v = QW 'Z]). If m+ Ny, p(c)d =n+ N, g(c)d = Op and
m,n are both norms from Op, then the mth Fourier coefficient of

[Y(n), @y xplrm,
Y Zfzwf S(L {széﬁf fgf RGO
JCE(L f

where o is any element of X(L), the sum is over the normalized newforms f whose
base change f is an element of SE™"** (¢, x), and T'(J, f) is defined as in (7.5.10).

We remark that Theorem 1.2 is just Theorem 8.5 in the special case that
L(k,x0) is the trivial representation C.

Proof. By Theorem 7.1 and Corollary E.12 any class in I™HXZ(Xo(c), L(R, x0))
can be expressed as a linear combination of classes represented by differential forms
wy(f~"), where f~"(x) := f(z7*) as in (5.5.1) (thus replacing f € Sz(Ko(c),x)
with £~ € S<°b(Ko(c), x)). More precisely, we may write

= QW [z Z > asPls(f)] (8.6.2)

ch (L) f
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for some aj ¢ € C, where the sum is over the same set of f as in the theorem.
Here P is the Poincaré duality isomorphism of Chapter 3, and the ! > appears for
the same reason explained in the proof of Theorem 8.3. We assume, w1th0ut loss
of generality, that aj; = aj fon, where f ® 1 is the newform generating the same
automorphic representation as f @ n.

Note that v = v(Op). Thus, if n C O is a norm from Oy, we have:

29(n) =T(n). [ Y D an Plus(f)]
JCS(L) f

= > Y anTw).Plos(f )]
Jcx(L) f

= Z Z(ZJ fPT (f_b)] (by Hecke-equivariance of P)
Jcs(L) f

= Z ZanP wy(f () 9l (by Hecke equivariance of w )
JCcs(L) f

= Z Z)\f anPwJ(f 9 (Proposition 8.2).
JCs(L) f

By the same argument, for m C O a norm from Oy, using diagram (7.4.1) and
Lemma 7.8 we obtain

20 (m) = 3 D asPlesTm)w; F)
Jcs(L) f
= Z Z)\f a‘]A’f,PWc [WJ(fi )]
Jcs(L) f
= Z Z)\f m ag(L JfPW [WE(L (J? )}
Jcxs(L) f

Newforms with distinct Hecke eigenvalues are orthogonal with respect to the Pe-
tersson product, and differential n-forms of pure Hodge types are orthogonal unless
the Hodge types are complementary. Therefore the product

[y(n), y(W)]rm, = (y(n), Wiy(m))rm,

is given by
Z ZM m)aj,raxr)— Jf<P[WJ(f I, PW ws - (J? )]>IH
JCE(L) f ’
Z D ArmAs(m)ay ras) - Jf<[ JFN W wsy - (F L)]>IH*

JCZ(L) f
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(see Section 3.4). It remains to prove that

ag,fas(Ly—J,f {[wJ(fﬂ)L [wz(L)—J(J?ﬂ)]} - (8.6.3)

(Jyws(F)) (Jpwomw-a(F)
T(F2(L) =D e

For this, recall that if g € Sz(Ko(c), x), then [ws(g)] is the image a. ([wo]) of a com-
pactly supported class [wo] € H(Yo(c), L(K, x0)). This follows from [Har, Section
3.1] (the compactly supported cohomology is contained in ker(r) in the notation
of [Har, Section 3.1]) (see [Hid7, Proposition 3.1] as well). So the differential form
wy(g) determines an intersection cohomology class in two (potentially) different
ways: as the image a.([wo]) of a compactly supported class, and as Z[ws(g)]; a
push-forward of the image of a square integrable form. Of course, both procedures
determine the same intersection cohomology class (see diagram (4.3.1)). More-
over, since @ is an orthogonal projection, the product of (Z — Q[Z]) with any
class in THXE vanishes (whether the Petersson product, intersection product, or
Kronecker product is used). Consequently, from Proposition 4.8 we have:

/ZWJ(Q) = [ws (@), WS Z]] = [wi(9), QWS [Z])] ¢ < o0, (8.6.4)

where [, -]k denotes the Kronecker pairing between intersection cohomology and
intersection homology induced by [, -]rm+. Restricting to the case g = f" and
using (3.4.4) (which says that the Kronecker pairing plus Poincaré duality equals
the intersection pairing) along with (8.6.2), we have

s (PN we2)] = [Plos(F) w2

=ax(L)-Jf {P[WJ(J?%)L P[WE(L)—J(fiL)]} -

o~ o~

= asey s (s (FO) sy (T4

Here we also used the commutativity of diagram (3.4.3), and our assumption from
above that ay r = aj on. The same argument is valid with J replaced by (L) —J
and we obtain

ws (F) sy (F]

@, fas(L)—J,f {WZ(L)fJ(J/cLL)L [WJ(J?L)]]IH* [

:/Zw(g)/zww)d(g)-

Combining this with Theorem 7.11 implies (8.6.3) and hence the theorem. O

ITH*



Chapter 9

Explicit Construction of Cycles

In this chapter we consider a quadratic extension L/F of totally real fields. The
inclusion £ — L gives rise to Hilbert modular subvarieties, known as Hirzebruch-
Zagier cycles, Z C Y with dim(Y") = 2dim(Z). If the local system £ on Y is chosen
appropriately then it admits a canonical section over Z, which gives a Borel Moore
homology class [Z] € HEM (Y, L). We use the machinery in this book to find a
canonical lift of this class to the (middle) intersection homology [Z] € I™H, (X, L)
of the Baily-Borel compactification X of Y (see Proposition 9.2).

We also consider the “twist”, Zy of the cycle Z by a Hecke character 6 :
L*\A} — C* with its resulting intersection homology class [Zy]. These “twisted”
Hirzebruch-Zagier cycles were described in [MurR, Ram3]; they provide examples
of cycles whose class in intersection homology satisfies the hypotheses of Theo-
rems 8.4 and 8.5. Using some notation from below, the significance of the cycles
Zy is the following: If the characters § and Xg are related as in Section 10.1 (so
that 0|Aj, = nXg) then the Hecke module generated by (the Hecke translates
of) the intersection cohomology class Puew (W71 Zy]) is THX®(Xo(c), L(R, X0)),
i.e., the part of the intersection cohomology that is “new” and comes from the
base changes of newforms of nebentypus xg. For a precise statement, see Theo-
rem 10.1. As a byproduct of the Rankin-Selberg computations that underly the
proof of Theorem 10.1, we explicitly compute the Fourier coefficients appearing in
Theorem 8.5 in the case where [Z] = Pyew[Z0] (the “new part” of Zp). The result
of this computation is recorded in Theorem 10.2.

9.1 Notation for the quadratic extension L/E
Let L/E be a quadratic extension of totally real number fields. Set
n:=[L:Q|, d:=d/p,

for the degree and discriminant respectively. Let (¢) = Gal(L/E) and (n) =
Gal(L/E)". As in Chapter 8, by class field theory, n may be identified with a Hecke

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 151
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character i : Ag — C* that is trivial on the image of the norm from L, and hence
also trivial at infinity (the fact that L/E is totally real implies Aj_ C N/ gA}).
For every o € 3(L), write ¢’ := gog. Borrowing terminology from the theory of CM
extensions, we say that a subset J C 3(L) is a type for L/ E if exactly one of each
pair {0, 0’} is in J. Without loss of generality, we write L = E(v/A) for a totally

positive A € E. There is a distinguished type Jg = {0’ eX(L): o(VA) < 0} for
L/E. We assume that the set (L) is ordered so that for z € h*) we have

dz = dzgs, N dzgi ARERWN dzg[E:Q] A dZ”fE;@]

where Jg = {o1,...,0mq} and Jg := {0}, ... ,afE:Q]}.

Choose a weight k = (k,m) € X(F) and fix a quasicharacter xg : E*\A}, —
C* satisfying X poo(boo) = bF~2™ for all b € Aj. We obtain a weight % and a
Hecke character x = xr, for L by setting k = (k, m) € X (L) where k, := ko, and
Me = Mg, if the infinite place o € 3(L) extends og € £(E), and by setting

X=xz=xeoNyg:L*\A] = C*

(which is the base change of xg to L). We assume that the conductor of x divides
an ideal ¢ C Or. Then the associated character Xo = Xr o of Ko(c) C Gr(A) is
defined as in Section 7.1. Denote by hJLr the narrow class number of Op. Recall
that [k + 2m] = k, + 2m,, an integer independent of the place o. For our later
convenience, write [k + 2m|1 = k + 2m and similarly [k + 2|1 := k + 2.

9.2 Canonical section over the diagonal

In this chapter we construct flat sections of the local systems L(%,Xq) and LY (%, Xo)
over the “diagonal cycle” Zy(cg) C Yp(c) (defined below) that arises from the
quadratic extension E C L. Let ¢ C Of, be an ideal and let cg = ¢ N Op. Let

t: Gg = Resg/gGL2 — Resy oGL2 = G,
be the diagonal embedding and let
T GL(A) — Yo(c) = GL(Q)\GL(A)/KOOK()(C)

be the canonical projection. Associated to the diagonal embedding is a (non-
compact) Shimura subvariety

Zy = Zo(cg) == m((Ge(A))) = Ge(Q\GE(A)/Kpsc Ko(cE).

Here Kgoo C Gr(R) and Ko(cg) C Gr(Ay) are defined as in Sections 5.1 and 5.2
with L replaced by E. We begin by constructing a section

s: 2y — LY(K,Xo) = L(K) ® E(Xo)
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where L(R) is the local system associated to the representation Sym (VViodet™™

of K, as in Proposition 6.3, and where X = X, is the character that we fixed in
Section 9.1 and X¢ = X0 is the resulting character of Ko(c) as in Section 5.6.
This is accomplished by first constructing a section over the finite cover

Zi(cr) = GE(Q\GE(A)/KpooKi(cg) = Zo(cr)

where
={(25) € Ko(c): a=1 (modc)}
and K1 (¢p) :=K1<>0GE< ) so that

Kl(CE) = {(LCI d) € Ko(CE) ta=1 (moch)}
Proposition 9.1. The function s1 : Gg(A) — SymE(VV) defined by
s1(g) = Xz (det(g)) " Hdet g|, " T*™.A (9.2.1)

where
H Z ( ) ka—]X]Yka—]Xk —]YJ
oceX(E) j=0

defines a flat section of the vector bundle LV (R, Xo) over Zi(cg), where the ele-
ments ‘ o ‘

{Xz Y’“*ZXJ,Y’“,*J} for0<i,j <k
form the standard basis of Sym*(V.Y) @ Sym*(V.Y) that arises from the standard
basis of V, the standard representation of GLs.

Proof. First let us check that s; does indeed define a (continuous) section of the
vector bundle £V (R, xo) over Z1(cg). As in equation (6.9.3) we need to check that
s1 has the correct equivariance properties, viz.

(A) s1(vg) = s1(g) for all v € Gp(Q)
(B) s1(guo) = Xo(ug *)s1(g) for all ug € K1 (cg)
(C) si(guo) = A, (uz)det ™™ (uzl)s1(g) for all us € Kpoo C Gu(R)

where )\% is the irreducible representation of
H GL2 >< GLQ( )
ceX(E)
on the vector space
L(R) := Sym (V) @ det™™

= ® Sym* (V.Y) @ det™™” @ Sym**' (V.Y) @ det™ "'
ceX(E)

which we also identify with the corresponding vector bundle on G (R)/K .



154 Chapter 9. Explicit Construction of Cycles

For item (A), use the fact that det(y) € E* C L* for all v € Gg(Q) so that
Xr(det v) =1, and |det |, = 1. For item (B) let up = (24) € Ki(¢g). Then

Xp(det(ug)) ™" = [ Xo(auds) ™" = T Xo(do) ™" = Xo(uo) ™"

polc pole

Moreover, |det up|la, = 1 as in equation (7.4.7). So it remains to verify condi-
tion (C). First we make a few comments about the general situation. Suppose a
Lie group H acts on a finite-dimensional complex vector space W. The dual, or
contragrediant representation of H on WV = Hom(W, C) is given by

(h-N)(w) :=(Noh ™ Hw = Ah""-w)

where h € H, A € WY, w € W. We obtain a representation of H x H on W @ WV.
There is a canonical element xop € W ® WV which may be described as the dual
of the evaluation mapping WY ® W — C or equivalently as zg = ), e; ® ej where
{e1,€2,...,¢e,} is any basis of W and {ej,..., e’} is the dual basis. Since {h - ¢;}
and {h - e} = e} o h™'} are also dual bases, it follows that the element z is fixed
under the action of the diagonal subgroup H C H x H.

Suppose that K C H is a Lie subgroup. Then we obtain an H x H-homo-
geneous vector bundle

M = (H x H)kxx)(WoWY)

over the quotient (H x H)/(K x K). The diagonal embedding /' — H x H gives
an embedding of Z = = H/K — Z x Z so the restriction M|Z becomes an H-

homogeneous vector bundle over Z. Therefore the element xq defines a canonical
section of .M\Z which is invariant under the action of H on Z, and it is a flat

section (with respect to the natural flat connection on M, see Section 6.2.3).
Now assume we are given a nondegenerate bilinear pairing © : W x W — C
and suppose there exists a character v : H — C* such that

O(h- A, h-B) = ¥(h)O(A, B) (9.2.2)

for all A, B € W and all h € H. We construct a canonical flat section of the vector
bundle o B
L=LQ®Ly:= (H X H)KX]((W®W)

over the diagonal Z as follows. The pairing © determines vector space isomor-
phisms

O W - WY and € = ()WY W
by ©%(A)(B) = ©(A, B), hence ©(6°()\), B) = \(B) for all A\ € WV. It follows that

h-©°(\) = (h)©"(h- \)
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for all h € H. So we obtain an isomorphism of vector bundles
MZ=Hxxg(WoWY) = Hxx(WaW)=L|Z

by [k, v @ A] + [h,1(h) " v ® ©°()\)]. (This mapping is not H-equivariant.)
If {e1,...,e,} and {e], ..., e} are dual bases of W and W respectively then

0% ( Z ¢ and ©°( Z Zije;

where (0;;) = (©(e;, €5)) is the matrix for © and (Z;;) is its inverse. Applying this
to the constant section zo = ), e; ® e of the vector bundle M gives a canonical
section over Z = H/K of L :

hEK — | h,y(h ZZ (e; ® Eije;) (9.2.3)

Now consider the case that H = GLy(R) and W = Sym" (V) where V 2 C2

is the standard representation, and k is a positive integer. Let K = K. be

the set of elements of the form (% %). The standard basis for V gives a basis

{X{Yl’“*ngﬁgk‘j} (0 <4i,j < k) for W @ W. An inner product on W is given in
equation (7.5.4), that is,

i k e .
@ij:(—l)] 1<j—]_> le—1+j—1=]€
and ©;; = 0 otherwise) with respect to this basis. It satisfies equation (7.5.6), viz
J

O(goo-A, goo-B) = det(gos) *O(A, B) (9.2.4)

for all goo € H = GL2(R) and A, B € W. Substituting all of this into equation
(9.2.3), with h = go and ¥(h) = det(goo)™*, and taking the product over all
infinite places gives a flat section
Gu(R) = Gp(R) x gy, Sym*(VY)
goo > det(go0) .4,
see Section 6.2.3 and 6.4.2. Multiplying by det(goo)?™, we therefore obtain a flat
section of L(R) = Sym* (V) @ det ™™,
8,1(900) = det(gw)kdet(gw)2m'A
= XE(det goo)fl.A
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over G(R)/K goo, which is to say that the mapping s} : Gg(R) — Sym" satisfies
condition (C) above. Unfortunately this is not quite the same as the section s1(g);
it may differ by a sign. But the factors

Xp(det goo)™ and  Xp(det goo) 7 [det goo, "

agree when goo = oo € Koo 80 the function s; also satisfies condition (C) above,
hence it is also a section of the same vector bundle £(%). This completes the ver-
ification that the section (9.2.1) exhibits the correct equivariance at the infinite
places. O

So far, we have a flat section of the vector bundle LV (%, Xo) over Z;(cg),
which is a finite cover of Zy(cg). So we can obtain a flat section of the same vector
bundle over Zy(cg) by summing over the fibers of the projection Z(cg) — Zo(cg)
as described in equation (6.1.2). In other words, if g1 K1(¢g),...,0:K1(cg) is a
minimal complete set of coset representatives for Ko(cg)/K1(cg) then the func-

tion s : Gg(A) — Sym"*(VV),

) = ZXO(Qi)Sl(QQi) (9.2.5)

defines a section of EV(E, Xo) over Zy(cg). Finally, by replacing the group
¢):={(2Y) € Ko(c): a=1 (modc)}

with the group
):={(2%) € Ko(c): d=1 (modc)}

in the definition of s1, we will obtain a flat section of the vector bundle L(k, Xp) =
L(R) ® E(XY) over Zy(cg).

In the next section we will pair the section s with a differential form con-
structed from an automorphic form. In order to do this we must first express the
section s as a function

S:Dp x Gp(hs) — Sym* (V)

following the procedure described in equations (6.3.3) and (6.4.3), (that is, by
multiplying by an automorphy factor), where

DE = GE(R)/KE,OO

is the symmetric space associated to Gg, and where Kg o is the subgroup ob-
tained by replacing L with F in the definition of K. The automorphy factor in
this case is )\\E/ det™™ (and is independent of z), so the function S is simply

S(z,90) = M () det (o) "™ s(a=go) (9.2.6)
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where o, € Gg(R) is any element with «.i = z. Equations (9.2.2) and (9.2.4) in
the proof Proposition 9.1 above implies that the element A satisfies

—k
AL (go0) A = det(goo) A

for goo € Gg(R) (which is the key requirement in order that it define a flat section,
as in Section 6.2.3). Hence (9.2.6) becomes the following;:

t
S(z.90) =3 Xolgi)det(a.) Xz (det(azgogi)) |det(czgoge) | * T2 det(a) FA
=1

t
= "Xo(gi)det (o) "> 7Fx (det(azgog)) et (azgogi) [T A
=1

= c(2) D X5 (90)xz (det(g0)) " [det(go) A (9.2.7)
i=1

since det(g;) € (’A)E and |det(g;)|a, = 1. Here, g; are defined in (9.2.5) above and

e(2) = H ( det(az)a>k0+2ma o

<3 (E) |det(a,)o

depends only on the signs of Im(z,). If we choose the point z to lie in the product
of upper half-planes, which we may do without loss of generality, then e(z) = 1.

9.3 Homological properties of Zy(cg)

Let n := [L : Q]. Let J C X(L). Let f € SP(Ko(c),x) be a modular form. In
Proposition 6.5 and Definition 6.8 we constructed an associated differential form

wy(f) = iy(wr) € Q" (Yo(e), L(K, Xo))

which was shown to be square integrable, and to determine an intersection coho-
mology class

ws(£)) € I"H™(Xo(c), L(K, X0))

in the Baily-Borel compactification. On the other hand, in the previous section we
have constructed a flat section S of the local system LY (%, Xg) over the diagonal
cycle Zy := Zy(cg) in the Hilbert modular variety Yy(c). By Theorem 4.6 the pair
(Zo, S) determine an intersection homology class

[Zo] € ImHn(Xo(C), cY (I/i\, Xo)).
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(Recall that first they determine a Borel-Moore homology class, which then lifts
canonically to intersection homology by Saper’s theorem.) In Proposition 7.10 we
constructed a pairing

() L(R, Xo) x LY (R, Xo) — E(x o det) — C.
Consequently the product
(ws(f),5) € *(Yo(c),C)

is a differential form with coefficients in the trivial local system and so its integral

|wtn= [ win o= [ wec

is well defined. By Proposition 4.8 the integral is finite and equal to the Kronecker
product

/Z wi(f) = ([ws ()], [Zo]) 93.1)

between the intersection cohomology class [wy(f)] and the class that is obtained
from the section S and the subvariety Zp.

Proposition 9.2. If J is not a type for E then this integral vanishes. If J is a type
for E then it equals

~ (o) (2T
> Xolon)@) (-1 /Z

_ —[k+2m —2m—
x Xp,(det(a2g:)) " det (a2 gogi) ;0P det (o) T2 T vk dpe,.,
o€JE

v (det(e) ™™ F Loz D2 (0gia.))

where dp., s the canonical measure on Zy = Yy(cg).

Proof. In order to evaluate this integral, first recall that the differential form wy of
equation (6.10.2) was defined using a carefully constructed section P, from equa-
tion (6.7.1) of a certain vector bundle. Then, as described in equation (6.11.2), for
(z,20) € D x G(Ay),

wy(f)(z,20) = tjwy(z, xo)

= (det(az)_m_k_lj(az, i)EJer(xoaz)dz) H (= Xy 4+ w Y, )"
oc€eX(L)

(9.3.2)

where «, € G(R), a, -1 =z and

{za ifog.J
Wy 1=

zs otherwise
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This must be paired with the canonical section S of equation (9.2.7) using the
pairing of equation (7.5.4); in other words we must calculate the integral

ZXo(Qi)/Z vy (det(ozz)fmfk Li(a,,i )Hzf(gogiaz)dz) (9.3.3)
i=1 o

x Xp,(det(azg:)) " det () [, " det (0r2) 2m—k< I1 <_Xg+wgyg)%a’A>

oeX(L)

where the pairing is the pairing L(k) x L(k) — det — C of Proposition 7.10.
Notice that we have multiplied the naive product of the two sections by X, (det go)
as in equation (7.5.8), because the naive product takes values in the line bundle
x o det. The paired quantities give

< [T %o +wova), ] Z( ) eI XTIV} —Jxkv—ﬂy9>

ocex(L) o€Jg j=0

=11 Z (—1)¥ (50) (=1) whe (f) (—1)k I, G) (—1)ko—d

Il
—
s
N
g
Q3

a—jwz’/(_l)j — H (wo — wg/)ka’

oceJg j=0 oceJr
see equation (7.5.5). This vanishes unless J is a type for F, in which case it is
- (_I)IJOJEI(QZ-)[E:Q] H y(’j".
oceJE

Assume that J is a type for L/E. By the calculation we have that (9.3.3) is
equal to
¢

(1)l (2) B (g,) /

i=1 Zo
x Xp(det(a.gogi)) " det(a Zgog,)|A k2m] qot (@, ) ~2m =k (—1) /N TBl (—24) B

X ( H 3/5”) dZ oo dYocdito(go)

oc€Jgp

t
:Z )(20)20 (< 1)) / 15 (det(a)
i=1 Zo

Xr(det(azg)) " det(agog) |, T2 det (o) 72 T yhe dadydpo(g0),
oceJE

¢y (det(an) ™™ F Lo, D42 f(g0gic12) )

B (o, i) 2y (gogiaz)>

where dju is the Haar measure on Rg,pGL2(Af) giving Ko(cg) volume one. [
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9.4 The twisting correspondence

In Section 5.11 we defined the twist of a modular form f by a Hecke character
0 = 6%| - |* (where w € Z and where 0" is of finite order). It was constructed so that
the L-function of f® 6 was the twist of the L-function of f. In this section we show
that a similar twisting operation may be performed on cycles. For this purpose, we
approximately follow [Ram3, MurR] (who approximately followed [Hid1] Section 5,
[Hid2] Section 6, who approximately followed [Shim2, Shim3]); see also [Rib]). We
construct a twisting correspondence T which, when applied to the differential form
w(f) corresponding to a modular form f, yields the differential form w(f ® 6) that
corresponds to the twisted modular form. Since it is a geometric correspondence, T
can also be applied to the cycle Z = Zy(cg) to obtain a new cycle Zy, thus giving a
cycle-level analog of the twisting operation. Our construction differs slightly from
that of [Ram3, MurR] in order to take into account the local coefficient system.

As in the preceding section, let Xgp be a Hecke character for the real field
E and let x = X, = Xg o Ny /g be the resulting Hecke character for L. Let ¢ be
divisible by the conductor of x. Let % be another Hecke character of L, of finite
order, with conductor b and let w € Z. Define § := 6"| - |if, We obtain characters
Xo, XY on Koy(c) and 6y = 0%,0Y = (6)Y on Ko(b). Let 7 = (k,m) € X(L) as
defined above in Section 9.1, and define

R—w:=(k,m—wl) € X(L).

The characters Xy, 0y, x o det, and @ o det are all trivial on the following
compact open subgroup of G(Ay),

K11 Cb {( )EKO Cb ) a7d51(modcb2)}.
Let Y71(cb?) denote the corresponding Hilbert modular variety, that is,
Y11(cb?) = G(Q\G(A)/ Koo K11(cb?).

The inclusion K1;(cb?) C Ko(cb?) € Ko(c) induces natural covering maps 7 :
lel(Cb2) — }/E)(Cb2) and 7o : Y11(Cb2) — Yo(c).

Recall from Section 5.11 the definitions of T = h—l@, T = T/@L and 0.
For t € T define u; = u(t) € G(A) by u(t)y = (§9) if v{b and u(t), = (%) if
v|b. We now describe a correspondence

u(t)

Yll(tb2) ’ > Yll(tb2)

1 2

(9.4.1)

Yo (¢b?) Yo(c)



9.4. The twisting correspondence 161

and a lift of this correspondence to the local systems
L = w, (x0%)o) = L(F —w) @ E(x0?))) and L(FXo) = £(F) @ E(Y)
on Yy(cb?) and Yp(c) respectively.
Lemma 9.3. Let t € T. The mapping (which we denote by -u;)
[9,v] = [gue, B(det g)fs ()~ 0] (9-4.2)
gives a well-defined, canonical isomorphism
T L(R — w, Xo02) — T3 L(R, Xo)-
Equivalently, the mapping Pay := w2 o (-u(t)) defines a mapping
Py LR —w, Xoﬂg) — L(R, Xo)-

Proof. Assume first that 6" is trivial, so b = Or, and 6(b) = [b|}{, for allb € A . In

this case T = {1} and we write P, rather than P, ;. We need to show that the map-
ping [g,v] = [g,|det g|} v] gives a well-defined mapping from the vector bundle

L(% — (0,w), Xo) = Sym*(VY) @ det 7T @ £(xY)

to the vector bundle

L(R,Xo) = Sym"(VY) @ det ™ @ E(XY)

(see Proposition 6.3). This involves checking the required equivariance with respect

to K. Since the mapping P; does not involve the factors Sym* ® £(xy) it suffices
to check the equivariance with respect to the relevant powers of the line bundle
detoo. A vector in det ™! is an equivalence class [g,v] with g € G(A) and v € C

where [ghoo,v] ~ [g, det(koo) ™ 0] for all ko, € Ko. Applying Py gives
Py([gkoc; v]) = [ghoo, [det g[i, |det koo[*v]
~ [g,det k™|det gly, |det koo |*v]
= P3([g, det (ko) "™ 0])

which completes the verification that the mapping (9.4.2) is K.-equivariant.

Now assume that w = 0 and 6 = " is nontrivial. In this case checking the
K and G(Q)-equivariance of P; is trivial, so it suffices to describe the lift to the
one-dimensional local systems £(Xg) and E((x6?)y). Let k = (24) € Ki1(cb?).
It suffices to show that P ¢([gk,v]) = Pat([g, Xy (k)0 (k)?v]). As in Section 5.11,
the elements ct and ct? are integral. Therefore the element

_ a—ct b+ (a—dt—ct? . .
Uy lk'ut:( C (d—i—gt > 1S 1In Kll(CbQ)CKo(Cbz).
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Therefore Xy (u; *kus) = 1 and

Pa(lgh,o]) = [gkus, 6(det K)O(det )0 (1)
= [gus, 0(det g) (1)~ v]
= Py+(lg, Xy (k)05 (k)0 (t) " 0])

since Xy (k) = 0y (k) = 0(det k) = 1. O

Let T be a collection of representatives for T modulo 5L, as in Section 5.11.
Given a Hecke character ¢ with conductor b, define the twisting correspondence
T<°B(cb?) to be the disjoint union over ¢ € Y of the correspondences (9.4.1), which
gives the following diagram.

T (cb?) > Yo(c
(€2) L Yo(o

1
\

Yo(CBQ)

where Py = Zte? P, ;. Denote the action of T (cb?) on a section s of L(R, Xo) by

s|’TC°h(Cb2) = (m1)Py(s) = Z(wl)*urﬂ';(s)

teY

The following proposition states that the twist of a modular form in M°" (K, (c),x)
may be realized, up to a constant, by the action of the twisting correspondence,
see equation (5.11.12).

Recall from Section 9.1 that x = (k,m) € X(E) and % = (k,m) € X(L) are
weights. As in Section 9.4 let § = 6%|- | be a Hecke character where 6% is of finite
order and has conductor b, and where w € Z.

Proposition 9.4. Let f € MS°P(Ko(c), x) (where the conductor of x divides c). Let
J CX(L) and let wy(f) be the differential form associated to f in Proposition 6.5
and equation (6.11.2). Let

fobo= (o0 e M, (Ko(cb?), x6%)
be the twist of f by 0 as described in Definition 5.13 and in Proposition 5.11. Then
wy(FIT () = (m)Pyws(f) = Caws(f ©6) (94.3)

where
Cy = [Ko(cb®) : K11 (cb)]G((6")")INL/g(Drso)| ™" (9.4.4)

Here, G((6*)~1) is the Gauss sum defined in equation (5.11.5).
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Proof. We will prove the following slightly more general statement. Let s(g) =
l9, F(g)] be a section of L(R,Xo) = L(K) ®E(XY) on Yo(c). Then s’ := s|T"(cb?)
is a section of L(K —w,Xo03) on Yy(cb?). Setting s'(g) = [g, F'(g)] we have:

F'(g) = (F|T*"(cb%)) (9) = [Ko(cb?) : K11(cb®)] 6(det g)~ > 0 (t)F(gus).
teY
(9.4.5)
Equation (9.4.3) follows from this statement; the factor [N, oDy /q| ™" comes from
the definition of the twist of f by |- |*, see equation (5.11.2), and the factor
G((6*)~1) comes from equation (5.11.4).

To prove equation (9.4.5), first consider the case that 6% is trivial so that
0(b) = [b[}f, for all b € Ar. In this case both sides of equation (9.4.5) are equal to
|det(g)|, " F(g) so there is nothing to prove.

So we may assume that w = 0 and = 6%. As in the proof of Lemma 9.3,
it suffices to prove the formula for the restriction s|g 1)/ Ko(c)s SO We may simply
consider s to be a section of £(XY). First we need an auxiliary calculation.

Fix ¢ € T and suppose that s(gKo(c)) = [g,F(g)] is a section of E(XY)
over G(Af)/Ko(c), so that F : G(A) — C satisfies F(gk) = Xy (k)" F(g) for all
k € Ko(c). Let k= (2%) € Ko(c). Since the elements ¢t and ct? are integral, the

element
~ __ act _ act?
ko= (a a bd+cdt> is in Ko(c).

If v 1 b then ky.u(t,).

Hence kut@*1 = us where s = ad~'t € T and
F(gkuy) = F(gkuk™"k) = F(gus)Xy (k™) = F(gus)xy (k)" (9.4.6)
Now let us compute (7). P5 F. First, we have:
(P F)(9) = Z O(det g) ™06 (1) F (gue).
teY

We will use equation (6.1.2) to push this forward by the mapping .

Let kq,...,kn € Ko(cb2) be a collection of coset representatives for the quo-
tient Ko(cb?)/K11(cb?) and set k; = (% 5) . Then

(m Z X92 Py F(xk;).

i=1
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As in equation (9.4.6),
F(wkiug) = X3 (k)" F (vu(ad; ') = x(a;) " F(zus,)

where s; = a;d; L¢. Therefore

3

(m)« Py F(x) = Z x(a;)0(a;)? Z (det zk;) "0, (t)F(xksuy)

i=1 teT
=Z (as) 29 (aid;) " 0(det 2) "0y (t) F(2u(a;d; 't))
=1 teY
=3 Band; ot 1) 04 (1) F (s )
i=l¢eY
= [Ko(cb?) : Ky1(cb?) 29 det )10 (a;d; ') F (vu(a;d; 't))
teY
= [Ko(CbQ) : Kll(cb det .’E Z&h LU’U,S

seY

because multiplication by a;d; ! permutes the elements of 'i which proves (9.4.5).
O

Remarks.

(1) In the other direction, if g — [g, H(g)] is a section of L(K — w, X#3) on
Yy (cb?) then

(P), w1 H)(g) = [Ko(c) : Kui(cb®)] 6(det g) Y 0" () H(gue).  (9.4.7)
teY

(2) Exactly the same formula (9.4.2) also gives an isomorphism
mE((Xo)") = m3E((X0)")

or equivalently, a mapping P : 7;E((X002)Y) — E(XY) because Xy and 6y
are trivial on K11 (cb?).

(3) For modular forms in Mz(Ko(c),x) (rather than MSP(Ky(c),x)), change
equation (9.4.2) to

[g,v] = [gur, O(det )~ 05 (1) '0]

which also gives an isomorphism 73&(Xo02) — 73E(Xo). Let T(cb?) de
note the resulting correspondence. It converts a section s(g) = [g, F(g)] of
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LY (R(XGY) = L(R) ® E(Xy") (see Remarks following Proposition 6.4) into
the section
(FIT (cb*))(g) = (m1)+ P (F)(9)
= [Ko(cb?) : K11(cb?)] O(det g) Y~ 0()F(gus),

teT

of LR —w) @ E(Xy'052).

9.5 Twisting the cycle Zy(cg)

We now describe how to twist the diagonal chain Zy(cg) by the character § =
6“| - |*. First, by replacing the Hecke character x (and its conductor ¢) in Section
9.2 by the character x#? (with its conductor ¢b?), and by replacing the weight
k= (E m) € X(L) with the weight K —w = (E,m — wl) we obtain a canonical
flat section s of the local system

LY(R —w, (X92)0)

over the diagonal cycle Zy(cgpb%) C Yo(cb?), where b := b N Og. Apply the re-
sulting twisting correspondence 7°°"(cb?) (going from left to right in the diagram
(9.4.1)) to this cycle to obtain

Zy = (PQ)*']TT (Zo(CEb%j)) C YE)(C)
The (flat) section s becomes a (flat) section
sg := (P2).mi(s) of LY(K,Xo)

over the cycle Zy.

Let f € SN (Ko(c),x), let J C B(L) and let wy(f) be the corresponding
differential form on Yy(c¢) with values in L(R,Xp). As in Section 9.3, the pairing
from Proposition 7.10 may be used to multiply the section s with the differential
form wy(f), giving a differential form with complex coefficients. Hence the integral
/. 7o W J(f) € C is defined. We now prove the twisted version of Proposition 9.2.

Proposition 9.5. The cycle (Zy, sg) has a canonical lift to intersection homology,
[Zo] = (P»), 71 ([Zo(crbE)]) € THn(Xo(cr), LY (R, Xo)),
and for any f € S (Ko(c),x) and for any J C X(L) we have:
(rPL 2w = |

Zg

ws(f) = Cs / wi(f )

Zo

where Cy is given in equation (9.4.4). If J is not a type for E then this integral
vanishes. Assume J is a type for E and take w = my, +kq /2 (which is independent
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of c € X(E)). Then f®0 € chh k/2)(Ko(cb2),x02) and

t

(ws () [Ze) i = Cs Y (X26%)0(9)

i=1

[ (et s, ) @ 0) gogia)
Z()(Cb2ﬁOE)

x X160 (det(a.g;)) ™ H yr 2 du,,

oc€Jgr

where dp = dpiepzno, 5 the canonical measure on Zo(cgb%) = Yo(cpb%) and
where

Cs = (Qi)[L:Q](_l)[E:Q] [KO(CEJQ) . Ku(tbz)]G((eu)_l)|NL/QDL/Q‘_(k”+2m")/2.
If J is not a type for E then this integral vanishes.

Proof. By Proposition 9.2 the cycle Zy(cgb%) has a canonical lift to intersection
homology. Since the mappings 71,2 extend to (finite) mappings on the Baily-
Borel compactifications, the same holds for the cycle Zy.

To compute [, w;(f), start with Zo(cgb%;) on the left side of diagram 9.4.1.
Set Z11(cgb%) = mf (Zo(cpb%)), then let Z11(t) be the push-forward by u(t). Using
equation (6.1.4) we obtain

/ o= [ mean)= [ en
(Trz)*Zu(t) Z]](t) le(chZE)
where w11 (t) = (-ug)*m3wy(f). Set Cy := [Ko(cb?) : K11(cb?)]. Then
Cy / (1) etons (1) = / (1 )wtons (1)
Zo(cpbY) (71)7} Zo(cpb%)

:/ 7"'T(T"l)*wll(t) = 04/ wu(t).
Z11(cpb%) Z11(cpb%)

Putting these together, and summing over ¢ € T, and using Proposition 9.4 gives

/Z )= /Z o, () =€ / oy S0

Finally, if w = my + ko /2 (which is independent of o) then upon replacing Zo(cg)
by Zo(cgb%) and upon replacing f by f ® 6, Proposition 9.2 gives the value of
this integral. O



Chapter 10
The Full Version of Theorem 1.3

10.1 Statement of results

We use the same setup as in the previous chapter: L/F is a quadratic extension of
totally real fields, Gal(L/FE) = (1,¢), Gal(L/E)" = (1,75}, ¢ C O, is an ideal, and

n:=I[L:Q], d:=dyg, D:=Drp, ¢g:=c¢N0g.

We write L = E(v/A) for a totally positive A € E. There is a distinguished type
Jg = {O’ €eXN(L): o(vVA) < 0} for L/E. We assume that the set ¥(L) is ordered

so that for z € ) we have

dz = dzgs, N dzgi ARERWN dzg[E:Q] A dzg[/E:Q]

where Ji; := Jp =:{0},...,0(pq}
Let Xg : EX\AL — C* be a Hecke character. Let x = Xg o Nz/E be the

resulting character of L*\A} and let Xy be the resulting character of Ky(c). As-
sume that the conductor of x divides ¢ and that X g(bs) = b2F~2™ for all b € A%.
Let k = (k,m) be a weight for E and let k = (E, m) be the corresponding weight
for L. We obtain a “diagonal” cycle Zy := Zy(¢g) with a canonical flat section S.
Let 6" be a Hecke character of L, of finite order, with conductor b = f(#*) and let
w = my + k,/2 (which is independent of the choice of o). Define 6 = 6"| - [if .
We assume throughout this chapter that

For a proof that such a character 6 exists, see [Hid8, Lemma 2.1]. Set
¢ =c? and = NOE.

The character § may be used to twist the cycle Zy(c’;) and its section S to obtain
a cycle Zy and flat section Sy of the local system LY (%, x0), which gives rise to an
intersection homology class [Zy] € I™H,,(Xo(c), LY (R, Xo))-

J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 167
Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_10, © Springer Basel 2012
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Let f € Sz(Ko(c),x) be a simultaneous eigenform for all Hecke opera-
tors. Let J C X(L). Then the modular form f=* € S<°M(Ky(c),x) determines
a differential form w;y(f~*) which gives a “middle” intersection cohomology class
[ws(f~4)] € I"H™(Xo(c), L(k, Xo)). Write

b’ ;:H{p: pldye and pt§(0)}

where f(0) denotes the conductor of 6. In Section 10.2 we will prove the following
theorem:

Theorem 10.1. Assume as above that 9|A§ = Xgn and that J C 3(L) is a type for
L/E. If f is a base change of a Hilbert cusp form g on E with nebentypus X g, then

(lws(f79), [Ze]) k

18 equal to

C1

Sl L OE (Ad(g) ® 1, 1) L (As(f @ 671),1)

where

Cs[Ko(clg) : Ki(cho)Npg(ch)?d N o (dr ) Res 1 (4/e¢% (s)

1= REQ{k+2}2_2|(OE/C35)X|

with Cs defined as in Proposition 9.5 and where Rg is the regulator of E.
If J € X(L) is not a type for L/E or f is not a base change of a Hilbert cusp
form g on E with nebentypus Xg, then

(ws(f7)], [Zo])ic = 0.

Here {k} := 3", csym) ko for k € Z3(E),
We now prepare some notation so that we may state the full version of The-
orem 1.3. Let

Prew : I™Hy(Xo(c), £(R, Xo)) — I™H™™(Xo(c), L(R, Xo))

be the canonical projection, where I™H2*V(X(c), L(K,Xo)) is the subspace
spanned by classes that are f-isotypical under the action of the Hecke algebra
for some newform f € S2°V(Ky(c), x). Setting v = PhewW [ Zg] in our notation
from Section 8.3, we have

ez € THYE (Xo(e), L(R, Xo)) @ SFH(N(€), XE).

by Theorem 8.4. Finally for g € S2°%(Ko(c), x) let

Ag, J) = [”J(g_b)vwmu(g)‘b)]m* T(g,J)(g

B g)p
L (Adia) 1 ) (10.1.1)

L* (Ad(gs7 1
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This nonzero constant depends only on L, the weight, the nebentypus, the level
and W(g) (see (7.4.9)) by Theorem 5.16 and Theorem 7.11. Assuming Theorem
10.1 for the moment, we prove the “full” version of Theorem 1.3:

Theorem 10.2. Ifm+ Ny /g(¢c)dr/p =n+ Np/p(c)dr/p = Op and m,n are both
norms from Op, then the mth Fourier coefficient of

(W Z6)(0), @ e (2] X T H
1S
) @1, 1)Ly (As(f @ 071),1

(L* /B (O)NO8 (A]( f
A(F,0)L(Ad(f), 1)

2
Cl )i Z ) Ap(m)Ag(m),

where the sum is over the normalized newforms f on E of nebentypus X whose
base change f to L is an element of SRW(Ko(c), x). If either

m+Np/p(c)dr /g # Or or n+Ng/p(c)dr/p # OF,
then the mth Fourier coefficient is zero.

Here
N(c) =m0y /p(ck) H p
ples
where my C Op is an ideal divisible only by dyadic primes, which we may take to be
Op if ¢+201 = Op and 0y, is an ideal divisible only by primes ramifying in L/E.

Proof. By Theorem 8.5, the mth Fourier coefficient of [W~1[Z,](n), Dyt (g, 18
is zero if m 4+ Ny /p(c)dr/p # Op or n+ N p(¢)dr/p # Op. Again by Theorem
8.5, if m and n are norms and m + Ny /g(¢)dr/p =n+ Np/p()dr g = Op then
this coefficient is equal to

Z ZfngJ fzng w-s(F)

Ap(m)Af(m).

JCZE) 7 ~LH(F Hr
The theorem now follows immediately from Theorem 10.1 and Theorem 5.16 to-
gether with the observation that T(S(L) — J, f) = (—1)I/IT(, f). We only remark
that one uses the fact that the number of types for L/E is 2[F:Q, O
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10.2 Rankin-Selberg integrals

In the last chapter, we defined certain cycles Zy on Yy(c) and gave an integral ex-
pression for ([wy(f~*)], [Zo]) k- In this section we apply the Rankin-Selberg method
to this integral expression to prove Theorem 10.1. Our argument follows [Hid8,
Section 6].

Let J C X(L) be a type for L/E (see Section 9.1), and assume as in Theorem
10.2 that 0|A§ = Xgn. For each f € Sz(Ko(c),x) and s € C let

=/ / (Fo07Y) (1 (§7)) lyl3, ded*y
EX\AY , JE\Ap

when this integral is defined (e.g., for Re(s) sufficiently large). Here Ay , (resp.

EZY) is the set of (b,) € Aj (resp. o € E*) such that b, > 0 (resp. o(c) > 0) for
all o € X(F). Moreover dx and dy are the Haar measures of Section C.4. We have
the following lemma:

Lemma 10.3. If f € Sz(Ko(c), x) is a simultaneous eigenform for all Hecke oper-
ators, then

1
 |de/eNEe/g(dL/p)2[*T2|dg ol *Te(k + (s + 2)1)

I(f,s) = (47) (R} H{EQ) (s42)
X Z (MmO, f®0~ )NE/@(m)’S’2.
mCOg

Here I'g(k) :=[1,exr) I'(ks), and, as above, {k} := 3 o5 1) ko for k € c=0)

Proof. To ease notation, write g := f ® #~!. Using a slight modification of the
proof of Theorem 5.8 one sees that the Fourier expansion of go ¢ is

!/
Ylar > @(€yDrjg, 9)dgG i /ay(Eys E2)
£eLx

where the ' indicates that the sum is over those £ € L* such that () < 0 for
o€ Jand g(§) >0 for o € J := J. Thus

Lo Jopp 90 (B o ey
EX\AL, E\AE

/ / a(&yDy g, 9)|(Ey)F/
EX\AS , JE

\AE geLx

x exp(—2mSoes(1)|0(E)yser (E2)|yl5H dud™y.
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The character e, (£x) restricted to Ag is trivial if and only if £ = —¢(§). In view
of this, the well-known computation of the volume of E\Ag yields

/ er(éx)dx = Videg i &=—(¢)
E\Ap .

0 otherwise.

Thus

/ / a(&yDr 0, 9)|(€y)*?|
BX\AS, JB\AR T

x exp(—2mSoex(1)|o(E)yoer (E2)|yl5 2 dad*y

SN /E » S a(€yDrg,9)l(€yne) |

E,+ ¢eLX
E=—¢(&)
X exp(—2mSsexn(p)|o(€)yo lyliE2d"y

Choose u; € Op — 0 such that o(uyA'/2?) > 0 if and only if o € J. Note that

the requirement that & satisfies £ = —¢(§) and o(§) < 0 if and only if o € J is
equivalent to the requirement that £ = f’u;lA*Iﬂ for some ¢’ € E7 . Translating
the positivity conditions on £ to positivity conditions on &', we obtain

/ .
/ \AX Z (Sy’DL/Qﬂg)‘(SyOO)kﬂ‘eXp(_27TEU€E(L)|J(§)yo‘)|y‘322d$dxy
E

E,+ ¢eLX
£=—5(8)

:/ " Y al€uz AT PyDy g, g)I(ug AT 2ye) )
E

Bt ¢epf

x exp(—27Zpex(n o (€ uy AT )y, |)ylit
= [ el AT D .l A )

x exp(=2mEg e lo(uy AT )y, |)lyli2d*y

By writing this global integral as an infinite product of local integrals, we see
that the above is equal to

S+2d><

/AX aluy' A 2yDr g, g)l(ug' AT 2y) | (10.2.1)
x exp(—27 S ex(p)lo(uy ' AT )y )yl 2d*y
o0 B B _ _ R dy
- 11 / o5 A2y expl—dnlouy A2yl

ocE€X(E)

X H/E a(yuy AY2Dy g, g)lyly 2 d g,
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Here we are using the fact that the coefficients a(-,g) are multiplicative in the
sense that a(mn,g) = a(m, g)a(n,g) if m + n = Or. We evaluate the factor cor-
responding to the infinite places and each of the factors corresponding to finite
places separately. First, the factor corresponding to the infinite places is

o] _ _ _ B s dy
| It AT g expldnlatur AT Al

ces(E) Y0

= JI low;'A="2) 72 (4m) 5= 2T (ks + 5 4 2).

cE€X(E)

By definition of the different, we may write u;lA*1/2DL/@ = DyOy, for a
fractional ideal Dy C E. Moreover

INEg/@(Do)| = ldg/oNE/o(dL/E) 2 H o(u; A2
oeJ

With this in mind we see that the factor corresponding to the finite places satisfies

H/ ATY2yDp g, 9)lylsisdy (10.2.2)
7J(w)
1 s+2 3%
- H/ Do)y logeyd v
o
= TT1(Po)uir) Z a(p’, 9)Ngg(p)~7* =
p j=1

s5+2
<|dE/QNE/Q dr/p)? H o(u 1A1/2)|> HZ 9)INEg(p) 7%,

oeJ
Combining (10.2.1) and (10.2.2) yields the lemma. O

One can use Rankin’s method to give another expression for I(f, s). In order
to state it precisely, we first set some notation. Let B’ be the algebraic Q-group
whose points in a Q-algebra A are

B(A) = { (g ’{) € (E g A)* and b€ (E &g A)} C Resg)qGLa(A).

Let Resg/gGL2(R)™ be the identity component of Resg/gGL2(R). Set

Resg/gGL2(A)" : = Resp/gGL2(R) " Resp/gGLa(Ay)
Resg/gGL2(Q)" : = Resp/gGL2(Q) N Resg/gGL2(A)
B'(Q)" : = B'(Q) NResg,gGL2(A)

B'(A)" : = B'(A) NResggGL2(A)
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Moreover let OF . := O5 N EY. Let N : Resg/gGLa(A) — A% be defined by
E+ E + /Q E

N(a) = y ifa=(§7)bufory,be Ay ue KgoKo(cy)
" )0 otherwise.

Now let £ be the Eisenstein series defined by
Elays) i =Y {IN()li, 7 € (05 B'(@)F)\ResqGLa(@) }
=Y {N(@)li, :7 € (05 B'(Q)\ResgoGL: (Q) } -

This Eisenstein series is absolutely convergent if Re(s) > 1, as can be verified
using (10.2.4) below.

As above, let Zy(c%;) be the image of Resg/gGL2(A) — Resy/oGL2(A) —
Yo(¢'), where the first arrow is the diagonal embedding and the second is the
canonical projection. Then we have the following proposition:

Proposition 10.4. For Re(s) > 0 we have
109 = [ detluan) g )il (an), ) AN o an)) 2
Zo(c’g)
xE(a, s+ 1)dpe, .

The proof is essentially the same as the computation in [Hid5, Section 4] (see
also [Hid8]).

Proof. As above, write g = f ® ! to ease notation. We have
1th9)= [ (e (@))ldet (@[3 dpss (0)
QB (A)F

where dups is the measure defined in Section 5.7 and Re(s) > 0. Now

9(er(@)) = g(det(es (@) e (a))x072(det (s (@))).

When restricted to a € Resg/gGL2(A) this is simply g~*(¢s(a)). Thus
179 = | g™ (e (@) ldet(@) [ dup: ()
"(QF\B’(A)*
-/ o o)W (@)l dup (a).
"(QF\B’(A)*

We wish to use the decomposition

Resg/gGL2(A)" = Resp gGL2(Q) " B'(A) T Ko(c) Kk, (10.2.3)
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(see [Hid5, Section 4]) to rewrite I(f, s) as an integral over Zy(c;). For this pur-
pose, note that the invariance properties of g~ together with the fact that y6 =2
is trivial when restricted to Ay, implies that for a € B(A)" Ko (¢5) K 00

det (e (o)) H 2™ (1 () (1 (o0 ), DF PPN (1 (0000 FH2

is invariant under left multiplication by B’(Q)" and right multiplication by
KEg 0 Ko(cy). Moreover [N () fggl is invariant under left multiplication by B’(Q)*
and right multiplication by Kg o Ko(¢)). Therefore applying our previous expres-
sion for I(f,s) we have that I(f,s) is equal to

/ o @)IN (@5 d (a)
B(Q)F\B(A)*

= /B/(@)+\B/(A)+ det(tr (o)) P21 g~ (1())j (s (vms ), 1)FH2

x N (11 (0s0) 2N (@) 31 diip (@)

E

det(ts(a2))*2 g™ (15())j (es (@), 1)FH2

//(Q)+\D§XKO(C/};)/KO(C}3)
X N (g ()" 2N ()3 dpser,

where D := B'(R)/Kp o0, D}, is the connected component of Dg containing i,
where a, € ReSE/QGLQ(R)+ is chosen so that a.i = z, and where a = a,aq for
some ap € Resg/gGL2(Ay). In the last equality we have used the comments on the
relationship between dups and dpu, contained in Section 5.7. Using the fact that
OE)JF is naturally a subgroup of the group of diagonal matrices in Kpg o Ko(¢z)
together with (10.2.3), we have that the above is equal to

L.

where the sum is over

2 det(1s (702)) /272G (1 (7)) (s (vars), D)F+2

!
‘E

X N (1g (7)) 2N (vo) 3 dpey,

v E O§7+B/(Q)+\RESE/@GL2(Q)+~

This infinite sum converges absolutely for Re(s) > 0, a fact that follows from
the absolute convergence of the Eisenstein series £(z,s) for Re(s) > 1. Now for
Yoo € Resg/gGL2(R) one has the cocycle relation j(vootiz,i) = j(Veo, 2)j(az, 1)
and one verifies that

N(rmas) = 980=) wrig (10.2.4)

it 2)?
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Using these facts, with the same sum over -, the above integral becomes

/ det (1. () /297 (15 (0)) (1 (), 1) 2
Zo(c’g)

X N (s (@) 2 3 IV (ra) 3 ey,
vy

:/Z( det(15(02)) /2L~ (1 (@) (1 (02), )2

z)

x N(vy(a:) 28 (o, s + D)dper, .

As noted above, the sum defining the Eisenstein series £(«, s) converges absolutely
for Re(s) > 1 so these formal manipulations are justified. O

We can now prove Theorem 10.1:

Proof of Theorem 10.1. By Proposition 9.5, we can assume that J C X(L) is a
type for L/E. By Lemma 10.3 and the discussion in Section 5.12.4, for s with
Re(s) > 0 we have

CNO8 (2(s + 1I)I(f,s) = coL(As(f ® 07 1), s + 1). (10.2.5)

where "
_ (dE/QNE/Q(dL/E)l/Q)S—l-QdE//QFE(k +(s+2)1)
= (4) (R -+ (EQ)(52) :

By Proposition 10.4, we therefore have

e L(As(f®07'),s+1) (10.2.6)
=) [ detles(a) T )it o), 570

x N(vg(e)) 28 (o, s + D)dper,

It follows from the analytic properties of the Asai L-function (see Section
5.12.4) and the absolute convergence of £(a, s) for s > 1 that both sides of (10.2.6)
are holomorphic functions of s in the half-plane Re(s) > 1. Moreover, the fact that
&(a, s) can be meromorphically continued to whole complex plane with a simple
pole at s = 1 (see [Hid5, Section 6] or [Hid6, Section 9.1 Theorem 1] or [Hid8])
implies the same is true of the right-hand side (we could have also applied the
results of [Ram?2] to come to this conclusion).

By (RES2) and the equation directly above it in the appendix of [Hid8] one
has
2[E:Q] -2, [EQ] g .

Res,—1C°% (25)& (@, 5) = N(¢s) "2|(Op /¢p) | dso
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where Rp is the regulator of E. Taking residues at s = 0 on both sides of (10.2.6)
we obtain

cal'g(k + 2)Ress—1 L(As(f @ 071), 5)

= / . detlus @) g @) ). D 2N o (0:) P

where s
_ NE/Q(C’E)QdE/QNE/Q(dL/E)
RE(47r){k+2}2[E:Q]—27T[E:Q]|(OE/CE)X|.

We now wish to apply Proposition 9.5 to relate this last integral to the pairing
([ws(f)], [Zo]) k- For this purpose we remark that in the case at hand the character
X072 is trivial when restricted to A%. This implies that the additional summation
over g; in Proposition 9.5 just multiplies the integral there by a factor. With this
in mind we see that

Cq

Tk + 2)Resom LAS(f © 671),5) = O [Ko(cl) : Kna(el)] ™ (fwa(D), [Zox
(10.2.7)
where (35 is defined as in Proposition 9.5.

We claim that if ((ws(f)], [Zs])x # 0 then f is a base change of a modular
form on E. In order to see this, note first that ([ws(f)],[Zs])x # O implies that
Ress—1 L(As((f ®071)),5) # 0. Write g = f ® 07! to ease notation. As recalled in
Section 5.12.4,

LPrie¥ (g x ¢, ) = L/ NO8)(As(g) @, s)L42/2(€NOE) (As(g), 5).  (10.2.8)

Let 7(g), w(f), etc. be the (unitary) cuspidal automorphic representations attached
to g, f, etc. With our normalization, LPi/e¢ (g x(g°),s) has a pole at s = 1 if and
only if the contragredient 7(g)Y satisfies m(g)" = n(g)° [JaS2, Proposition 3.6].
This implies that

m(f @) ) 2a(feo )
= 7r(f®¢971)v
=~ 7(f)@x 0.

Thus 7(f) ® (0°0)~1x = 7(f). It is easy to check that (8°9)"1x = Xy, SO We
conclude that 7(f°) 2 w(f). By the theory of base change [Lan], this implies that
f is a base change of a Hilbert modular form h on E. Thus our claim is proven if
we show that L(As(g), s) has a pole at s = 1 if and only if L4/2(¢N08) (Ag(g), s)
does. To prove this, we show that any pole s of L,(As(g), s) satisfies Re(sg) < 1.
Suppose that p 1 f(7(g)) N Og. Then for any prime B above p we have the well-
known estimate

N /o(B) ™ < Jaip(9)] < Npjo()'/?
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(see [Sha, (4.1.3)]). We note that one actually knows |a; 53(g)| = 1 by the Ramanu-
jan conjecture (see [Bla]) but we won’t need this. The absolute convergence then
follows from an elementary bounding argument. If p | f(7(g)) N O, then m(g) is
ramified, and in this case we have strong bounds on the B-power Fourier coeffi-
cients of g which easily imply the desired holomorphicity (see [She, Theorem 3.3)).

We now show that, under the assumption that ([w;(f~*)], Zo)x # 0, the
Hilbert modular form h on E whose base change to L is f has nebentypus Xg.
Its nebentypus is either Xg or Xgn. Suppose that the nebentypus of h is Xgn. By
Proposition 5.17, we obtain

Li/s(NOs) (Ag(f @ 07Y),s) = LA/s(NOB)(Ad(h), s) LIt/ 2CN08) (1) ). (10.2.9)
As proven above, the left-hand side has a pole at s = 1. On the other hand,
LdL/E(CmOE)(Ad(h)7S)CdL/E(CmOE)(S) _ LdL/E(cﬂOE)(h x (h® (XEn)fl)“g)

for Re(s) > 1. Since the pole of the right-hand side at s = 1 is simple [JaS2, Propo-
sition 3.6], it follows that Lz/=(c19e)(Ad(h), s) has no pole at s = 1, contradicting
(10.2.9).

Now assume that f = T is the base change of a Hilbert modular form h on
E with nebentypus Xg. In this case (10.2.7) and Proposition 5.17 imply that

el gk + 2)Res,—1¢92/5% (5) L42/580O8 (Ad(h) @ 1, 1) Ly (As(f ® 671), 1)
= C5 ' [Ko(cy) : Ki1(cig)] " (ws ()], [Zo]) k

where b" =[] sia,,, p. Using the definition of the adjoint Gamma factors from
PHONOE
Section 5.12.3 we see that this implies

ey L*42/20098 (Ad(h) @ 1, 1) Ly (As(f ® 071), 1) = ([ws(f)], [Zo]) k- O






Chapter 11

Eisenstein Series with Coefficients
in Intersection Homology

Thus far we have ignored classes in I mHi[nLV:Q] (Xo(c), L(R, x0)) and their Poincaré
duals in intersection homology. We now take up the study of these classes. We will

assume throughout this chapter that the following conditions hold:

e We have that = = (0,m) € X(L) for some m = [m]1 € ;Z1.

® X0 = Xtrivo, Where Yiriv is the trivial character.

As stated in Section 7.2, the group ImHi[nLV:Q] (Xo(c), L(R, x0)) is zero unless these
conditions hold, so these assumptions are loss of generality. We also continue to

assume the notational conventions of Section 8.1.

11.1 Eisenstein series

It turns out that the formal Fourier series associated to certain elements of

[L:Q] ~

ImHinV (XO(C)7 [’(Kv XO))
are Eisenstein series with coefficients in intersection homology. In order to make
this precise, we first set notation for certain Eisenstein series. For each ¢g C Op
and character ¥ : EX\Aj — C* that is trivial at the infinite places and whose
conductor divides c¢g, let

be the Fourier series given by

Wlas Y 0ty 9(€yDE/0)ax(Ex, EY)-

¢cEX
£>0
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Homology and Quadratic Base Change, Progress in Mathematics 298,
DOI 10.1007/978-3-0348-0351-9_11, © Springer Basel 2012



180 Chapter 11. Eisenstein Series with Coefficients in Intersection Homology

Here for each ideal ¢y C Op, the function oy , is defined on the set of fractional
ideals of E by setting

vca  9(a/b)Ngg(b)! =" if a is integral

>

/ ’

g ,ﬁ(a) =0 9 (CL) = a/b+cp=0pg
) o 0 otherwise.

In the definition of o, 4, the sum is over integral ideals. We have also commit-
ted a standard abuse of notation, in that whenever we wrote ¥(b) for some ideal
b C O we should have written ¥(b) for some idele trivial at the infinite places
and the places dividing ¢; whose associated ideal is b. This is well defined by the
assumption that the conductor of 9 divides c¢g.

The following proposition is well known:

Proposition 11.1 (Shimura). Let cg C Og. If cg # Opg, then
€l € Mo,m)(Ko(er), D).

One can obtain this proposition, for example, from the results contained in [Hid5,
Section 6]) after twisting by an appropriate power of | - |4, (see also [Shim4,
Proposition 3.4] and [Hid6, Theorem 1, Section 9.1]).

11.2 Invariant classes revisited
Let ¢ C Op, be an ideal. In (7.2.4) we defined
I™H{™(Xo(c), £((0,7), X0))
to be
25 | @ H' (9, Kooi C @ L((0,7), Xerivo)) | »

é

the sum is over ¢ = y odet : G(Q)\G(A) — C* such that the quasicharacter x
is unramified at all finite places and satisfies Yoo (boo) = b2. We now make this
space more explicit. For each subset J C ¥(L), consider the differential form on
h>(L) given by
vy = /\ y;Qdmg Adygs.
oelJ

Then, by [Har, Section 3.2], we have
H2i+l(ga Kooa (C¢ & L((Oa ﬁ’l;), XtrivO)) =0

and
H2!(g, Kooi €6 @ L((0, ), xurivo)) = (vs @ &1 1] = ).
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11.3 Definition of the V, . (m)

Let xg : EX\Aj — C* be a quasi-character satisfying x g (b ) = b3". We assume
for simplicity that

xE = X for some quasi-character X : EX\A} — C*

We assume moreover that xgoNp g is unramified at all finite places. Fix an ideal
¢ C Op. For any J C 3(L) of order [L : Q]/2 set

VJ = Z§ (’UJ (39 (XE o NL/E ] det)) S ImH[L:Q] (Xo(C),;C(//%, XtrivO))~ (].].3].)
We wish to define classes Vi, (m) in analogy with the definition in (8.3.3).
Let m C Op. If m = Ny /g(m’) for some m’ C Or, m +dy/g(¢cNOf) = O,
define Vj,(m) := fCaXE (m).Vy, otherwise, define V. (m) =0.
Here 7,

cmxs (M) is the Hecke operator introduced in Section 8.2.

11.4 Statement and proof of Theorem 11.2

Assume as above that xg : EX\Aj — C* is a quasi-character such that yg = X2
for a quasicharacter x; : E*\Aj — C*. We assume moreover that xg o Ny p is
unramified at every finite place and that xg(bes) = b". Suppose k = (0,m) €
X(L) and ¢g C Or. Choose an auxilliary ideal b’ C Op such that b’ # Op if
(¢cNOg)dr/p = Op, and set ¢g := b'(¢NOp)dyp. Finally assume that J C (L)
has order [L : Q]/2 and define

1
QVJ7XE7B =V;® 2 (ESEJ ® X/En + ESEJ ® X/E)
€ IMH{}y (Xo(c), L(, x0)) ©® My (Ko(N'(¢)), X&)

Here N7(¢) := dp/p(cN Og)3b’, and the twisting operator ®x; was defined in
Proposition 5.11.
The main result of this chapter is the following:

Theorem 11.2. If m+ cg = O and m is either a norm from Or or n(m) = —1
then the mth Fourier coefficient of ®v, yp6 @8 Viyp(m).

Remarks.

(1) In analogy with Theorem 8.3, Theorem 11.2 admits a generalization where
1™ Hip.q)(Xo(c), L(F, X))

is replaced by an arbitrary Hecke module. We omit the (straightforward)
details.

(2) The auxilliary ideal b" was introduced for simplicity so that we always work
with an Eisenstein series that does not have a constant term at oo.
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The notion of the degree of a Hecke operator will be useful in the proof of
Theorem 11.2. For any Z-algebra A C C we recall the homomorphism

deg: T,z A— A
defined by letting deg(Ko(c)vKo(c)) be the number of summands in a decompo-
sition
deg(Ko(¢)vKo(c))

Ko(e)yKo(c) = > i Ko(c)

i=1
for some 7; € R(c) and extending A-linearly. See [Shim1] for a proof that deg is
well defined and is an algebra homomorphism. One can check! that

deg(Te(m)) = 0%, (m) := 0%, 1,y (m), (11.4.1)

where by the subscript 1 we mean the trivial character and we define the function
o for ideals of Op, as we did for ideals of Of in Section 11.1 above.

Proof of Theorem 11.2. We must show that if n+c¢g = O and n(n) = —1 or n is
a norm from Op, then

X&)
Vixe(®) = 2577 (0ot 1 (0) + 00,1 (0) Vs (11.4.2)
If n(n) = —1 this is obvious, so we assume that n is a norm from Oy, for the

remainder of the proof. We defined T\cﬁxE multiplicatively, so it suffices to prove
(11.4.2) for prime powers.
Suppose that p C Opg is a prime coprime to d,g(c N Og)b splitting as
p ="PP in Or. Then we have
Vine (") i =Tep(0")Vy = Xp(NL/e(P")) deg(Te(B"))) Vs
= Xe(®)oe 1 (B)Vs = xp( o, 1(0")Vs

Tt is easy to see that (11.4.2) in the case n = p” follows from this.
Now assume that p C O is a prime coprime to dr,/g(c N Og)b that is inert
in L/E (we denote by B the integral closure of p in Oy,). We have

Vi (077) = Tep (0°). Vs
=T(PB") Vs + xe(P)Ng/o®)T(B ).V,
= Xp(NL/p(B")) deg(T(B"))Vs
+xE(P)NE/QP)XE(NL/p(B 1)) deg(Te(B")Vy
(XE(®*)oe 1 (B7) + (KB P)NE@)XEe®* ™ 2)or (BH) Vs
ZXE(P )USEJ(P%)VI
This implies (11.4.2) in the case n = p?" for inert p. O

1See [Bu, (6.4) p. 494] for the case of T¢(p) when p { c.



Appendix A

Proof of Proposition 2.4

A.1 Cellular cosheaves

Let K be a finite regular cell complex. A cellular cosheaf' is a gadget E that as-
signs to each cell ¢ € K an R module E,, and to each face 7 < ¢ a homomorphism
®,, : E, — E. such that whenever 7 < w < o are faces we have ®,, = ®,,,0D,,,.
Thus, E is a contravariant functor from the category (which we also denote by
K) whose objects are the cells of K and whose morphisms 7 — ¢ are inclusions
of faces 7 < . A simplicial local system is a cellular cosheaf such that all the
homomorphisms &, are isomorphisms.

An elementary r chain with coefficients in a cellular cosheaf E is an equiv-
alence class of formal products ac where ¢ € K is an r-dimensional cell and
a € E,, modulo the identification aoc ~ (—a)o’ where ¢’ is the same cell but with
the opposite orientation. The chain module C,.(K, E) is the collection of all finite
formal linear combinations of elementary cellular r chains. The boundary of an
elementary r chain ac is

d(ao) = Z D, (a)T

where the sum is taken over those 7 < ¢ of dimension r — 1.

Let H,.(K,E) be the homology of the complex C,(K,E). It is called the ho-
mology of K with coefficients in the cosheaf E. If K’ is a (finite) refinement of K
then the cosheaf E on K determines a cosheaf E’ on K’ by declaring E' (o) = E(1)
where o € K', and 7 € K is the unique cell containing the interior ¢°. Then re-
finement determines a natural injection C,.(K,E) — C,.(K',E').

If o is a cell in a convex linear cell complex K and if ¢ € ¢° is a point in
its interior, define the stellar subdivision of K with respect to & to be the convex

IRecall that every simplex ¢ has a canonical open neighborhood, namely the open star St°(c) of
o. The reason for the terminology “cellular cosheaf” is that if 7 < o then the open stars satisfy
the reverse containment: St°(a) C St°(r).
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linear cell complex in which the cell ¢ has been divided into the collection of cones
o*7 (where 7 varies over the cells in o), together with the zero-dimensional cell 7.

This definition differs slightly from that in some other texts such as [Hud].
Even if K is a simplicial complex, the resulting subdivision K’ is only a cell com-
plex. The first barycentric subdivision of K may be obtained by starring (i.e.,
taking the stellar subdivision) with respect to all the simplices of K in order of
increasing dimension.

Proposition A.1. Let E be a cellular cosheaf on a convez linear cell complex K and
let K" be a refinement of K with corresponding cosheaf E'. Then the refinement
mapping induces a canonical isomorphism

H,(K,E) = H,(K',E)
for all r.

Proof. (Most of the classical proofs of the invariance of homology under subdi-
vision are either very complicated, or else they do not work in this setting.) Let
us consider the case that K’ is a stellar subdivision of K with respect to a single
barycenter ¢ € o° of a cell of dimension r. In this case, we need to show that
the homology of the quotient complex D, = C.(K',E')/C.(K,E) vanishes. Let
L denote the subcomplex of K corresponding to do. For j # 0,r the quotient
D; = C;(K',E)/C;(K,E) may be identified with the group C;_1(L,E,) (with
constant coefficients), while Dy = E, and D, = C,_1(L,E,)/E,, this last being
the quotient under the diagonal embedding E, — C,_1(L, E,). In other words,
the complex D, is the chain complex (with constant coefficients) for the r — 1-
dimensional sphere, augmented in degrees 0 and 7, so H,(D,) = 0 for all r.

The stellar subdivisions of K form a cofinal system in the directed set of all
finite refinements of K, so we conclude that the homology H, (K, E) is invariant
under refinement. O

We remark for completeness that a simplicial sheafis a covariant functor from
the category K to the category of R-modules. The cohomology of a simplicial sheaf
is defined in a way that is dual to the homology of a cosheaf.

A.2 Proof of Lemma 2.3

Let K be a regular cell complex, L a closed subcomplex, set X = |K| and
Y = |K| —|L| with i : Y — X the inclusion mapping. Let E be a local coef-
ficient system on Y. Then we obtain a cellular cosheaf #/EE on X which assigns to
any cell ¢ € K the group

E, ifo°CY

0 otherwise.

(o) = {
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It follows immediately from the definitions that the chain groups C,.(K,i/E) =
CX(Y,E) are identical, hence H,(K,iE) = HX(Y,E). Proposition A.1 then im-
plies that the cellular Borel-Moore homology groups HX (Y, E) are invariant under
(finite) refinements, which proves Lemma 2.3. O

A.3 Proof of Proposition 2.4

In this section, K is a finite convex linear cell complex, L is a closed subcomplex,
X =|K|,Y = |K| - |L|, and E is a local coefficient system (of R modules) on Y.
Set A = |L| C X. We have a triangulation T of Y (with infinitely many simplices)
that refines K and we wish to consider the map on homology that is induced from
the injection CX (Y, E) — CBMT(Y, E) — CEM (Y E).

First let us consider the case that E extends as a local system over all of
X. Then the chain group CX(Y,E) is canonically isomorphic to the quotient
group C;(K,E)/C;(L,E), since both complexes have bases that are indexed by
i-dimensional simplices 0 € K such that o ¢ L, in other words, such that ¢° C Y.
It is also easy to see that the boundary homomorphisms are compatible with
this isomorphism, hence HX(Y,E) = H,(X, A;E). On the other hand, the map-
ping C.(K,E)/C,(L,E) — CPM(Y,E) also induces an isomorphism on homology,
which may be checked by building up X from A, one simplex at a time.

Now consider the general case, when F does not necessarily extend as a local
system over X. By taking the barycentric subdivision if necessary, we may assume
that K is a simplicial complex and that L is a full subcomplex, meaning that if o is
a simplex of K and all its vertices are in L then o € L. Let M be the subcomplex
of K consisting of simplices that are disjoint from A = |L|. Then M is also a full
subcomplex of K (for if o is a simplex of K whose vertices are in M, then the
simplex o is disjoint from A so it lies in M). Let us now consider the simplices
of K that are neither in M or L. The vertices of such a simplex ¢ fall into two
classes: those in L and those in M. Thus we have isolated two faces 7, € L and
T € M of o such that o = 7 * 757 is the join of these faces. In other words,
every point x € o lies on a unique line segment [, with one endpoint in 77, and
the other endpoint in 7ps. In this way, the mapping |L| — {0} and |M| — {1}
extends uniquely, linearly, and continuously to a simplicial mapping f : X — [0, 1].
(See, for example, [Mun| Lemma 70.1, p. 414.) Let us denote by Xg = f~1(9) for
any subset S C [0,1]. Then Y = X{q ;). The simplicial mapping f is necessarily a
product mapping over the open interval (0,1). We obtain in this way a “collaring”
Xo,1) = X{;} x (0, 1) of a neighborhood of infinity.

It follows that there is a piecewise linear homeomorphism Y — X 0,1) which
then induces canonical isomorphisms

HPM(Y,E) — HPY (X, 1), E) = H. (X 1}, X{11: B) (A3.1)

since E extends across X (1}
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We now wish to make a similar identification of HX (Y, E).

Let us refine the interval [0, 1] by adding a vertex {}}, and then refine K into
a regular cell complex such that f~( é) is a subcomplex: each simplex o = 7 * T
is decomposed into two cells, oN f~1([0, 5]) and oNf~*([}, 1]) whose intersection is

the cell oN f~1(3). Let K’ denote this (cellular) refinement of K and let C*TK’ (Y,E)

M L
~ =~ \ =~
°
\
\
TL
‘ g
TM¢ : [
f
v
° ° °
0 ! 1

Figure A.3: Decomposing simplices of K

be the cellular Borel-Moore chains on Y with respect to this pseudo-cellulation K !
of Y. The chain group decomposes into three subgroups Cf(/ (YE)=A,9B,aC,,
each of which consists of formal linear combinations of r-dimensional cells ¢ € K’
with 6% C X{g 1 in case Ay, with ¢ C X1y in case B;, and with 0° C X(; ;) in
case C,.. The boundary homomorphism decomposes as follows.

Ar—i—l S Br+1 S Cr+1

A\ A Y A \/

Ay D B, D Cr

Each cell in C, is the product of a cell in B,_; with the open interval (%, 1) so
the subcomplex B @ C' is acyclic. Hence the left arrow in the following diagram
induces an isomorphism on homology groups. The right arrow in this diagram is
an isomorphism of chain complexes:

A®B®C —— (A®@B®C)/(B&C) «+—— (A® B)/B

Altogether, we obtain a canonical isomorphism
HX'(Y,E) 2 H.(A& B/B) = H.(X[ 1}, X1; E).

Combining this with the isomorphisms of Lemma 2.3 and equation (A.3.1) gives
the desired isomorphism

HX(Y,B) = B (V,E) = HPM (Y, E). 0



Appendix B

Recollections on Orbifolds

If a compact group acts with finite isotropy on a smooth manifold, then the quo-
tient space is an orbifold. The singularities in such a space are “mild” in that it is
possible to develop a theory of differential forms on such a space which supports the
theorems of Stokes and de Rham. In this section we review the definition and basic
properties of orbifolds, or V-manifolds, as described in [Sat], [ChR], and elegantly
reformulated in [MP]. A good general reference is [Adem)]. See also [Kaw], [Bai], and
[Mo2]. Although none of this material is new, we have filled in some technical de-
tails, particularly with respect to refinement of an orbifold atlas. As a consequence,
several hypotheses appearing in [Sat], [Kaw], and [ChR] may be omitted from the
definition of an orbifold. There are slight differences among the various definitions
and terminologies. The orbifolds considered here are reduced in the sense of [ChR].

B.1 Effective actions

Let G be a finite group of diffeomorphisms of an n-dimensional connected manifold
M. Assume the action is effective: every element g € G acts non-trivially except
for the identity element 1 € G. Write g - m for the action of g € G on m € M and
let dg(m) : T, M — T,.., M be the differential of this mapping. For each m € M
let G,,, C G denote the isotropy group of G, and for each g € G let M9 denote
the set of points in M that are fixed by g. A choice of G-invariant Riemannian
metric on M determines a system of geodesics on M such that the exponential
mapping is G-equivariant in the sense that the following diagram commutes over
some neighborhood W, of the origin in T}, M :

TnM —— Ty, M
dg(m)

x| [e (B.1.1)

M — M
g

187
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See [Koba, Section VI Proposition 1.1 and Section IV Proposition 2.5]. This has
several immediate consequences.

(A) For any g € G the fixed point set MY is a union of smoothly embedded closed
submanifolds of M.

For if g - m = m then there exists a neighborhood U,, of m such that M9 NU,, =
exp(V) where V = {v € T, M| dg(m)(v) = v} N W,, is an open set in a vector
space.

(B) Let g € G. If there exists a point m € M9 such that dg(m) : T,M — T, M
is the identity mapping, then g = 1.

For, if dg(m) = I then g fixes a whole neighborhood of m. Therefore the set of
points y € M such that dg(y) = I is both open and closed, so g acts trivially on
M. Since the action is effective, g = 1.

(C) The set M? of points on which G acts freely is open and dense in M.

In fact M? is the complement of the finitely many closed submanifolds M9 (for
g # 1), each of which has codimension > 1.

Lemma B.1 ([MP]). Let M’ be another connected n-dimensional manifold with
an effective action by a finite group G'. Let i : M/G — M'/G’ be an embedding.
Suppose [ : M — M’ is a smooth embedding which covers the mapping i. Then

(1) There exists a unique mapping A : G — G’ such that f is equivariant with
respect to A (meaning that X(g) - f(m) = f(g-m)).

(2) The mapping X is an injective group homomorphism. Its image is
Im(\) ={g' € G'| ¢ - f(M) = f(M)}.

For each m € M the mapping X induces an isomorphism of isotropy groups
Gm = G-

(3) If there exists ¢’ € G’ such that f(M)Ng' - f(M) # ¢ then f(M) =g - f(M)
and g’ is in the image of \.

(4) If h: M — M’ is another smooth embedding that covers the same embedding
i then there exists a unique g¢' € G’ such that h(m) =g’ - f(m) for all m.

Let Mg be the category of n-manifolds with finite symmetry. An object
in Mg is a pair (M, G) where M is a smooth connected n-manifold and G is a
finite group acting effectively on M. A morphism (M, G) — (M’,G’) is a smooth
equivariant open embedding f : M — M’ which induces an open embedding i :
M/G — M'/G’. In this case we say that the embedding f covers the embedding i.

Proof of Lemma B.1. We will prove (4) first. Assume we are given mappings f, h :
M — M’ which cover the mapping i. If M° and (M’)° denote the subsets on which
G and G’ act freely then the set W = M f=1((M")°)Nh~1((M")°) is open and
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dense in M; the projection 7 : W — W/G is a smooth unramified covering; and
the restriction i : W/G — (M’)°/G" is a smooth embedding of smooth manifolds.
Fix a point mg € W. Then f(mg) and h(my) lie in the same fiber (7)1 (im(mo))
where ' : M’ — M'/G’ is the projection. Therefore there is a unique g} € G’
such that h(mg) = g} - f(mo). We will show that h(m) = g - f(m) for all m € M.

From covering space theory we know that h(m) = g{ - f(m) for all m in
the connected component of W that contains the point mg, and this equality also
holds in the closure of this connected component. The same remarks apply to
every connected component of W. Let Wy denote the union of those connected
components of W such that h(m) = g f(m) for all m in the closure Wq of Wj.

Recall that W is the complement of a finite collection of closed submanifolds
of M having dimension < n — 1. Choose a point m; € M on one of these subman-
ifolds that separates the region Wy from some other region, say Wi, for which the
corresponding group element ¢f # g;.

Choose a G'-invariant Riemannian metric b(-,-) on M’ and consider its pull-
back f*(b) to M. This is a smooth metric on M and its restriction to W is the
pullback f*(b) = 7*i*(b) of a smooth metric b on M°/G’. Therefore f*(b) is G-
invariant on W so by continuity it is G invariant on all of M. Similarly, the metric
h*(b) coincides with f*(b) on W so they coincide everywhere, and h is also an
isometry. By [Koba] Section VI Proposition 1.1 we again have a diagram which
commutes over some neighborhood of the origin in 7}, M:

TmlM EEEEE— Tf(ml)M’

d(ghF)(m)
expl lexp
M —— M’ (B.1.2)
go'f

ﬂl l“’

M/G — M/G

and there is a similar diagram for h. On the one hand h(m) = g, f(m) for m in the
region Wy (hence dh(my) = dg(,odf (m1)) but on the other hand h(m) = g} - f(m)
for m in the region W1 (hence dh(m) = dg} odf (m1)). Therefore the group element
(g7) g} fixes the point f(m;) and acts on T,,,, M’ by the identity mapping, so by
(B) above, g = ¢{,- In summary, the set of points m where h(m) = g{,- f(m) is both
open and closed, hence h = g f. This completes the proof of part (4) of the lemma.

To prove part (1), let us return to the original basepoint mg € M. Since G
acts freely on mg and since G’ acts freely on f(myg), for any g € G there is a
unique element, call it A(g) € G’ such that f(g-mg) = A(g)- f(mo). The mappings
m > f(g-m)and m +— A(g)- f(m) both cover the mapping ¢ and they agree at the
point mg so by the preceding paragraph, they coincide everywhere. Moreover this
implies that f(g1g2-m) = A(g1)- f(g2-m) = Mg1)-A(g2)- f(m) which proves that A
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is a group homomorphism. It is clearly injective: if A(g) = 1 then f(gzo) = f(z0).
But f is an embedding so gxg = xo hence g = 1. This proves part (2).

For part (3), suppose f(M)Ng' - f(M) # ¢. Then the set f~1(g' - f(M))
is open and non-empty. Since M is dense in M there exist mi, mo € M° such
that f(m1) = ¢’ - f(mz). It follows that w(m;) = w(m2) so there exists a unique
g € G such that ms = g - my. The embeddings m — f(g-m) and m — ¢’ - f(m)
agree at the point m; so they coincide. Therefore ¢’ = A(g) and hence ¢'- f(M) =
f(g- M) = F(M). D

This lemma allows us to remove several hypotheses in [Sat] and [Kaw] con-
cerning the definition of an orbifold.

B.2 Definitions

Throughout the remainder of this appendix, fix a locally compact Hausdorff space
X and a regular, commutative Noetherian ring R (with unit) of finite cohomo-
logical dimension (e.g., a principal ideal domain). An R-orbifold chart (also called
a local uniformization) on X is a collection C = (U, M, G, ¢) where U C X is a
connected open subset, (M, G) is an object in M g such that every rational integer
dividing |G| is invertible in R, and ¢ : M — X is a continuous G-invariant mapping
which induces a homeomorphism ¢ : M/G — U C X onto an open subset U of X.
Suppose C = (U, M,G,¢) and C' = (U',M',G’,¢') are charts such that U C U’.
We say these charts are compatible, and we write C — C’, if there exists a morphism
f:(M,G) — (M',G') in Mg that covers the inclusion i : U — U’. In this case we
also write f : (U, M,G,¢) — (U, M',G',¢') and we refer to f as an embedding of
charts or as a morphism of charts. By Lemma B.1 such a morphism f : M — M’,
if one exists, is uniquely determined up to the action by elements of G'.

Let us say that an open covering U of X is good if each U € U is connected
and if U is closed under pairwise intersections: if Uy, Us € U and U; NUs # ¢ then
U nNnU;el.

Definition B.2.1. An R-orbifold atlas 31 on X consists of a good open cover U and
an assignment, for each U € U of an R-orbifold chart (U, M, G, ¢) over U, such
that: if U C U’ are elements of U then the charts (U, M, G, ¢) and (U, M', G, ¢')
are compatible. We say that il is an orbifold atlas over the cover U.

We use this somewhat restrictive notion of a “good” open cover, which re-
quires all pairwise intersections U N U’ to be connected (or empty), in order to
facilitate the proof of Proposition B.3 below. However this condition may be weak-
ened to the more standard, but equivalent condition

o If U,U' € U and if x € U N U’ then there exists V € U such that z € V C
unu'.

In fact, any open cover of an orbifold X admits a “good” refinement [Mol].
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Remark. If X admits a R-orbifold atlas then X is a R-homology manifold.

One annoying aspect of these definitions is the fact that, given an R-orbifold
atlas and an arrangement of open sets sets in U,

U1 —>U2

Lo

Us —— U,

it may be impossible to choose the morphisms so that the corresponding diagram

commutes:
(M1,G1) —— (M2, G2)

l l

(Mg, Gg) —_— (M4, G4)

Consequently some constructions become quite difficult when using the definition
of orbifold as given in [Kaw].

On the other hand, suppose Uy C Uy C Us are open sets in X and suppose R-
orbifold charts C; = (U;, M;, G;, ¢;) are given over each of these (with 1 <14 < 3).
Tt is easy to see that if C; — Co (meaning that these charts are compatible) and
if Co — C3 then C; — C3. Moreover we have the following:

Lemma B.2. Let Cy,Cs,Cs be charts with Uy C Us C Us as above. Suppose C; — Cs
and CQ — Cg. Then Cl — CQ.

P?”OOf. Let f1 : (Ml,Gl) — (Mg,Gg) and f2 : (MQ,GQ) — (Mg,Gg) be HlOI‘phiSmS
that cover the inclusions U; C Us and Us C Us respectively. Let M{’ be the set of
points m such that Gs acts freely on fi(m), cf. Lemma B.1 part (2). Then there
exists g3 € G5 such that gg-fl(m) S f2<M2). We claim that gg'fl(Ml) C fQ(MQ),
from which it will follow that f; ' o (g3 - f1) : My — My is a morphism covering
the inclusion Uy C Us.

From the theory of covering spaces we know that fo(Msz) contains the image
g3 f1(My) of the connected component M of MY that contains the point m. So,
just as in the proof of Lemma B.1 we must consider the behavior of the mapping f3
at a point m; € M; that separates several regions of M. A choice of G-invariant
Riemannian metric on M3 determines Gj-invariant Riemannian metrics on M;
(for 7 = 1,2) and we have a diagram which commutes in some neighborhood of
the origins,

Ty My SE2, Ty My

expl expl lexp

M1 — Mg — M2
g3-f1 f2

df2(m2)
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where m3z = g3 - f1(m1) and mg = f; *(m3). Since dfs is an isomorphism, g3 - fi
takes a whole neighborhood of z; into the image, f2(Ms). Therefore the set of
points in M; that are taken by g3 - f1 into fo(Ma2) is both open and closed in Mj.
This proves the claim, and hence completes the proof of the lemma. O

B.3 Refinement

A good open covering U of X is said to refine a good open covering U’ if every
U € U is contained in some U’ € U’. An R-orbifold atlas 4 over a good open cover
U is said to refine an R-orbifold atlas U’ over a good open cover U’ if U refines U’
and if the chart (U, M, G, ¢) is compatible with the chart (U’, M’, G’, ¢') whenever
U € U is contained in U' € U'.

Proposition B.3. Let U,U’ be good open covers such that U refines U'. Let 1" be
an R- orbifold atlas over U'. Then there exists an R-orbifold atlas over U that
refines .

Proof. For each U € U choose a chart (U, M',G',¢') in Y’ such that U C U’.
Choose a connected component M of the fiber product FP =U xy M’ :

FPp —— M’

ﬂ ld/
v —— U

The group G’ acts on F'P so we may define G = {¢’ € G'| ¢'(M) = M} . Since this
is a subgroup of G’, we have that every rational integer dividing |G| is invertible in
R. We claim that these choices {(U, M, G, ¢)| U € U} form an atlas U that refines
the atlas LU’

First we must show that the charts

C1 = (U, My,G1,¢1) and Cy = (Uz, M2, G2, ¢2)

are compatible whenever U; C Us are elements of U. Let C{,C} be the charts in I/
that were associated to Uy and Us respectively, and let C, be the chart correspond-
ing to U] NU4 € U'. Consider the diagram of inclusions and chart compatibilities,

Uy UiNU, - U Cr 3z Cia ~ G5
A A A A
U, - Uy Ci - Cy

Applying Lemma B.2 to Uy C Uj N U, C U gives C; — Cf5. Applying the same
lemma to Uy C Us C UJ gives C; — C2 as needed. Therefore 4 is an atlas. To show
that it is a refinement of {1’ we need to prove that the chart C = (U, M, G, ¢) in il is
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compatible with chart C; = (U, M{, G}, ¢}) in &' whenever U C Uj. For this pur-
pose let C) = (U}, M}, G5, ¢4) be the chart in 4’ that was associated to U during
the construction of the atlas {(. Then there is a chart C1, = (U;NUS, M1y, Ga, ¢12)
in Y’ that lies over U] N U3 so we have a diagram of inclusions and compatibilities,

U Uinu; Cy = 12
A < A <
\ \4
U - U c c

Lemma B.2 applied to U Cc Uj NUS C Uj implies that C — Cijy — Ci as
claimed. 0

Definition B.3.1. An R-orbifold structure on X is an equivalence class of R-
orbifold atlases, two being equivalent if they have a common refinement. The
orbifold is orientable (resp. complez) if, for each chart (U, M, G, ¢) the manifold
M is orientable (resp. complex) and the action of G on M is orientation pre-
serving (resp. holomorphic). The orbifold is subanalytic if X is a subanalytic set
and for each chart (U, M, G, ¢) the manifold M is subanalytic, the group G acts
subanalytically on M, and the mapping ¢ : M/G — X is subanalytic.

The word “orbifold” replaces “R-orbifold” if the ring R is understood. Notice
that any R-orbifold is automatically a Q-orbifold, though not conversely.

B.4 Stratification

Let (U, M,G, ) be a chart on X. Decompose M into strata according to the
isomorphism type of the isotropy groups, that is, if H is a finite group, set

My = {me M| G, = H}.

It follows from (A) in Section B.1 that My is a disjoint union of smoothly embed-
ded submanifolds of M. (Its connected components may have varying dimensions.)
The group G preserves My so if m € My then ¢~1(¢(m)) C My. The projection
My — My /G is a local diffeomorphism so the quotient My /G is also a union of
smooth manifolds. The open dense subset on which G acts freely is M = My It
f:(UM,G,¢)— (U, M, G, ¢) is an embedding of charts then G}(m) =ANGn)
for all m € M (where A\ : G — G’ is the injection from Lemma B.1). Hence
f(Mpy) C Mj; and ¢(My) C ¢ (M}y) so we may define

Xu = Jo(Mn)
C
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where the union is taken over all charts C in an atlas. Then each connected compo-
nent of Xy is a smooth manifold, topologically embedded in X; the sets Xy and
Xy are disjoint if H # H’, and the subset X° = |J. #(M?) is open and dense in X.

Proposition B.4. There exists an embedding of X into Fuclidean space so that the
decomposition of X into connected components of the various X g forms a (locally
finite) Whitney stratification of X. The topological space X can be triangulated so
that the closure of each stratum becomes a closed subcomplex.

Proof. The quotient of a finite-dimensional real vector space V under the action
of a finite group can be embedded as a semi-analytic subset of Euclidean space
so that the decomposition into strata Vi satisfies the Whitney conditions. Every
Whitney stratified subset of a manifold can be triangulated so that the closure of
each stratum is a subcomplex. These two facts can be used to prove the Propo-
sition. Details for the embedding results may be found in [Bie], [Sja, Section 6],
[Schwa] [Pro], [Ma2], [Cu]. Details for the triangulation results may be found in
[Mol, Section 1.2], [Ya], [Grel]. O

B.5 Sheaves and cohomology

In the next few paragraphs we recall the definition of the cohomology of an R-
orbifold, and [Sat] the complex of differential forms that may be used to compute
it provided R = R or R = C. In general, the cohomology (in the orbifold sense) of
an orbifold X differs from the (singular) cohomology of the underlying topological
space X. But if the coefficient ring is the rational or real numbers, then these
coincide.

Suppose a finite group G acts on a smooth manifold M with orbit space
m: M — M/G. A G-equivariant sheaf, or G-sheaf (of R-modules) F on M is a
sheaf together with an isomorphism ¢4 : g*(F) — F for each g € G, such that
®g 0 g*(én) = ¢ng for all g,h € G. The category of G-sheaves is abelian and it
has enough injectives. An equivariant section s : M — F is a section such that
¢g(s(g-m)) = s(m) for all m € M and g € G. Let I'¢(M,F) denote the abelian
group of equivariant sections. The equivariant cohomology is the right derived
functor, H:, = R'T'g. Thus, if F is a G-sheaf on M then H} (M, F) is obtained
as the cohomology of the complex of global invariant sections of any resolution
F—1I' - TI' - ... by injective G-sheaves.

Let EG be a universal space for G with corresponding classifying space
BG = EG/G. An equivariant sheaf F on M pulls up to an equivariant sheaf on
EG x M and it passes to a sheaf, which we denote by f‘, on the Borel construction
EG xg M. There is a natural isomorphism

HL(M,F) = H'(EG x¢ M, F).
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Suppose A is a module over a ring in which |G| is invertible and suppose G acts
linearly on A. This action determines a locally constant sheaf (or local system)
A = EG x¢ A on BG. The resulting cohomology is the group cohomology ([Weib]
Prop. 6.1.10),

AG fori=0

) (B.5.1)
0 otherwise

HY(G, A) = H;({point}, A) = H(BG,A) = {
where A denotes the submodule of invariants in A.

For any G-sheaf F on M the group G acts on the push-forward 7. (F) and
we let

F = 7.(F)¢

be the sheaf of invariants. It is the sheafification of the presheaf whose sections
over an open set U C M/G are I'g(r~1(U),F). If y € M and if G, denotes the
isotropy group at y then there is a natural identification, Ff” =2 F
the Gy-invariants in the stalk F,, and the stalk of F at 7(y) € M/G.

If G acts freely on M then F = 7*(F) and H}(X,F) = H'(X/G,F). But
if G acts with nontrivial isotropy on X then H} (X, F) is usually non-zero (but
torsion) for infinitely many values of i. However if |G| is invertible in the coefficient
ring then we regain an isomorphism between the two cohomology groups:

=(y) between

Proposition B.5. Suppose a finite group G acts on a smooth manifold M. Let F
be a sheaf on M of modules over a ring R in which |G| is invertible. Then there
s a natural isomorphism

H'(M/G,F) = H,(M,F).
Proof. Let y € M. The mapping q : EG xg M — M/G has for its fiber over the
point 7(y) the classifying space EG/G, = BG, of the stabilizer group G,. The
restriction of the sheaf F' to this fiber is the locally trivial sheaf corresponding to
the representation of G, on the stalk F,. The stalk of R%q,(F) may therefore be

identified with H*(G,,F,). So the Leray-Serre spectral sequence for the map ¢
has, as its Ey page,

E3Y = HY(M/G, Rq.(F)) — H&(M,F).

By equation (B.5.1) this cohomology sheaf vanishes for b # 0, while H*(G,, F,) =

F, is the vector space of invariants, F)C,; Y. So the natural morphism F — R%q,(F)
is an isomorphism of sheaves.

O

Let X be a locally compact topological space with an R-orbifold atlas &l.
Recall from [MP] for example, that a sheaf F on the R-orbifold X is a choice, for
each chart (U, M, G, ¢), of a G-sheaf Fy of R-modules on M, and an isomorphism
Yy : f*(Fu) — Fu of G-sheaves of R-modules whenever f : (U, M,G,¢) —
(U',M',G,¢') is an embedding of charts. The morphisms 1 ; are required to be
compatible: Yy = )y if f, f' are composable morphisms.
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A section s of the sheaf F is a choice of invariant section sy € T (¢~ 1(U),Fu)
in each chart (U, M, G, ¢) which are compatible: ¢ o f*(s’) = s for each mor-
phism f : (U,M,G,¢) — (U',M',G",¢') and section s’ € T'a/(¢~1(U’),Fu),
s € Tg(¢7'(U),Fuy). In other words, the sections I'(X,F) (in this R-orbifold
sense) are precisely the sections I'(X, F) (in the topological sense) of the sheaf F
which is obtained from the presheaf of invariant sections in each chart.

The category of sheaves (of abelian groups) on the R-orbifold X is abelian
and it has enough injectives. The cohomology H'(X,F) is defined to be the right
derived functor R'T'(X,F). It may be nonzero for infinitely many values of i.

If we start with a sheaf Fg of R-modules on X (in the topological sense) then
it pulls up to a G-equivariant sheaf in each chart (U, M, G, ¢) so it gives a sheaf F in
the R-orbifold sense, on which each stabilizer group G, acts trivially. Therefore the
resulting sheaf F' on X coincides with the original sheaf Fg. Therefore we obtain,

Proposition B.6. Let Fg be a sheaf of R-modules on the topological space X. Let F
denote the resulting sheaf in the R-orbifold sense. Then the isomorphism F = Fg
induces an isomorphism H*(X,Fo) = H*(X,F) between the (singular) cohomol-
ogy of (X,Fo) and the cohomology in the sense of R-orbifolds of (X, F). O

B.6 Differential forms

For the remainder of this chapter, we take R = QQ and we drop it from our notation.
A local system E of real vector spaces on an orbifold X is a sheaf of real vector
spaces such that each Ey is a local system. Let E be a local system of real vector
spaces on the orbifold X. The sheaf of differential p-forms on the orbifold X is the
sheaf which in each chart (U, M, G, ¢) is given by the sheaf QF, (M, E). It is easy to
check that this collection satisfies the required compatibility conditions for a sheaf
on an orbifold. Thus, a differential p-form with coefficients in E on X is a choice,
for each chart (U, M, G, ¢), of a smooth differential form wy € QP (M, Ey) which is
G-invariant, such that f*(wy/) = wy whenever f : (U, M,G,¢) — (U, M', G, ¢")
is a morphism of charts. If w, n are G-invariant differential forms then so is dw and
w A1 so we obtain exterior differentials and products on this complex of differential
forms.

The differential p forms (X, E) in fact form a fine sheaf (in the orbifold
sense), QP (X, E) on X. It follows that the de Rham theorem holds:

Proposition B.7. Let E be a local system of real vector spaces on the orbifold
X. Then the cohomology of the complex of smooth differential forms Q*(X,E) is
canonically isomorphic to the cohomology H* (X, E). O

According to the remarks in Section B.5 the differential p forms on the orb-
ifold X are precisely the global sections (in the usual sense) of the (topological)
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sheaf
Q'(X,E) (B.6.1)

of invariant sections of QP(X, E). Let us examine this sheaf in more detail.

Let X° denote the part of X over which the isotropy groups are trivial. Then
the restriction Q"(X, E)|X° is canonically isomorphic to the usual sheaf of differ-
ential forms QP (X% E). Thus, a differential form w on the orbifold X is simply a
smooth differential form on X which, near the singular points of X, satisfies an
equivariance condition:

(EQ) if (U, M, G, ¢) is a chart, then the pullback of w to M? extends (uniquely) to
a smooth, G-invariant differential form on M.

Since the sheaf (B.6.1) is fine, we conclude, in analogy with Proposition B.5 that
the cohomology of the complex of differential forms is naturally isomorphic to
H*(X,E). In summary, we have:

Proposition B.8 ([Sat]). Let E be a local system (in the topological sense) of real
vector spaces on a locally compact Hausdorff space X. Assume that X is endowed
with an orbifold structure. Let Q*(X, E) be the complex of smooth differential forms
on X (with coefficients in E) which satisfy the above equivariance condition (EQ)
near the singularities of X. Denote by H}j,(X,E) the cohomology of this complex.
Then the inclusion of sheaves E — Q.(X7 E) is a fine resolution of E and it in-
duces an isomorphism Hjn(X,E) = H*(X,E) between the de Rham cohomology
and the singular cohomology, and an isomorphism Hyp (X, E) = H;(X,E) be-
tween the compactly supported de Rham cohomology and the singular cohomology
with compact supports. O

B.7 Groupoids

For completeness we mention that the theoryof orbifolds can be developed in a
more natural and global manner within the context of topological groupoids, see
[MP], [Mo2], [Mol], [Adem]. Recall that a groupoid is a category in which ev-
ery morphism is invertible, and a topological groupoid is a groupoid object in the
category of Hausdorff topological spaces. In practice this means the following: a
topological groupoid is a collection of topological spaces and continuous mappings,

X1
A

Xo X=X

with various properties. First, the pair (X7, X() form a (topological) category
such that every morphism is invertible, where the objects are the points of X,
and the morphisms are the points in X;. The maps s,t assign to each morphism
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its source and target respectively, so each element f € X; may be thought of as
an arrow f : x — y where z,y € Xo. The mapping u : Xg — X3 in the above
diagram associates to each x € Xy the (two-sided) identity (or unit) morphism (so
su(z) = tu(x) = x for all z € Xy). The composition of morphisms is a continuous
mapping m : X; xx, X1 — X; with its obvious relations to s,¢,u and we usu-
ally write ff’ rather than m(f, f') for f, f' € X7 with s(f) = ¢(f’). Associativity
of composition says that a certain diagram commutes. The (two-sided) inverse
t: X7 — X, swaps s and ¢ and acts as an inverse, that is, if f : © — y then
t(f)f =u(z) and fu(f) = u(y). If x € Xy then the set

G ={f € Xul s(f) = t(f) = «}

forms a group, the isotropy group of x. The image of the mapping (s,t) : X1 —
Xy X X is an equivalence relation and the quotient space of Xy with respect to
this equivalence relation is the “orbit space” X in the above diagram.

Orbifold structures on X correspond to effective proper étale Lie groupoids.
The “proper étale” part means that s and ¢ are proper local homeomorphisms.
The “Lie” part means that the spaces X1, Xo are smooth manifolds, the mappings
s,t,u,t,m are smooth, and s and ¢ are submersions. It follows that each isotropy
group G, is compact and discrete, hence finite.

Given a proper étale Lie groupoid X7, Xo with quotient space X we obtain an
orbifold atlas on X as follows. It can be shown that each point z € X has a neigh-
borhood U such that the isotropy group G, acts on U and such that the restriction

Ur={feXi| f:a—bwitha,beU} = U

is isomorphic to the groupoid G, x U == U. The groupoid is effective if each of
these actions G, x U = U is effective. In this case, composing with the projection
U — U/G, gives a chart on X. The resulting covering admits a “good” refinement.
We omit the tedious verification of the claim that restricting these charts to this
refinement defines an atlas on X.

If a compact group G acts smoothly on a manifold M such that each sta-
bilizer subgroup G, is finite then we obtain a proper étale Lie groupoid with
X1 = G x M and Xog = M where s(g,x) = = and ¢(g,2) = g - x. The quotient
space is X = M/G. If such an action exists locally (that is, if X has an orbifold
atlas) then these local actions can be patched together to give a proper étale Lie
groupoid over X in several different possible ways, [Hae|, [MP], [Mo1].

Many operations with orbifolds (morphisms, sheaves, cohomology, derived
categories) are most naturally formulated in the language of groupoids.



Appendix C
Basic Adelic Facts

C.1 Adeéles and ideles

Let L be an algebraic number field. A place of L is an equivalence class v of
valuations on L, two being equivalent if they induce the same topology on the
completion L,. Normalizations for these absolute values are specified in Section
C.3. Write v|oo or v < oo if v is an archimedean or non-archimedean valuation,
respectively. Each non-archimedean place v corresponds to a prime ideal p,, in Op.
We also write (L) for the set of infinite places. For v < oo the valuation ring is
Op ={xy € Ly : |xy]y < 1}.

The adele ring Ay is the product Az, := Apy X Apoo where Az =[]
and Ay is the restricted direct product

L,

v|oo

Apy = H’ L, = {(mv) € [] Ly: z, € O, for almost all v}.
v<0o0o V<00

There is a unique topology on A, such that for any finite set S D (L) of places,
the induced topology on
1L, x T] O,

veS vgS

agrees with the product topology. We usually identify the field L with its image
under the diagonal embedding L — Ay. Its image is a discrete subgroup of A,
and the quotient L\Ay, is compact. For x € Ap = Apy x Apo we write 2 = 2o
Or T = TfToo. If v < 0o corresponds to the prime ideal p we sometimes write x;
O,.

The idele group A} is the group of invertible adeles. It consists of elements
(x) such that z, # 0 for all places v, and such that z, € OF for almost all places
v < co. There is a unique topology on A} such that for any finite set S O X(L)

the induced topology on
[[L; > [[OF
veS vgS

is the product topology. We write @f =1] ox.

v<oo Y

rather than x, for the v-component of an adele x. We also write 19) L, = Hv oo

199
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As in Section 1.2, any finite ideéle zg € A} # glves rise to a fractional ideal,

o] = T pee =
p

where the product is over all prime ideals. Then [zoyo] = [zo] for any yo € @Z =
[Tocoo O - The ideal [x0] is integral iff 29 € Or =[], o Ou-
The inverse different and the local inverse different are the fractional ideals
p-1

L= {weL: Try/p(xOL) C Z}
D' ={z, € Ly, : Trp, /q,(@.0,) C Zy}

where v|p is a finite place of L. Then DZ}Q = LN][],coo Dy'. The norm of the
different Dy, /q is the discriminant dy, /q.

Let Dy, /o € AL, be any finite idéle such that [752/1(@] = Dg/l@. It follows

immediately that (see the definition of er s below):

Lemma C.1. For any finite idéle y € AY, the ideal [yﬁL/@] is integral iff er ¢ (yz) =
1 for allzG@L. O

C.2 Characters of L\A[,

Let L be a number field with the discrete topology. Its Pontrjagin dual LV is the
compact abelian group L\A, as we will now explain. If v is a place of L lying
over a finite prime p € Q, define the standard additive character e, : L, — C* to
be the composition

L, - Qp Q,/2, —— Q/Z — Cx*

where e(z) = exp(—2mix), so that
ey(2v) = exp(—2miTr(zy))

for any z, € L,. If v is an archimedian place of L set e,(z,) = exp(2miz,) € C*
for any z, € L,. Together, these functions define a continuous additive character

er :Ap - C* by ep(z)= Hev(zv)

which clearly decomposes as the product er¢(20)€roo(200). The character ey, is
trivial on L C Ay, and every other continuous additive character of L\Ay, is of
the form z — ey, (az) for some a € L. Thus we obtain a mapping

Lx (L\AL) = U(1) cC*
given by (a, z) — ey (az), which identifies LV = L\Ay and (L\Ap)Y = L.
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Let us normalize the Haar measure (see Section C.4) on L\A[, so as to have
total volume 1. The Fourier transform of a continuous function h : L\Ap — C*
is the function h : (L\Ap)Y — C defined by

hir) = / h(2)F(2)dz
I\AL
which can therefore be interpreted as the function h:L—C given by
h(w) = / h(z)er(wz)dz.
I\Ap

Consequently the Fourier inversion formula gives

h(z) =Y h(w)er(wz). (C.2.1)

weL

C.3 Characters of GL;(L)\GL;(Ay)

The normalized absolute value |- |a = |- |a, : A — R>¢ is the product |z|s =
IL, |zo|o where
- || ifL,=R
x|y =
zx ifL,=C

if v is an infinite place, and where |7|, = 1/q¢ if v is a finite place with residue field
having g elements, and 7 is a uniformizing parameter for L,,. Then |zy|a = |z|aly|a.
Artin’s product theorem says that ||y = 1 for all x € L*. If x € Ay, then multi-
plication by x induces a mapping -z : A — A which takes the Haar measure p
to the Haar measure |z|ap, cf. Section C.4.

The norm map Nz /g : L — Q extends to a map Nz g : Ay — Ag by

(@0)o > | [ Nulzo)

v|u
u

Then [z]s, = |Np/q(7)|a, for all z € Ap.

The ideal class group of L is the (finite) group of equivalence classes of frac-
tional ideals, under the equivalence relation m ~ Am for any A € L*. The narrow
class group, which is defined when L is totally real, consists of the equivalence
classes of fractional ideals under the same relation, but with the restriction that
A > 0. The idéle class group, which is not compact, is the quotient of the ideles
A} = GLi(Ar) by the principal ideles L* = GL1(L). The mapping which assigns
to any finite idele € AJ ; the corresponding fractional ideal [z] is trivial on

@f = [[coo OF . It takes L to the principal ideals and it induces a bijection

L*\A}/OF Aj . — ideal class group
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where AF = [l,enp) Ly = (R*)>(), Similarly we obtain a bijection
LX\AE/@E Atm — narrow class group (C.3.1)

where Azr,oo = HUEE(L) Ll?o = (R>O)E(L)'
A Hecke character or quasicharacter is a continuous homomorphism

(b : LX\A>< = GLl(L)\GLl(AL) — C*.

It can be expressed as a product ¢ = [[, ¢, of continuous local characters ¢, :
LY — C*. For any v < oo the restriction ¢,|O takes values in the unit circle, and
Xv is unramified if ¢,,|O.¢ is trivial, in which case there exists a complex number s €
C such that ¢,(z,) = |25 for all ¢, € L. If ¢, is ramified then its conductor is
f(¢y) = pI* where p,, is the prime ideal corresponding to v, and where m > 0 is the
smallest integer such that ¢,|(1 4 pI*) is trivial. In this case there exists a unitary
character 1, : LS — C* and s € C so that ¢, (x,) = ¥y (xy)|2y|5 for all z, € L.

Let Agr, € GLi(AL) be the connected component of the identity in the
maximal Q-split subtorus of Ry ,oGLq; thus Agr, = R>% and

GL1(Ar) = Agr,°GLy (AF),

where °GL; (AF) is the kernel of | - |4, (this is essentially the construction of Sec-
tion 4.1 in a special case). For any Hecke character ¢ there exists a unique s € C
such that, for all z € Ay,

o(x) = (x)|x[}
where ¢ = ®,1, is a (unitary) character trivial on Agr,. The continuity of ¢

implies that ¢, is unramified, i.e., trivial on O}, for almost all v. If s is real then
the complex conjugate ¢ satisfies

$(x) = ¢~ (@)]2[** and |¢(x)| = |a]}. (C.3.2)
For the Hecke characters in this book the value of s is real (in fact it is a rational
integer).
If 1 = [[, <00 ¥ is a Hecke character of finite order, its conductor
f= 115w =[] »ir con
v< 00 v<o0

is the largest integral ideal such that
Yol(L+ v Op) =1 if pof
Po|OF =1 if po ff

where w, is a uniformizing parameter for O,. Consequently ¢ defines a one-
dimensional representation of

HO;/(I + @, 0y) = H (Ov/w:}uov)x .

polf polf
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Moreover, if m is a fractional ideal relatively prime to the conductor (1) of ¥ then
1(mo) = 1(my) whenever mg, m{, € A} are finite ideles such that [mg] = [m{)] =
m, which is to say that v determines a character on the group of fractional ideals
relatively prime to §(1).

Let L% be the maximal abelian extension of L. According to class field the-
ory, the Artin map

[-,L] : GL(L)\GL1(Az) — Gal(L®/L)

is surjective. A Hecke character has finite order if and only if it factors through the
Artin map, which induces a one to one correspondence between Hecke characters
of finite order and characters of finite order of Gal(L®/L). For L = Q there is a
(multiplicative) group isomorphism

GL1(Q)\GL1(Ag) 2 Ry x Z%

and every Hecke character ¢ of finite order factors through the projection to
(Z/NZ)* for some N. The conductor of ¢ is the smallest positive such N.

If ¢ =], ¢ is a Hecke character and ¢ C Op, is an (integral) ideal we de-
fine the restricted Hecke character ¢. = Hpvlc ¢v. In particular, if € A} then

|1’|¢ = Hpv|c |mv|v~

C.4 Haar measure on the adeles

References for this section include [KnL, Sections 5, 6, and 7], [RamV, Sec-
tion 5]. Recall that a locally compact topological group G admits a left invariant
(Haar) measure ug which is uniquely determined up to a multiplicative constant.
The modulus function A : G — R is the unique function such that pug(Ug) =
A(g)pa(U) for any open set U C G and any g € G. It is independent of the choice
of (left) Haar measure pg. A left Haar measure is also right invariant iff A =1,
in which case the topological group G is said to be unimodular. Abelian groups,
compact groups, and reductive groups are unimodular. In particular, if F' is a lo-
cally compact field then the group GL(n, F') is unimodular. A left Haar measure
for GL(n,R) is given by

MG(U):/U|det(X)|*”dX:/U\det(X)\*"Hi)jdXij (C.4.1)

where dX denotes Lebesgue measure on R”z, which is identified with the set of
n X n matrices.

Let G be a locally compact topological group with left Haar measure ug.
Let K C G be a closed subgroup with left Haar measure pg. Then there exists a
G-invariant measure dx on D = G/K if and only if Ag|K = Ak and in this case,
the measure dr may be normalized so that

/Gfd,ugz/D/Kf(gk)d,uK(k)dx(gK).
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for any compactly supported continuous function f : G — R. If G is a real Lie
group and K is a closed Lie subgroup then D = G/K is a smooth manifold. If it
is orientable then a G-invariant measure on D is the same thing as a G-invariant
differential form dz of top degree on D.

Now let I' C G be a countable discrete subgroup which acts freely on D.
Then counting measure on I' determines a measure dy on the quotient Y = T'\D
which coincides with the restriction of the measure dx to a fundamental domain F
of I in D. For any compactly supported continuous function f : D — R we have:

[ @z =[S seae= [ S i

Moreover, the same holds under the weaker assumption that the action is almost
free, that is, for all x € D the isotropy group ', is finite, and the set of points
x € D for which T';, # {1} has measure zero.

Standard normalizations for Haar measures on adelic groups are defined as
follows. If L is an algebraic number field and v is a finite place of L, there is a
unique Haar measure dx, on L, such that f o, dx, = 1 where O, is the valuation
ring of L,. If v is an infinite place then dz, denotes Lebesgue measure (on R or
C). Let S be a finite set of places of L that includes all the infinite places. Then
the product measure [[, dz, is well defined on the open set

AS = HveS L, x ¢S OU
and there exists a unique Haar measure on A whose restriction to each such Ag
is the above product measure. Similarly, if v < co there is a unique Haar measure
d*x, on the multiplicative group L,* such that fovx d*z, =1 and in fact

d*x, = . E ) ||, L d,

where ¢ denotes the order of the residue field. If v|oo then d*z, := |x|; 'dx,. Then
there exists a unique Haar measure d; « on A} such that, for every finite set S of
places which contains all the infinite places, the restriction of d; x to the open set

g = HUES L;j x HU¢S 0;(

is the product measure [, d*z,.

Similarly, for v < oo there is a unique Haar measure dx,, on GL2(L, ) normal-
ized so that GL3(O,) has volume 1. For v|co a normalized Haar measure is given
by (C.4.1). Then there exists a unique Haar measure dza on GLy(Af) such that
for every finite set .S of places, containing all the infinite places, the restriction of
dxy to the open set

I, GLa(Ly) x vas GL2(0,)

is the product measure [], dz,.



Appendix D

Fourier Expansions of
Hilbert Modular Forms

In this appendix we prove Theorem 5.8, which provides explicit Fourier expansions
for Hilbert modular forms. Our approach is based on the theory of Whittaker mod-
els. General references for this section include [Ga, Appendix A.2], [Gel, Sect. 3],
and [RamV, Chapter 5].

D.1 Statement of the theorem

In this paragraph we give a restatement of Theorem 5.8. Let L be a totally
real number field. Let h € M, (Ko(c),x) be a modular form (for notation see
Section 5.4). Thus, k = (k,m) € X(L) is a weight, ¢ C O is an ideal, and
x : LX\AF — C* is a (continuous) quasicharacter such that yoo(boo) = b F=2™
for all b € A}. Consequently x| - [F+?™ is a (unitary) character, i.e., its image is
contained in U(1) C C*.

Theorem 5.8 describes the Fourier expansion of h((§7)). Since this is a
function of two variables one might expect a double Fourier series. Instead, we
take a Fourier expansion with respect to the z variable, with Fourier coefficients
that are functions of ¥ = y;yc. It turns out that the dependence on y., is com-
pletely determined, and that the dependence on y; is very coarse. As in Section
5.9, corresponding to the weight x = (k,m), for each o € (L), define

Wi, :R* — C by Wy(y) = |y| e 2" (D.1.1)

For z € A and y € A}, set

@e(.9) = au(@,yo0) = er(@) [] Wi, (vo). (D.1.2)
oeX(L)

205
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Theorem 5.8. Let h € M, (Ko(c),x) be a Hilbert modular form. Then h admits a
Fourier series,

h ((g f)) = lyla, | )+ D bléypan(x. ) | | (D.1.3)

¢eL”
£>0

valid for all x € Ap and all y € A} . Moreover, each coefficient b(ys) € C de-
pends only on the fractional ideal [§y;]Dy g € It (where Dy g is the different),
and b(&yy) vanishes unless this ideal is integral.

Addendum. The constant term c(y) vanishes if h is a cusp form or if k ¢ Z1 or
if the ideal [ys|Dy g is not integral. Otherwise it is a sum,

c(y) = colyp)lyl"+ er(yp)lysl ™ (D.1.4)

of two terms. Here, co(yy) and c1(yy) only depend on the fractional ideal [y;] Dy, /-
If the functions Fi(z) of (5.4.4) on ™) (corresponding to h) are holomorphic,
then c1(-) = 0.

D.2 Fourier analysis on GL3(L)\GL2(AL)

Fix a Hilbert modular form h € M, (Ko(c), x). The goal of Theorem 5.8 is the
computation of i ((§7)). For this purpose, fix ¢ € GL2(AL) and consider the
function defined on L\Ap,

¢(x) = dng(x) =h((57)9)

By equation (C.2.1), it has a Fourier expansion,

o(x) = 3" B(€)er(€x) where (€)= / h((57) g)en(es)dz.

¢eL L\AL

We wish to describe the Fourier coefficient :5(5 ) when & # 0. Using the fact that h
is left GLo(L)-invariant and setting w = £z and dw = |£|adz = dz gives, for £ € L,

$(5)=/L\A h((S?)(éf)g)éL(SZ)dz=/ h((5%)g)eL(w)dw

L\AL

= [ RGN ) estuddu = ()
L\AL
where ¢’ = (§9) g. We may rephrase this by writing, for £ # 0,

$(6) =Wi ((59) g) and 9(0) = Wio(g)
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where

Wil(g) = / G g ey (D.2.1)

Wio(g) := / L

Then, as a function of g € GL2(Ar), W}, is a Whittaker function (see below),

o

—g

NP
QU
S

(D.2.2)

Wi ((§3)9) = er(@)Wi(g) and Wao ((§%3)9) = Who(g) (D.2.3)
for all z € Ap. If h is cuspidal then Wio(-) = 0. We also note that for all b € Af,
Wi ((59) 9) = x(0))Wa(g) and Wio ((59)9) = x(5)Who(9)- (D.2.4)

Now let us specialize to the case that g = (¥9). The growth conditions on h

imply that the Fourier coefficients q?(g) vanish unless £ = 0 or £ > 0. We obtain
the expansion:

= Z E(S)eL(Ex = Who(( )+ Z Wi (( 5‘ )ew(éx) (D.2.5)

¢eL £>0

To proceed further we need to separate W), into finite and archimedean factors.

D.3 Whittaker models

A Whittaker function is a smooth mapping W : GLa(AL) — C such that

W((3%)g) =eL(x)W(g)

for all z € Ap and all ¢ € GL2(Ar). Let W denote the space of all Whit-
taker functions. Let (m, V) be an automorphic representation of GLy(Ar) and
let K., C GL2(ALs) be a maximal compact subgroup. A Whittaker model of
(m,Vz) is a (g, K,) x GL2(ALs)-submodule W, C W together with a GLy(Ar)-
equivariant isomorphism V; — Wy. A Whittaker functional for (7, V;) is a con-
tinuous linear mapping A : V; — C such that

A((5%) ) =ec(x)d

forall ¢ € V; and all z € Ay. Such a functional determines a GLa (A )-intertwining
operator H : Vz — W by H(¢)(g9) = A(w(g)(¢)) and hence it determines a Whit-
taker model, W, = H(V,). Conversely, a Whittaker model H : V; — W, deter-
mines a Whittaker functional by A(¢) = H(¢)(e) (where e is the identity in GLs).
A fundamental result of Gelfand, Kazhdan and Shalika states:

Theorem D.1. If (7, V;) is an automorphic representation of GLo then the space
of Whittaker functionals on Vi is at most one-dimensional. Consequently, if
has a Whittaker model, then it has exactly one Whittaker model. The analogous
statement also holds over local fields.
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D.4 Decomposition of W},

Now let h € M, (Ko(c), x) be a modular form as in Section D.2 and let (7, V) be
the (g, K) x GL2(Ar ¢)-submodule of A(GLy, x) that is generated by h. Through-
out this section we will assume that & is a simultaneous eigenform of T.(p) for al-
most all prime ideals p C Op. In this case 7 is irreducible so it is an automorphic
representation (see Section E.1). It has a natural Whittaker model

H:Vy—>W,CW (D4.1)

which associates to any ¢ € V; the Whittaker function
Wolg)i= [ o) 9)entw)du
I\Ap

(This is compatible with the previous notation for W;(g).) The intertwining op-
erator H is in fact (g, K1) x GLa(Af f)-equivariant. Choose a factorization

(71', Vﬂ') = ®;,(7Tva Vﬂ,v) - (77'00’ Vﬂ',oo) & (7Tf7v7r,f)

of 7 into a restricted tensor product of irreducible admissible representations m,
of GL3(Ly), where v ranges over the places of L. The modular form h does not
necessarily factor into a product of forms hohy but the following holds.

Lemma D.2. Ifh € M, (Ko(c),x) is a simultaneous eigenform for almost all Hecke
operators, then its image ¢ € Vy oo ® Vi decomposes,

O = oo ® (;5]0 and Wy = W¢OOW¢f
where ¢oo € Vi oo, where ¢y € Vi ¢, and where

W¢Oo : GLQ(ALOO) — C
W¢f : GLQ(ALJC) — C.

are Whittaker functions, meaning that they satisfy the obvious local analog of
(D.2.3) above [Bu, Theorem 3.5.4], viz.

Woo ((65)9) = oo ()W, (9) (D.4.2)
W, ((67) 9) = er(2)Wo, (9)- (D.4.3)

Proof. The Whittaker model W, decomposes into a restricted tensor product of
local Whittaker models, ®,, Wy ,,. By the global and local uniqueness of Whittaker
models, the intertwining operator H preserves these decompositions. Consequently
a decomposition ¢ = ¢y With ¢poe € Vi oo and ¢y € V. r will give rise to a de-
composition Wy, = Wy Wy, into Whittaker functions.

1
0
1
0
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So it suffices to show that the image ¢ € Vi o ® Vi s of h decomposes.
Express ¢ as a finite sum,

b= ico @ bif (D.4.4)

where ¢ioo € Vroo and ¢;5 € Vi 5. For each ¢ we claim that ¢ = ¢;¢100 for some
¢; € C*. This suffices to prove the lemma.

Since K1 2 S05(R)*(F) acts on 74, we may decompose ¢ into isotypic com-
ponents under this action. The group SO5(R)*(X) is isomorphic to (R/Z)>%) | and
hence has Pontryagin dual Z*(%). By refining the decomposition of ¢ if necessary,
we may assume that for each ¢ we have

T(too)bico = ] €oltiobs)dioo

c€eX(L)

for some (t;,) € Z*F) | where
L cos(2m0,) sin(270,) (L)
Uoo -= (( — sin(276,) cos(2m6,) ))UEE(L) € SOQ (R) .

On the other hand, 7(usc)¢ = ]I, €s (ks + 2)¢ by definition of M, (Ko(c), x).
By linear independence of characters, we conclude that t;, = k, + 2 for all 7 and
o€ 3(L).

On the other hand, by [Bu, Proposition 2.5.2, Theorem 2.5.4, Theorem 2.5.5],
up to a multiplicative constant, there is a unique vector 1o, € Vr o such that

(o) thoe = [ €0 (ko + 2)t0cc. (D.4.5)
o|oo

For each i, it follows that ¢ is some nonzero multiple of ¢1., (and as a conse-
quence, we see that ¢ is some multiple of 1o, and satisfies equation (D.4.5)). O

D.5 Computing Wy, and Wy

So far we have shown that a simultaneous eigenform h € M, (Ko(c), x) (for almost
all Hecke operators) has a Fourier expansion (D.2.5) and the resulting Fourier
coefficients factor: Wy, = WyooWyyr. The “constant term” Wjo must be treated
separately.

Proposition D.3. The archimedean part Wy, of the Whittaker function W}, sat-
isfies the following equation, for any y € Ap :

Woro (39) =TI 190/Win, (¥o) (D.5.1)
oc€eX(L)
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There exists functions cg,cy : Azf — C such that for all y € Ap, the constant
term is the sum

Wio ((89)) = colys)[yoo" ™™ + c1(y5) [yoo| 7™

Proof. Consider the (g, K1 )-module generated by W, __; it is a realization of the
admissible (g, K1 )-module 7. Since the map (D.4.1) is an intertwining map,
(D.4.5) implies that

T(too) W = | ] eolho +2) | W, (D.5.2)

o|oo

for - -
— cos(2m0,) sin(270, (L)
Uso = ((—Sin(Qﬂ'eg) cos(270,) ))JEE(L) S SOQ(R) .

Since h and Wy_ both satisty the invariance property (D.5.2), it follows that the
constant term Wp satisfies (D.5.2) as well:

(o) Who = | ] o (ko +2) | Who. (D.5.3)

o|oo

Write w(a) := Wy (( al/? _%/2» and wo(a, g5) == Who ((“10/2 a_(i/Q) gf) :

where a € R¥(L) and gy € GLg(ALf). The Iwasawa decomposition provides co-
ordinates on GLa(A ) and we can write

(b o0 al/? 0 1 z cos(2m0,) sin(276,)
Joo = (O b ) ( 0 a71/2> (O 1 ) ((73111(271’90) cos(2ﬂ'90)>>geg(L) (D54)

with a,b € (R*)*) and 0,z € R¥). Using (D.2.3), (D.2.4), (D.5.2) and (D.5.3),
we obtain

Wooo (goo) 1= w(a@)b " Mee(z) [] eol(ko +2)6s) (D.5.5)
oc€eX(L)
Who(googs) = wol(a, gp)b™ 72" [ eo((ks +2)65).
oc€eX(L)

With respect to these coordinates, the Casimir operator is given by

9?92 2a, 2
Co = 2a; (aﬁ aag> 271 92,00,

(for every o € X(L)), where we write goo as in (D.5.4). Here we are using [Bu,
Chapter 2, (1.29)], keeping in mind that C, = —2A in the notation of loc. cit. In
view of the intertwining morphism (D.4.1) and assumption (1) in the definition
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of My(Ko(c), x), we have that the function w and wo(-, g5) satisfy the differential
equations

(kg +2)  k2/2+ ky
w” + (—47r2+ ko +2) Ko/ N >w =0 (D.5.6)
Go 2a2
kZ2/2+ ko
wo (-, g95)" — /2a2 wo(-,9¢) =0 (D.5.7)

as functions of the a,-variable. There are two linearly independent solutions to

(D.5.6) which is essentially a renormalization of Whittaker’s equation. One of

them is given by e=2maq g {Fot /2, By general facts on solutions to Whittaker’s

equation the second solution has exponential growth as a — oo (compare [Andr,
Section 4.3, p. 196]). Therefore w cannot be given by this second solution due to
the growth conditions we placed on h. In view of this and (D.5.5) we have

We.. ((49)) = y~ (k+2m)/2, (k+21)/2 H o~ 2mlYol (D.5.8)
oceX(L)

Therefore, absorbing a nonzero constant into Wy, if necessary, we obtain

Wor (49) = T] lwol' el = T lyolWem, (vo)
c€x(L) cex(L)

where W, is defined as above. This proves (D.5.1).

We now consider wy(+, g¢). Two linearly independent solutions of the differ-
ential equation (DD.5.7) for wo(-, g) are given by a2 ! and a~ 5. Using (D.2.4) (with
b=y"? and Yoo (boo) = bF~2™) together with (D.5.5), we conclude that

Wao((§9)) = colyp)lysel ™™ + ex(y)lyscl 7

for some functions ¢, ¢ on A} 2 Substituting these equations for Wi and Wy
into the Fourier expansion (D.2.5) gives the following expression for A ((§ 7)) :

o) |Ysel ™™+ 1 (W) oo FT + [ylay Y b(EY)ae (6T, Eys)  (D5.9)
£>0

(since |€|a, = 1), where

b(eys) = Wo, (4 9)) 11 I€wels ™

<00

We now show that ¢;1(-) = 0 in the holomorphic case. Let ¢;(c) be defined as
in Section 5.2, and for z € h=L) define

Hi(z) = det(a.)™ "j(az, 20)" 1 h(ti(c)a)
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where 20 =i = (vV—1,...,v/~1) € ™) and a, = (§7) € GL2(R) is chosen so
that a,zp = 2 = Too + 1Yo, Wwhere the implied action is via fractional linear trans-
formations. As recalled in the remark after the definition of Sy, (Ko(¢), x) in Section
5.4, the definition of M, (Ko(c), x) implies that H;(z) is independent of the choice
of a. The Fourier expansion (D.5.9) gives a similar Fourier expansion of H;(z):

Hi(2) = co(ti(€) + e1(t(0))lyoo /1 + Y b(ti(e)) T &

cerLx UEE(L)
€30

If this is holomorphic and if k # 1 then ¢; = 0. If k£ = 1 then the ¢; term can be
absorbed into the ¢y term. Hence, possibly at the expense of renormalizing ¢ in
the case k = 1, we have ¢; = 0. O

D.6 Final steps

In this section we complete the proof of Theorem 5.8 by proving that the coef-
ficients b(y), co(yy), c1(yy) are well defined at the level of ideals. The invariance
property (3) in the definition of M, (Ko(c), x) implies that

RSN =h((55)(35) =h((3¥%5)) forall z€ O, c Ay (D.6.1)
R((ED) =h((5T)(59)) =h (%)) forallue OF C A, (D.6.2)
1

In view of the fact that (D.4.1) is an intertwining morphism the relatlons (D.6.1)
and (D.6.2) imply that

Wo (7)) =Ws (Y1) eLléyz) (D.6.3)
Wo ((56v9)) =We ((F1)) (D.6.4)
for w and z asin (D.6.1) and (D.6.2), respectively. In view of the Fourier expansion

(D.2.5), this implies that

Wio (1)) = Wao (1)) ex(yz) (D.6.5)
Wao (("3'7)) = Wao ((51)) - (D.6.6)

Equation (D.6.4) (resp. equation (D.6.6)) implies that the coefficient b(€yy), (resp.
the coefficients ¢o(y¢) and ¢1(yy)) depends only on the fractional ideal [£yy] (resp.
[y7])) or equivalently, on the fractional ideal [£yf|Dy /g (resp. [yf]Dr/q). Equation
(D.6.3) (resp. (D.6.5)) plus Lemma C.1 implies that the coefficient b(ys) = 0
(resp. co(yf) = c1(ys) = 0) unless these ideals are integral. We repeat that k ¢ Z1
implies that M, (Ko(c), x) = Sk(Ko(c), x) ([Hid7, Theorem 6.7]), in which case h
is a cusp form so in this case we also have co(yy) = ci1(yf) = 0.

Thus any simultaneous eigenform of T.(p) for almost all primes p C Oy, has
a Fourier expansion as claimed in Theorem 5.8. The subalgebra of T, spanned
by T¢(p) for p { ¢ is commutative, and hence any element of M, (Ko(c), x) can be
written as a sum of such simultaneous eigenforms. This completes the proof of
Theorem 5.8.



Appendix E

Review of Prime Degree
Base Change for (GL;

The main result of this appendix is Corollary E.12, which is the key ingredient in
the proof of Theorem 8.3. This corollary is really just a translation of the main
theorem of prime degree base change for GLy from the language of automorphic
representations to the language of automorphic forms combined with some conduc-
tor calculations. We therefore begin in Section E.1 by recalling how one attaches
an automorphic representation to a Hilbert modular newform (and, in certain in-
stances, a Hilbert modular form to an automorphic representation). This requires
the theory of Hecke operators on automorphic representations, so in Section E.2
we pause to review how the Hecke algebra T, recalled in Section 5.6 is related
to the Hecke algebra as defined in automorphic representation theory. The dictio-
nary between automorphic forms and automorphic representations would not be
complete without Theorem E.4, which gives an equality between the local Euler
factors attached to a Hilbert modular form we recalled in (5.9.6) above and the
local Euler factors of its associated automorphic representation.

We then enter into the theory of base change in earnest in Section E.4, where
we explain how it fits into the (conjectural) framework of Langlands functoriality.
We then describe the relevant base changes we use in this work explicitly, starting
with prime degree base change for GL; in Section E.5 for the purpose of proving
some lemmas on the conductors of certain characters and their base changes. These
lemmas are then used in Section E.6 to prove a proposition on conductors that will
enter in to the proof of Corollary E.12. We include Section E.7 on (g, K )-modules
for completeness, and then finish by proving Corollary E.12 in Section E.8.

213
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E.1 Automorphic forms and automorphic
representations

In this paragraph we recall a special case of the well-known dictionary between
automorphic forms and automorphic representations. The primary reason for this
is to make explicit the relationship between various notations and normalizations
in the literature that are related to our results. Our presentation borrows heavily
from [Bu, Section 3] and [Ku2].

As above, let L be a totally real number field, and let X(L) be the set of
infinite places of L (i.e., embeddings L — R). Set G := Resy /p(GL2), and let

x : L\A] — C* be a (continuous) quasicharacter. Let K, C G(R) be the
maximal compact subgroup

Klo={(92) a® +b* = £1} = Oo(R)¥®)

It contains the maximal connected compact subgroup KL 22 SO5(R)>(X) defined
in (5.1.3). Let g be the Lie algebra of G(R), and let Z(g) be the center of the
universal enveloping algebra of g ® C. Denote by

A(G, y) (E.1.1)

the space of automorphic forms on G with central quasicharacter x, that is, func-
tions ¢ : G(A) — C satisfying the following conditions:

(1) For v € G(Q) and z € A}, we have
¢ ((52) ) = x(2)é(e).

(2) For each ap € G(Ay), the function as = ¢(ao) is smooth on G(R).

(3) There is a compact open subgroup K C G(Ay) such that ¢ is invariant under
the action of K by right translation (i.e., ¢(c) = ¢(ag) for @ € G(A), g € K).

(4) The space of functions spanned by right translates of ¢ by K. is finite-
dimensional.

(5) The function ¢ is Z(g)-finite.

(6) The function ¢ is slowly increasing.

We take a moment to explain (5). The Lie algebra g acts on the space of functions
satisfying (2) and (3) by

% ($(aexp(tX)) lr—o, (E.1.2)

X - ¢P(a) = &t

see, for example, [Bu, p. 300]. This extends to an action of g® C, and moreover to
an action of the universal enveloping algebra of g® C. We say that ¢ is Z(g)-finite
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if the space spanned by the translates of ¢ under Z(g) is finite-dimensional. For
the definition of (6), see [Bu, p. 300]. We also isolate the subspace

Ao(G,x) € A(G, X)

consisting of those functions that satisfy the following additional requirement:

(7) The following integral vanishes

/ flga)dg =0
U@Q\U(A)

for all @ € G(A), where U(A) :={({¥) : v € L ®g A} for Q-algebras A and
dg is a Haar measure on G(A).

The space A(G, x) naturally has the structure of a (g, K. ) x G(Ay)-module.
In other words, it is a (g, K )-module and a G(A)-module, and the two actions
commute (see [Bu, Section 2.4] for the precise definition of a (g, K. )-module).
The action of the pair (g, K. ) is given by (E.1.2) and right translation, respec-
tively, and the action of G(Ay) is given by right translation. The space Aq(G, x)
is preserved by this action (see [Ku2, p. 140] and [Bu, Section 2.2 and Theorem
2.9.2]). An automorphic representation of G with central quasicharacter x is an
irreducible (g, K.) x G(As)-module that is isomorphic (as a (g, K1) x G(Ay)-
module) to a subquotient of A(G, x). An automorphic representation is cuspidal if
it is isomorphic (as a (g, K., ) X G(Af)-module) to a subquotient of Ay (G, x). Every
automorphic representation m admits a factorization as a restricted tensor product

~Y !
T = QyTo,

where 7, is an irreducible admissible (gl,, O2(R))-module for v|co and w, is an
irreducible admissible GL2(L,) module for finite places v (see, e.g., [Bu, Section
3.3]). We will recall the classification of these modules in Section E.7 and Section
E.6, respectively.

Eigenforms of Hecke operators give rise to automorphic representations. As
in Section 5.4, let ¢ C Oy, be an ideal, let k = (k,m) € X(L) be a weight, and let
X : L*\A} — C* be a quasicharacter of conductor dividing ¢ satisfying xoo (o) =
az k=2 for as, € A __. Tt is easy to check that there is a natural inclusion

M (Ko(c), x) = A(G, x)
which restricts to induce an inclusion
SH(KO(C)a X) — -AO(G7 X)

For every simultaneous eigenform h € M, (Ky(c), x) of the Hecke operators T, (p)
for almost all primes p, let m(h) be the (g, KL ) x G(Af)-submodule of A(G, x)
spanned by the translates of h. As is well known, 7(h) is then an automorphic
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representation of G (compare [Bu, Theorems 3.6.1 and 3.7.3]). There is also a par-
tial converse to this statement, and this gives the dictionary between automorphic
forms and automorphic representations on G we mentioned above.

Before making this precise, we recall the notion of the conductor of an au-
tomorphic representation. Suppose that m, is an irreducible admissible represen-
tation of GLo(L,) with central character x,. Temporarily let p be the prime ideal
of O, ,. For any n > a(x,) (the exponent of the conductor of x, ), we may extend
Xov to a character of

—{( )EGLQOLU):CEPn}

by setting x» ((¢4)) := xu(d). The conductor f(r) of m is then pa(™, where a(r)
is the smallest non-negative integer n such that

V(m )y o® = {f € V(m,) : m(9) - f = xu(9)f for all g € Ko(p™)} # 0.

Here V(m,) is the space of m,. The space V(WU)XU( 7m)) is one-dimensional by a
theorem of Casselman [Cas]. The conductor of 7 is defined to be the product of

its local conductors:
() = [ f(mo)- (E.1.3)

vtoo

Theorem E.1 (Automorphic dictionary). Let k = (k,m) € X(L) be a weight,
and let x : L*\A} — C* be a quasicharacter satisfying Xoo(aos) = az=2m.
If h € Su(Ko(c),x) is a simultaneous eigenform for Tc(p) for almost all primes
p C Oy, then the automorphic representation w(h) satisfies the following:

(1) The central character of w(h) is x.
(2) The conductor of w(h) is equal to the level of h.
(3) For each infinite place o € X(L), we have w(h)y = D_, —om, (ko + 2).

Conversely, if m is a cuspidal automorphic representation of G with central
quasicharacter x satisfying 7o = D_k, —om, (ks + 2) for each o € X(L), then
w2 7(h) for a unique normalized newform h € SRV (Ko(f(m)), x)-

Here D, (k) is the discrete series representation of Section E.7, and h €
Snew(Ko(¢'), x) is the normalized (meaning a(Op,h) = 1, see Section 5.9) new-
form associated to h, that is, the normalized newform whose Hecke eigenvalues
An(m) satisfy Ap(p) = Ap(p) for almost all prime ideals p C O (where ¢/ D ¢ is
the level of h).

Remark. Thus, there is a one to one correspondence between normalized newforms
and cuspidal automorphic representations as above. As the proof will show, this
theorem depends on the fact that “multiplicity one” holds for G. In other words,
every isomorphism class of cuspidal automorphic representation occurs with mul-
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tiplicity one in Ay(G, x). This is not true for automorphic representations on
arbitrary reductive groups.

The proof of Theorem E.1 uses some material contained in Section E.2, Sec-
tion E.6 and Section E.7 below.

Proof of Theorem E.1. We begin by proving the converse statement. Let m =
®! 1, be the given cuspidal automorphic representation. There is a (g, K ) x
G(Ay)-intertwining injection m < Ag(G, x); moreover, this injection is unique
(see [JaLan, Propositions 10.9 and 11.1.1]). We therefore identify = with its im-
age under this isomorphism. Regard x as a character of Ko(f(w)) by setting
X ((ch Z)) = lec Xo(p) (du(p) ), Where x,(p) is the local character associated to x at
the place v(p) assocated to the prime p C Op,. Consider the space

V' = V(m)Koli(m) (E.1.4)

KX
o _ w(g)h = x(g)h for all g € Ko(f(7)) and
T {h €Vin): T(Uoo)h = hexp(}_, | ko) for all us € KL’

where too = (..., (%% Sm0) .. for 6 € (R/27Z)""). By the result of Cas-
selman cited above (see above (E.1.3)), together with the fact that the isotypic
components of the discrete series under the action of SO2(R) are one-dimensional
(see (E.7.3) below), we conclude that V” is a one-dimensional complex vector space,
say Ch = V' for some h € Ay(GL, x). We claim that h € S, (Ko(f()), x). Indeed,
all of the conditions for i to be an element of S, (Ko(f(r)),x) (see Section 5.4)

are immediate, except possibly (1), namely that

2

Coh(astg) = <k2‘7 + ka> I o)

where C,, is the Casimir operator acting on the place o as normalized in (E.7.1)
below. This follows from the fact that 7, & D_g__om, (ks +2) and (E.7.2) below.

The last thing we need to check is that h is a newform. We first claim that
h is a simultaneous eigenform for all Hecke operators Tj()(p)X and Tjr)(p,p)X
for p { §(7). Let S be the set of places of L dividing co and f(rx). Let m(h)° =
[I,ts ™. Then 7(h)% is an irreducible, admissible GLa(A%)-module that is fixed
by GLQ(@E). Here we are using a superscript S to denote adeles trivial at the
places dividing S. Hence 7 (k)5 is a simple H(GLy(A)//GLa(O3))-module (see
Section E.2). On the other hand, H(GLQ(AE)//GLQ(@E)) is commutative [Cart,
Proposition 4.1], so we conclude that

Tymy(p)X  and Ty (p,p)X € H(G(Ay))

act as scalars on 7(h)® for all primes p { f(7) (see (E.2.4) for notation). This implies
that for p 1 f(7) the operators T;Eﬂ) (p)X and Tj(r)(p, p)X act as scalars on h itself,
and hence, by the discussion above (E.2.4), the Hecke operators T (p), Tc(p,p) € T,
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act as scalars on h. Thus h is a Hecke eigenform for all Hecke operators T.(m),
T.(m, m) with m +§(7) = Or (compare (5.6.8)). Suppose that h is not a newform.
Then let h € SEV(Ko(c), x) for some ¢ D f(m) be its associated newform. Then,
by newform theory (compare Section 5.8) we may write

W)= Yen(a ()

for some ¢; € C and d € O with d¢|j(r). It follows that & € V’, which contradicts
the definition of the conductor f(7); thus h is a newform. This finishes the proof
of the converse statement.

Now assume that h € S, (Ko(c), x) is a simultaneous eigenform for T,(p) and
T(p,p) for almost all primes p C Of. Let h be its associated newform. Then, as
above, h(a) = 3, ¢;h(ag;) for some ¢; € C and g; € G(Ay), so w(h) = w(h). We
may therefore assume, without loss of generality, that h is a newform. It is easy
to see that the cuspidal automorphic representation 7(h) has central character x.
Since h € SV (Ko(c), x), we have that

2

Coh(asop) = <k”

9 + kg) h(aoop)-

This fact, combined with Proposition E.10 and a simple computation using the ex-
plicit description of x at the infinite places implies that w(h), & D_j, —am, (ko +2).

Define V" := V(7 (h))Ko(f(ﬂ)) (see (E.1.4)). By what we proved above, V" =
Ch, where h € SR (Ko(f(m(h))), x) is the unique newform such that w(h) = m(h )
We conclude that h = h, and hence f(m(h)) = c.

In Section E.8 below, we will use Theorem E.1 to translate the statement of
prime degree base change for GL2 from the language of automorphic representa-
tions to the language of automorphic forms. This is the formulation we used in
the proof of Theorem 8.3.

E.2 Hecke operators

Recall from Section 5.6 the algebra T. which acts on S, (Ko(c),x) for ¢ C Op.
This algebra admits a reinterpretation which permits one to generalize its action
on S, (Ko(c),x) to an action on certain spaces of automorphic forms. We recall
this generalization in this section.

As in [Cart], for any locally compact totally-disconnected group G’ let

H(G") (E.2.1)

be the convolution algebra of complex-valued functions ¢ on G’ satisfying the
following conditions:
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e The function ¢ is locally constant.

e The function ¢ is compactly supported.

We will later restrict to the case G’ = G(L,) or G’ = G(Ay). For concreteness, we
note that the convolution product is given by

(o) 0) = [ era)eala™ ey (£.22)

where dg is a suitable Haar measure. Thus, for example, for every x € G’ and every
compact open subgroup K C G’ we have elements charg,x of H(G’) defined by

(deg)_l if a € KK

charg, .k (a) :=
Kok (@) {0 otherwise.

As explained in [Cart], every admissible G'-representation 7 is in a natural
way a H(G’)-module. In particular, if G’ is unimodular, then the action is given by

prwi= / ¢(g)m(g)wdg

for w € V() (see [Bu, p. 316]). Letting V(7) denote the space of 7, we have the
following extremely useful proposition:

Proposition E.2. An admissible G'-representation 7 is irreducible if and only if
V(m) is a simple H(G")-module.

See [Cart, p. 118] for a proof of Proposition E.2 and also for the following version
of Schur’s lemma:

Proposition E.3. If m be a smooth, irreducible representation of G', and the topol-
ogy of G' has a countable basis, then Endg/(V (7)) = C.

We now return to our case of interest, namely the G(Af)-module A(G, x).
As we mentioned above, the fact that A(G,x) is a G(As)-module immediately
implies that it is a H(G(Ay))-module.

In particular, we may consider the H(G(Ay))-submodule
A= {h € A(G,x) : m(g)h = x(g)h for g € Ko(c)},

where x ((25)) := Iy Xo@) (dugp)) for (¢}) € Ko(c) as above. Recall the defini-
tion of the Hecke algebra T, from Section 5.6. The elements of T, can be thought
of as formal sums of double cosets of the form

Ko(c)zKo(c)
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with « € R(c). Here R(c) is defined to be

GAs)NQz e My(Z®Op) : x = (2%) with ¢ € ¢ and H( ) € H(’)L o(p)
ple ple

as in Section 5.6. Any such double coset can be decomposed into a disjoint sum

LL'KO leKo

Thus we have an action of T, on A° by defining

(h|Ko(c)xKo(c) Zx x;) " h(ax;).

Here x((25)) = x(ITy|c(du(p)))- This definition is consistent with our earlier def-
inition of h|Ky(c)xKo(c) for h € M, (Ko(c),x) C A"
We wish to realize these Ko (¢)zK(c) as elements of the “new” Hecke algebra

H(G(Ay)). Set

Ko(c)zKo(€)X(9) == x(9) " char i, (e)o ko (c)(9)- (E.2.3)

We will now compute Ko(c)xKo(c)X - h for b € A°. For notational simplicity,
temporarily set K¢ := Ko(c). For h € A, we have:

Ko(c)zKo(0)X - h(a)
= / Ko(0)zKo(c)¥(9)h(ag)dg

( - / )" h(ag)dg

x; K()EK():EK()/K()

-1
( g) / X(@ig) " h(axig)dyg
acKoeKozKo/Ko Ko
()
leoeKo(EKo/Ko
Zx(mi)_lh ax;)
i

= (h|Ko(c)zKo(c))(e).
For any ¢t =}, a;jKo(c)z;jKo(c) € Tc, we set

x(zi) " h(am;) dg (by definition of A)
Ko

X = Z a; Ko(c)x; Ko(c)X. (E.2.4)
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(We used this notation for ¢ = T(p) in Section E.1 above.) To summarize, the
natural inclusion

Sk(Ko(c),x) — Ao(G,x) (E.2.5)
is compatible with the map

T. — H(G(Af)) (E.2.6)
t — X

This map is actually an injective algebra morphism, intertwining the usual prod-
uct in T, with convolution of functions in H(G(Ay). The injectivity is clear, and
the fact that the map respects the product structure on both sides is well known
(see [Cart]).
If G’ is a locally compact totally disconnected group and K C G’ is a compact
open subgroup, denote by
H(G'//K) C H(G)

the subgroup consisting of those functions that are K-biinvariant. That is, f €
H(G') is an element of H(G'//K) if and only if f(kg) = f(gk) = f(g) for all
g € G’ and k € K. Then it is easy to check that the image of (E.2.6) is contained
in H(G(Ay)//Ky (c)), where

KY(c) ::{(i Z) eKo(c):d—lec}.

E.3 Agreement of L-functions

The purpose of this section is to prove the following theorem.

Theorem E.4. Let h € SEV(Ko(c), x) be a newform, and w(h) its associated auto-
morphic representation as in Theorem E.1. Then for every prime p with associated
finite place v(p), we have

Lp(h, S) = L(Tl’(h)v(p), 8)

where the local Euler factor on the left is that given in (5.9.6) and the Euler factor
on the right is the “standard” Euler factor (see [JaLan)]).

Proof. For ease of notation, write m := 7(h). By the classification of local ad-
missible representations of GLg, we have three possibilities for m,,); it is either
principal, special (also known as Steinberg), or supercuspidal (see Section E.6 and
[Gel, Section 4.2]). If 7,y is principal or special, the local Euler factors L(m, ), 5)
are given by the table in Section E.6. If 7, ) is supercuspidal, then L(m,),s) = 1
[Gel, Theorem 6.15]. In any case, L(,()) is a polynomial in Ny, ,q(p)~* of degree
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0,1, or 2. It is clear that the coefficients of (N ,q(p)~*)? and (N ,g(p)~*)? in
L(7my(py,s) and Ly(h,s) agree. We are left with checking that the coefficients of
Nz /o(p)~° agree.

The space V(ﬂ'),[f&(f(ﬂ)) of (E.1.4) is one-dimensional as explained in the proof
of Theorem E.1, and it is clear that T, (p)X both preserves this space and has image
contained in it. It therefore acts as a scalar on it, say A. By the discussion above
(E.2.4) and the fact that we may regard h as an element of V(7) C Ay(G, x), we
see that A = A\, (p). It therefore suffices, by the definition of L,(h, s) in (5.9.6), to
prove that ANz, /q(p)~/2 is the coefficient of Ny jq(p) ™% in L(my(p), s).

In order to do this, one calculates the eigenvalue of T (p)X on V(7). Note
that T¢(p) = Ko(c) (o wop ) Ko(c) where @, is an idele that is a uniformizer for the
maximal ideal of Of ) at v(p) and is trivial at all other places. Then, for any
pure tensor w = @, w € V(r), we have

-1
Te(p)w = (/ dg) [ X wg)uds
Ko(c) Ko(©)(§ o, ) Ko(e)
1
= (/ dgv(p)) / Loy T | © (@usmw)
Ky KV(pr)Kv

= chaer ([1) U_?p )Kp Wy(p) @ (Dyo(p)Wo) -
Here, at the last line, we regard wy, as uniformizer for the maximal ideal of
Oy, and Ky = Ko(f(my(p))). We conclude that X is also the eigenvalue of

Chaer((l)wo,, K, € H(G(Ly(py)) acting on mypy. If 7, is unramified, Propo-

sition 4.6.6 of [Bu] computes this eigenvalue, and it turns out to be precisely
(x1(p) + x2(p)) N g (p)'/2.

In the cases where 7, ;) is ramified, Hida states the computation of A as a
theorem in [Hid4, Section 2] as a rephrasing of the results of [Cas|. A nice proof, fol-
lowing the proof of Proposition 4.6.6 of [Bul, is given in Proposition 2 of [Pop]. O

E.4 Langlands functoriality

In this section we indicate briefly how the base change map that we have used
throughout this work fits into the general (conjectural) framework of Langlands
functoriality. Our primary motivation is to make precise several statements made
in the introduction and in Chapter 8 about how various maps on Hecke algebras
are “induced by a map of L-groups.”

Let H be a connected reductive F-group, where F' is a number field. Lang-
lands has conjectured that there is a partition of the set of all equivalence classes
of automorphic representations of H(Ap) (resp. irreducible admissible represen-
tations of H(F,)) into disjoint sets called L-packets enjoying certain functorial
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properties. Here v is any place of F'. An L-packet of automorphic representations
is called a global L-packet, and an L-packet of irreducible admissible representa-
tions is called a local L-packet. Describing what is known about these L-packets
is beyond the scope of this work. However, in the case when H = Resy;,pGL,, for
some finite degree field extension M/F and some integer n the packets are single-
tons; that is, each irreducible representation defines an L-packet with isomorphism
class of the representation itself as the sole member.

One reason Langlands introduced L-packets is to formulate the notion of a
functorial transfer. More precisely, let H and G be connected reductive F-groups
(resp. F,-groups) and let

tg —ta

be an L-map (see [Bo79]). Langlands has conjectured that to each such map one
has a functorial transfer associating an L-packet of representations of G to each
L-packet of representations of H. The transfer of global L-packets is supposed
to be compatible with the transfer of local L-packets. Again, describing what is
known about this conjecture is beyond the scope of this work. The Paris book
project organized by M. Harris [Harr] would be a place for the interested reader to
begin, as well as forthcoming work of J. Arthur. The structure of L-packets in the
archimedean case is due to Langlands and Shelstad (see [LanS] and the references
therein). One should also consult the various papers of C. Moeglin et. al. for the
local non-archimedean case. Also, though much more is known now than in 1979,
the Corvallis proceedings [BoC] remain an invaluable resource.

In this book we only require a case of Langlands functoriality that was his-
torically among the first to be proven [Lan], namely prime-degree base change for
GL2. Let L/E be a prime-degree Galois extension of number fields, let H = GL,,
and G = Resy g GL;,. We will use the “finite form” of the L-group in what follows
[BoT9, Section 2.4(2)]. One can find proofs and/or references for the statements
we make in [Bo79).

For every place v of E write L, := L ®g F,. We have

C
C

x Gal(L/E)

n(C)
LG = GL,(C)S(L/E) y Gal(L/E)

LHy - {

L, (C)

GL,(C)

La, - GL, (C)G2UL/E) 5 Gal(L,/E,) if v is inert or ramified
B GL,, (C)Gal(L/E) » (1) if v is split.

n(C) x Gal(L,/E,) if v is inert or ramified
n(C) x (1) if v is split

Here in the first (resp. second) semidirect product Gal(L/E) (resp. Gal(L,/E,) <
Gal(L/E)) acts by permuting the factors in the natural manner. The symbol
(1) just means the trivial group with one element. For every place v of E there
are natural embeddings *Hg, — YH and ‘G, — G given by the identity
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on the first factor and the natural embedding Gal(L,/E,) — Gal(L/E) (resp.
(1) — Gal(L/E)) on the second factor. The L-map that induces base change from
GL,, to Resy;gGLy, is the map

b: GL,(C) x Gal(L/E) — GL,(C)%(/E) » Gal(L/E) (E.4.1)

given by the diagonal embedding on the first factor and the identity on the second.
Using the embeddings of the local L-groups mentioned above, b induces a map

LGLng, — "Resy pGLy g,

for every place v of F.

We now explain what we mean when we say that (E.4.1) induces base change.
Choose a place v of F and assume that it is finite and unramified in L/E. Let
T C LGL; 5, be a maximal torus, let 0 = 1 if v is split in L/E and let o be

a generator of Gal(L ®, E,/E,) if v is inert in L/E. Notice that T%(L/E) C
GLGal(L/ E) =L GL; g, is also a maximal torus, and the restriction

b:T x o —s TCML/E) o &

is just the natural diagonal embedding on the first factor and the identity on the
second factor. Let W be the Weyl group of T in YGL, g, . Let R be a C-algebra.
Since the action of W on T' commutes with the (trivial) action of o on 7', the map
T(R) — T(R) x o given by t + t x ¢ induces an isomorphism

T/W — T x a/W (EA4.2)

of affine schemes over C. Define Wg to be the subgroup of the Weyl group of
TGAL/E) ip LResy pGL;p, that is fixed by 0. Let N be the normalizer of
TGML/E) in LResy,  5GLS g, , and let N be the inverse image of W in N. Then
b induces a morphism

b:T/W — T x o/W — (TNE/E)  0) /N,

of affine schemes over C. This is equivalent to the statement that b induces a
C-algebra homomorphism

b: CIENE/E) 5 g)Ne s [TV (E.4.3)

There are algebra isomorphisms

(C[TGal(L/E) w 0_

IIZ

(C [t ... 65715 if v is inert
til s EEYSOILET if g is split.
+ Sn
SR

%
||2
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where S,, acts by permuting the indices [ArtC, Chapter 1, Sections 4.1 and 4.2].
Moreover, one can arrange these isomorphisms so that the base change map of
(E.4.3) is given by

b(f)(tr,. .. tn) = FOEEED L HILEDY i g is inert (E.4.4)
b(f1,-- -, fizm) = f1-- - fi.g) if v is split

(the statement in the inert case is given in [ArtC, Chapter 1, Section 4.2], the
statement in the split case is obvious).

Write K, := GL,(Og,) and K, := GL,(Or,). We let

be the algebra morphism defined by stipulating that the diagram

(C[TGal(L/E) « O']NE b . (C[T]W

A A

fe=fY ¢ Y

H(CL (L)) /K1) 'r HQL,(E.)//K)

commutes, where the vertical arrows are given by the Satake isomorphism. Here we
are using the normalization of the Satake isomorphism used in [ArtC, Chapter 1,
Sections 4.1 and 4.2] (see also [Kot, Section 5]).

Let m, be an irreducible admissible representation of GL,,(E,) that is unram-
ified (i.e., admits a K,-fixed vector). Then H(GL,(E,)//K,) acts on the space of
7, via a character A, . An irreducible admissible representation II, of GL,,(L,) is
the base change of m, if II, is unramified (i.e., contains a K, -fixed vector) and
H(GL,,(L,)//KL,) acts on the space of II, through a character Ar, satisfying

A, () = Ax, (b(2)) (E.4.6)

for all t € H(GL,(Ly)//GL,(OL,)) (compare [ArtC, Chapter 3, Section 1]). The
well-known, crucial observation is that the relation (E.4.6) uniquely determines
I1,. Globally, one says that an automorphic representation II of GL,(Ay) is a
weak base change of an automorphic representation 7w of GL,,(Ap) if II, is the
base change of m, for almost all places v. This makes sense because 7 and II are
necessarily unramified at almost all places. Moreover, by strong multiplicity one
for GL,(AL), if such a II exists and is cuspidal then it is unique. We note that
we have omitted a definition of the local base change for ramified representations;
this involves a character identity [ArtC, Chapter 1, Definition 6.1] due to Shintani
that we will not discuss here. We also note, though this is not quite obvious, that
the definition of the unramified base change and global base change given here for
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general n coincides with that given in Section E.5 for n = 1 and Section E.6 and
Section E.8 for n = 2.

Let ¢ C Or be an ideal, let ¢g = ¢ N Op, and let Dy, /g (resp. dr,/p) denote
the different (resp. discriminant) of L/E. We have an algebra morphism

b: ’H(GLQ(ACLDL/E)//K‘DL/E) . H(GLQ(ACE?dL/E)//KCEdL/E)

given by (E.4.5) at each place v { ¢pdy/p. Here the superscripts indicate the
subgroup of the finite adeles trivial at the places dividing the given ideal and

KCDL/E — H KLv
viococDy /g
KB/ . — H K,
vfoocrdr /B

Let
Trde/e = Z{Ko(cg)rKo(cr) € Tep : Tupy = (§9) for plepdr p}]
TPr/e : = Z[{Ko(c)xKo(c) € T, : Ty = (§9) for B|cDp g}

as in (8.2). Let k = (k,m) € X(E) be a weight, and fix a quasi-character
xE : EX\Ag — C* of conductor dividing cg satisfying Xoo(@eo) = a~*72™ for
Qoo € Azm Let x = xg o N, g. The construction of Section E.2 provides us with
injections
xE L TR e oy Y (GLy (AR /) /K eBdire)
X TPr/e s H(GLy (A Y7 ) /K Pri)
(see (E.2.6)).

Lemma E.5. Assume L/E is a quadratic extension. View T*E9L/2 as a subalge-
bra of

H(GLa(AF ")/ /K= 0r)
and TPL/E as a subalgebra of
H(GLa(AL /" /K PI)
using (E.2.6). Let b be the base change map given in (E.4.5). We have
b(TPr/e) C TeBde/E,

The induced map
b:TPr/e s Terde/n (E.4.7)

is that given in Section 8.2 abowve.
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Proof. The proof proceeds by computing the effect of the base change map b on
some elements of H(GLa(L,)//KL,). The normalization of the Satake isomor-
phism used in [ArtC, Chapter 1, Sections 4.1 and 4.2] is given explicitly in [Kot,
Section 5]. This is the same as the normalization of the Satake isomorphism given
in [Lau, Section 4.1]. Let @, be a uniformizer at the finite place v of F and let ¢
be the order of the residue field at v. By [Lau, Claim 4.1.18] and [Lau, Corollary
4.1.19], we have

Chv (wv ?)K = q1/2(t1 + t2)

Ko (% v
Chv v 0 = t1t2
Ko (120 Wo )Kv
If v splits in L/FE, then a choice of isomorphism L, 22 E7£L:E] induces an

isomorphism H(GLa(L,)//Kr,) & H(GLy(E,)//Kg,)"F! and the Satake iso-
morphism
Vi H(GLy(Ly)//KL,) — C[TENE/E) 5 5)NE

is given by the Satake isomorphism for H(GLy(E,)//Kg,)**! on each factor. In
this case the base change morphism is given by

b:Clty, ty ta, 5152 @ Clty, 17 1 ta, t5 1]52 — Clt1, 111, ta, t5 1]
(p1,p2) — P1p2.
‘We conclude that

b(ChKu(wO“ ?)Kv’ChK“) = b(ChKNChKv(wOU ?)Ku) = ChKu(wO“ ?)K'u (E.4.8)

b(chKv(wU 0 )Kv7ChKU) Zb(CthChKv(wv 0 )KU) ZChKU(wv 0 VK,

0 o, 0 wy 0 wy

Now suppose v is inert in L/E. Let @, denote a uniformizer for L,. By [Lau,
Claim 4.1.18] and [Lau, Corollary 4.1.19] we have

by, (30 0)k,, =0+ 1)

\/ ~
P, (5 2 ).

= t1ts.
The base change morphism (E.4.1) is given by
b:Clty, t7 7t ta, 15152 — Clty, t7 1 ta, 5 ]2
p(tlatQ) l—)p(t%,t%)

[ArtC, Section 4.2]. It follows that
e (5 D) T P (5 e " B (5 e M ()

= ch —qch . (w, E.4.9
T ) T (T 2 (E49)
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MM (5 e T (G ) P (8 )

(compare [Bu, Proposition 4.6.4]). The lemma follows from (E.4.8) and (E.4.9).
O

E.5 Prime degree base change for GL;

Let K/F be a finite, prime-degree Galois extension of non-archimedean local fields,
and let Ng/p be the norm map. An admissible representation of GL;(F) is just
a continuous quasicharacter x : F* — C*. Its base change to GL;(K) is simply
xXoNg/p.

The Galois group Gal(K/F') acts on the set of admissible representations of
GL1(K) by

X7 (z) := x(z7) for 0 € Gal(K/F).

Here 2z € K*. On the other hand, we have an identification of the dual Gal(K/F)"
with the set of characters n: F'* — C* which are trivial on Ng,pK*. This gives

us an action of Gal(K/F)" on the set of admissible representations of GL1 (F) by
the rule sending an n € Gal(K/F)" to

The following proposition uses these two actions to give a description of the kernel
and image of prime degree base change for GL;:

Proposition E.6 (Prime-degree base change for GL1). Let K/F be a finite prime-
degree Galois extension of non-archimedean local fields. Then x — xoNg,p gives
a bijection between the Gal(K/F)"-orbits of admissible representations of GL1(F)
and the set of Gal(K/F)-fized admissible representations of GL1(K). Moreover,

LixoNgpms) =[] L.
nEGal(K/F)"

This result is given as Proposition 1 in [Ger] and is a consequence of Frobenius
reciprocity. Here, as usual, for non-archimedean local fields F, if p is a uniformizer
for the maximal ideal of OF, the p-adic valuation | - | on K is normalized so that
Ip|=!t = |Op/p|, and if x : F* — C* is a quasicharacter one sets

Lix. s) (1= x(p)lp|*)~" if x is unramified
75 = .
X 1 otherwise.

We now give a formula relating the conductor of a quasicharacter to its base
change with respect to an unramified extension. Write U ]((" ) (resp. U é")) for the
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higher unit groups of K (resp. F). As above, denote by a(x) the exponent of the
conductor of x. We have the following lemma:

Lemma E.7. If K/F is an unramified prime-degree Galois extension of local fields
and x : F* — C* is a quasicharacter, then a(x) = a(x o Ng/p).

Proof. Since K/F' is unramified, we have NK/FU[(?) = van) for all m > 0 (see
[Neu, Section V.1 Corollary 1.2]). Thus x is trivial on vam) if and only if xoNg/p

is trivial on U™, and the lemma follows. O

E.6 Conductors of admissible representations of GGL5

As in Section E.5, let K/F be a prime-degree Galois extension of non-archimedean
local fields. In this paragraph, we recall the notion of a base change lifting of an
admissible representation of GLy,r. The local base change lifting can be made
explicit (at least in the “non-exceptional” case) and we will recall the explicit de-
scription in the interest of proving Proposition E.9, which relates the conductor
of an admissible representation to the conductor of its base change.

We begin by listing the admissible representations of GLy over a charac-
teristic zero non-archimedean local field F, together with their conductors. For
the definitions of these representations, refer to [Schm] or [Ger]. Let x1,x2 be
quasicharacters of F* with X1X2_1 # | - |*1. Moreover, let E/F be a quadratic
extension and § : E* — C a quasicharacter non-trivial on Ng,p E*.

Admissible Representations of GLq

Representation Notation Conductor
Principal series m(Xx1, X2) Fx1)f(x2)
Weil Representation we pl B/ g /F

Steinberg representations  p(x1] - |1/2a xil- |71/2) p;‘l(XI) Npr
Exceptional representations f(m) C p%

Here pp is the maximal ideal of Op (the ring of integers of F) and f(E/F) is
the degree of the extension of residue fields associated to E/F. The conductor
calculations in this table are all given in [Schm], with the exception of the last
line on exceptional representations, for this, see the proof of Theorem 1 of [Cas],
especially the remark above the lemma on p. 303.

Remark. The exceptional representations can only occur in residue characteristic
2 (see [Ger, Appendix B]). Under the local Langlands correspondence, they corre-
spond to Galois representations p : Gal(F'/F) — GL3(C) such that the image of
the inertia group in PGLy(C) is A4 or S;.
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We now define local base change liftings, following [Ger]:

Definition E.6.1. Let K/F be a prime-degree Galois extension with
(o) = Gal(K/F).

We say that an admissible representation 7 of GLa(K) is a base change lifting of
an admissible representation m of GL2(F') if one of the following holds:

(1) We have 7 = 7(x1 0 Ng/p, x2 © Ng/p) and m = 7(x1, x2) for two quasichar-
acters x; : F'* — C.

(2) There is an extension 7’ of 7 to Gal(K/F') x GLy(K) such that
Tr(7 (0 x z)) = Tr(w(z)) whenever Hy:{lF] 2% is conjugate in GLy(K) to a
regular semi-simple element € GLg(F').

Remark. The isomorphism class of 7 is independent of the choice of generator for
Gal(K/F) (see [Ger, Theorem 1]).

We now wish to recall the analogue of Proposition E.6 for admissible represen-
tations of GLo. For its statement, notice that for a prime degree Galois extension
K/ F, there is a natural action of Gal(K/F) on the set of admissible representations
of GLy(K) given by 77 (z) := 7(x?). We then have the following:

Theorem E.8 (Local prime degree base change for GLg). Let m be an admissible
representation of GLa(F), where F' is a characteristic zero non-archimedean local
field. Then there is a unique base change lifting of ™ to an admissible representation
7 of GLa(K). The association m— T enjoys the following properties:

~ ~

(1) If 7 & 7o then @ = my ® ) for some character n : F* — C* trivial on
Ng/p(K*) or m = m(x1,x2) and mo = 7(X},X3) where xixtand xaxy !
are trivial on N/ p K.
(2) We have
L(w,s) = H L(r®mn,s)
nEGal(K/F)"
where we use local class field theory to identify Gal(K/F)" with the group of
characters of F* trivial on N/ p K> .

This theorem is stated as Theorem 1 in [Ger]. See [Lan] for a proof. For the reader’s
convenience, we write down explicitly the L-functions of the various isomorphism
classes of admissible representations of GLa(F'):

Representation L-function
W(leXQ) L(X17S)L(X27S)
we L(¢,s)
pOal- [V xal - [71?) L(xa|-"2,5)

Exceptional representations 1
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See [Ger, Appendix B] for the first and the second statements, [JaLan, Proposition
3.6] for the third, and the paragraph after [Kutz, Theorem 1] for the fourth.

Let K/F be a finite prime-degree Galois extension. It is easy to write down
the effect of the corresponding base change on the first three types of representa-
tion listed in the previous table:

Representation Base Change

(X1, X2) m(x1 ©Ng/r, X2 Ng/r)
WﬁoNK/F it B Z K
m(&,¢) fE=K
pOal-1M2xal-17Y2) pxa o Nyl - V2, x1 0 Niyp| - |71/2)

3

Here (') = Gal(E/F), and we view | - | as the normalized valuation of F' on the
left and | - | as the normalized valuation of K on the right.

We now give a proposition relating the conductor of an admissible representa-
tion to the conductor of its base change with respect to an unramified prime-degree
Galois extension K/F.

Proposition E.9. Let K/F be an unramified prime-degree Galois extension, let
be an admissible representation of GLo(F') and T its base change to GLo(K). If
the residue characteristic of F' is not 2, or w is not exceptional, then a(w) = a(7).
If the residue characteristic is 2, then a(n) < 1 implies a(7) = a(n), and a(7) =0
if and only if a(w) = 0.

Here a(x) denotes the exponent of the conductor of *.

Proof of Proposition E.9. If 7 is either a principal series representation or is a
Steinberg representation, then the proposition follows immediately from Lemma
E.7 combined with the first and the last table of this section.

Now assume that m = w; is the Weil representation attached to a quasicharac-
ter & : E* — C*, where E//F is a quadratic extension. If E = K, then W is isomor-
phic to the principal series representation (£, £7), where (o) = Gal(E/F). The ex-
ponent of the conductor of we is f(E/F)a(§)+a(E/F), where f(E/F) is the degree
of the extension of residue fields associated to E/F and the conductor of (&, £7)
is 2a(&) (see [Schm]). We have that E/F is unramified, so we must show that

F(E/F)a(§) + a(E/F) = 2a(§),

which follows from Lemma E.7.
We now assume that E ¢ K; in this case g = WeoNy, p- Thus we must
show that

fE/F)a(§) + a(E/F) = f(EK/K)a(§ o Npk/p) + o(EK/K).
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We have that f(E/F) = f(FK/K) and o«(EK/K) = a(E/F). Moreover, EK/E
is unramified because K/F is unramified, so another application of Lemma E.7
completes the proof in this case.

Assuming that the residue characteristic of F' is not 2, we have exhausted all
possibilities for 7. We now assume that the residue characteristic is 2. If a(7) < 1,
then by the conductor table in Section E.6, we conclude 7 is not exceptional, so
the arguments above prove the desired result. Thus we are reduced to showing that
a(m) = 0 implies that a(m) = 0. Again, arguments above prove this when  is in
the principal series, is special, or is dihedral. If 7 is exceptional, then it is ramified,
so a(m) # 0. We claim that in this case, 7T must also be ramified (i.e., a(7) # 0).
To see this, fix an algebraic closure F' of F' and an embedding K — F'. Let

p(m) : Gal(F/F) — GLy(C)
p(7) = p(ﬂ')‘(;-(ﬂ(F/K) : Gal(F/K) — GL2(C)

be the Galois representations associate to m (resp. 7) by the local Langlands cor-
respondence for GLy. Since the image of the inertia group under p(7) composed
with the canonical projection P : GLo(C) — PGL2(C) is isomorphic to A4 or Sy
and the extension K/F is abelian, it follows that the image of the inertia group
under Pop(7)| a5 1y 18 not trivial. Thus p(7)| g,y (r )k is ramified, which implies
7 is ramified. O

E.7 The archimedean places

Let F be a totally real number field and v a finite place of F'. In the definition of an
automorphic representation, the analogue at the archimedean places of an admissi-
ble representation of GLy(F,) is not a representation of GL2(R) per ce, but rather
an admissible (gly(R), O2(R))-module. For the definition, see [Bu, Section 2.4].
We now recall the classification of the infinite-dimensional irreducible admis-
sible (gly(R), O2(R))-modules. Let x1, x2 : R* — C* be two quasicharacters such
that X1X2—1 is not a quasicharacter of the form y ~ sgn(y)¢|y|*~!, where \ € Z,
e € {0,1} and A = ¢ (mod 2). The infinite-dimensional irreducible admissible
(gl5(R), O2(R))-modules are given, up to isomorphism, in the following list:

(1) Principal series representations, denoted m(x1, x2)-

(2) Discrete series representations D, (), where A € Z~1 and p € C.

(3) Limits of discrete series representations D,,(1), where p € C.

For a proof of this classification, see [Bu, Theorem 2.5.5]. As they do not play
as much of a role in this work, we will not comment on the principal series rep-
resentations. However, we will recall some basic properties of the discrete series
representations that we used in the proof of Theorem E.1.
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We first set notation for the standard generators of sly(R) ® C:

1(1 i L/1 —i 0 —i
X'_Q(i —1> Y‘_2<—z' —1) H'_(i 0)'

Then the Casimir operator! for sly(R), as in Section 5.4, is

2

H
C=XY+YX+, . (BE.7.1)

We will also require the element I = (}9) € Z(gly(R)).
As a means of distinguishing the discrete series and principal series represen-
tations, we have the following proposition:

Proposition E.10. Let V' be an irreducible, infinite-dimensional admissible
(gly(R), O2(R))-module. Then V is in the principal series if and only if the eigen-

value of C is not of the form (>‘22 — )\) where X\ is an integer.

See [Bu, Section 2.5] for a proof.
The discrete series representation D,,(\) has the properties that

2
C-w:<>\2 —A)w and [ -w=pw (E.7.2)

for all w € D, (). These two properties distinguish D, (\) among the infinite-
dimensional (gly, O2(R))-modules that are not in the principal series. Fix p € C
and A € Z>;. We then have a decomposition

D.N= & Cus, (E.7.3)

[BI=X
B=X (mod 2)

where

cos(6) sin(6 i
(73115(&) cosE@%) Twp =¢ BGUJQ and ((1) _01) cwp = wW-g- (E74)

The action of X,Y, and H on the wg is given by
1 1
X~wg:2(>\+ﬁ)wg+2 Y~w5:2()\—ﬂ)w5,2 H - wg = Pwg.

We see that this gives a complete description of D,,(X) as a (gly(R), O2(R))-module.
For proofs of all of this, see [Bu, Section 2.5], and for a quick summary, see [Ku2,
Section 3.

n the notation of [Bu, Sections 2.2 and 2.3], —2A = C. We note that it does not matter whether
we define C in terms of the generators of sl2(R) or sla(R) ® C because C' € Z(gl,).
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E.8 Global base change

Let L/E be a prime-degree Galois extension of totally real number fields. For any
place v of E, let L, := L ®g E,. If v is a finite place of F and m, is an admis-
sible representation of GLa(E), we let BC(m,) be the admissible representation
of ®4,GL2(L.) that is given by the base change 7 of 7 to L,, for every place
w|v. If v is an infinite place, then L, = @, , R. If m, is an infinite-dimensional
irreducible admissible (gl,, O2(R))-module, define BC(m,) to be the irreducible
admissible [, (gly, O2(R))-module given by the product @, .

Now let m be an automorphic representation of GLa(Ag). An automorphic
representation 7 of GLa(Ay) is a base change lifting of 7 if for all places v of E we
have that [],,, #w = BC(m,). If 7 is any base change lifting of m we write 7 := 7.

In analogy with the case of automorphic representations of GL1, we have an
action of Gal(L/E) on the set of admissible representations of GLo(Af) given by
77 (z) := m(x”). Moreover, we have an action of {n} = Gal(L/E)" on the set of
admissible representations of GLa(Ag) given by m — 7 ® n, where we identify
Gal(L/E)" with the group of Hecke characters trivial on Ny, g A} . With this in
mind, we state the main theorem of base change for GLs.

Theorem E.11 (Base change for GLg). Let L/E be a prime-degree Galois exten-
sion of totally real number fields. Every automorphic representation m of GLa(Ag)
has a unique base change lifting to an automorphic representation T of GLa(AL).
Moreover, any cuspidal automorphic representation T of GLa(Ayp) that is isomor-
phic to its conjugates under the action of Gal(L/E) is of the form T = T for a
cuspidal automorphic representation m of GLa(Ag). The association ™ — T enjoys
the following properties:

(1) If m and T are both cuspidal, then any automorphic representation ' such
that © = 7 satisfies Tt @ n = 7’ for some n € Gal(L/E)".
(2) If m and T are both cuspidal, we have

L@ s)= ][] Lox@ns)
n€Gal(L/E)"

for every place v.

For a proof, see [Lan]. This formulation of the theorem is an adaptation of that
given in [Ger, Theorem 2]. We are using Langlands’ notation for the L-functions
(see [Lan]).

Remarks.
(1) This theorem holds for L/E an arbitrary prime-degree Galois extension,
though to state it precisely we would have to deal with infinite places v
such that L, or E, is isomorphic to C.
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(2) We could have also incorporated non-cuspidal automorphic representations
into the theorem at the cost of introducing additional notation. See [Lan] or
[Ger] for details. Philosophically, we used the theory of base change for Eisen-
stein series in Chapter 11, but since base change liftings of Eisenstein series
on GLy can be defined entirely in terms of quasicharacters x : E*\Aj — C,
there was no need to invoke the machinery of an analogue of Theorem E.11.

(3) The statement of base change for GLa given in [Ger] uses admissible GLg(R)-
modules as opposed to admissible (gl,(R), O2(R))-modules, thus some “trans-
lation” has to be done to obtain the precise statement of Theorem E.11.

As above, let L/FE be a prime-degree Galois extension of totally real number

fields. Fix a weight x = (k,m) € X(F) and let xg be a character of E*\A}
satisfying X poo(@eo) = azF~2™. Moreover, set Y = XE © Ny /g and define & as in

the introduction to Chapter 8. The following is a corollary of of Theorem E.11:

Corollary E.12. Suppose that he SRW(Ko(c), x) is a simultaneous eigenform for
all Hecke operators for some ¢ C Op,. Assume that for almost all primes P C Of,
we have Aj; (P) = A3 (B7) for all o € Gal(L/E). Then there is an ideal N'(¢) € O

o~

and a newform h € SV (Ko(N'(¢)), xg) such that w(h) = w(h); in particular

[[Zx(.s)=  J[ Leh@n.s) (E.8.1)

Blp n€Gal(L/E)"
for all primes p. Moreover the ideal N'(¢) C O satisfies
N'(¢) 2 maby p(cNOp)

where mg C Of is an ideal divisible only by dyadic primes which we may take to
be Op if ¢+20L = O and by /i is an ideal divisible only by those primes dividing
dL/E-

Conversely, if h € S2V(Ko(cg), xE) is a newform, then there is a unique
newform h € SRV (Ko(c), x) (for some ideal ¢ C Or) such that W(ﬁ) = /(E) In
particular,

(1) For all p the equality (E.8.1) holds.
(2) For all p 1 ¢ we have A\;(P) = A;(P?) for all 0 € Gal(L/E).

Moreover, in this situation we have:
Aa() = An(b(1)) (E8.2)

for all t € TPr/e_where b:TPr/e — TEL/E s the base change mapping of
(E.4.7) and of Section 8.2.

Remark. The 7 of Corollary E.12 are trivial on A C Ny, gA}, and hence h®@n
has the same weight as h.
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Proof. Let S be the finite (possibly empty) set of primes of Op where A;(B) #
A7 (B7) for some o € Gal(L/E) together with the primes ramifying in L/E and
the primes where 7(h) is ramified. Here x(h) is the automorphic representation
generated by h. Let B COr, B €5, be a prime such that p = Ny /5 (*B) is prime.
We claim that w(ﬁ)gm) & W(ﬁ)v(ma) as irreducible admissible representations of
GLQ(LU(;I;)) = GLQ(LU(‘;B)U) = GLQ(EU(p)) for all o € Gal(L/E)
To see this, note that our assumptions that A\; () = A;(P7) and x =
Xe © Ny g imply that Lm(ﬁ“s) = Lo (ﬁ,s) for all 8 ¢ S. This implies, by
Theorem E.4, that R R
L(m(h)yp), s) = L(m(h)y(pe), 5)- (E.8.3)

Since W(E)U(qg) and W(E)U(qga) are both principal series representations, it makes
sense to speak of their Satake parameters as representations of GLg (L)) =
GLa2(Ly(pye) = GLa2(Ey(p))- Equatlon (E.8.3) implies that these Satake parame-
ters are equal hence 7r(h) op) = W(h)v(q}a) (see, e.g., [Ku2, Section 3]).

Now let p(w(ﬁ)) be the (¢-adic) Galois representation attached to h by the
work of Taylor and Blasius-Rogawski (see [Tayl, pp. 265-266] and [BlaR]). Since
the set of primes 8 C O not in S such that Nz ,g(B) is a prime of O has
Dirichlet density 1 as a set of places of L [Ser, Section 1.2.2], a standard ar-
gument using the Chebatarev density theorem implies that p(ﬂ(ﬁ))" & p(ﬁ(ﬁ))
for o € Gal(L/ E). This implies by the local Langlands correspondence® that
W(h)va = 77( )¢ for almost all finite places v of L. Thus, in the terminology of
[Lan, Section 2], (h) is a “quasi-lifting” of some automorphic representation 7 of
GL2(Ag), which implies, again as stated in [Lan, Section 2], that w(ﬁ) is a lifting.
The proof of the first statement now follows from Theorem E.11 combined with
Theorem E.1, Theorem E.4, and Proposition E.9.

For the converse statement, we first claim that 7r/(—l7) is cuspidal. If 7;(3) is
not cuspidal, then L/F must be quadratic, and 7 (h) must be induced from a qua-
sicharacter of L*\A} (see Appendix C and Theorem 2(b) of [Ger]). This implies
that 7(h) is in the principal series at every infinite place, which contradicts part
(3) of Theorem E.1.

Thus the base change 7(h) is cuspidal. By Theorem E.1, we have 7(h) = 7(h)
for a unique normalized newform h € SV (Ko(c), x) for some ideal ¢ C Of. We
claim that we may take h = h. Indeed, Theorem E.4 1mphes (1). Moreover, for

any prime P C Oy, the fact that (ﬂﬁ)v(gm) = ﬁ(h)v(mg) implies that these

two irreducible admissible representations are isomorphic as Hecke modules, and
thus the translation between the “automorphic” Hecke algebra and the classical
Hecke algebra outlined in Section E.2 implies that Ay () = Az (PB7) for all primes
B C Op and 0 € Gal(L/E). O

2See [Tay?2] for a discussion of the compatibility of p(ﬂ'(ﬁ)) and the local Langlands correspon-
dence.
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|- | restricted absolute value, 203
|€| support of £, 27
(-,-)rm intersection pairing, 36
(-,-)x Kronecker pairing, 36
() Petersson product, 11, 70, 125
[zo] fractional ideal, 4, 200
[,-]rz  adjusted product, 125
[k+2m] ko + 2me, 82, 116, 125, 152
{k} >, ko, 125
| -|a normalized absolute value, 3, 201
{(p,p’) inmer product, 123
> 0 totally positive, 4
az, 64
Yxp (M)  Hecke translate, 8, 142
I'c sections with compact support, 45
i torsion free subgroup, 133
I(c),I'9(c) arithmetic group, 59, 60
'™ quotient group, 133
€ augmentation, 36
€(z) sign of Im(z), 157
main involution, 66, 111
Cartan involution, 49
bilinear form, 155
weight, 61, 63
weight, 136, 179
—w, 160
r(m) Hecke eigenvalue, 8, 68
(f), 7
base change of 7, 140, 230
real embedding, 58
ol 9, 180
¥(L) infinite places of L, 3, 58
T<r truncation, 31
T fractional ideal for twisting, 77, 160
¢. restricted Hecke character, 203
XE quasicharacter on A}, 136
X0,X¢ character, 63, 66, 113, 152
1) Hecke character, 119
wp,ws(f7)

differential form, 9, 108, 110, 114
[wy] cohomology class, 108, 110
Q"(X,E) differential forms, 92, 107
Qs L? differential forms, 43
Qf. invariant differential forms, 46

L
0
S}
K
R
R
A
Ta
T
7

A representation, 101
1 the weight (1,...,1), 61

A subalgebra of C, 132
Ao(G, x) cusp forms, 215
A adeles of Q, 3

Ar adeles of L, 3, 199

Ag  torus, 41
A(G,x) automorphic forms, 214
a(m, f)

mth Fourier coefficient, 5, 73, 206
a(&yD, f) Fourier coefficient, 73
/p AP/AG, 49

bo non-archimedean part, 3, 199
bso archimedean part, 3, 199

B’ upper triangular subgroup, 172
BG  classifying space, 194

C,C, Casimir, 62
¢ ideal, 4
cg =cNOg, 7, 136
Qfg um  Borel-Moore chains, 24
Cr(Y)

cellular Borel-Moore chains, 27
CLC

cohomologically loc. const., 23, 32
C*(X,E) sheaf of chains, 24

D symmetric space, 58
duk,du. canonical measure, 68
D%(X) derived category, 23
detss determinant, 103

det  determinant, 61

Dr,g different, 4, 136

dr/p discriminant, 4, 136
Du(k) discrete series, 216

D% dualizing sheaf, 25

E  totally real field, 4
E, S(XO)
local coefficient system, 15, 24, 48
E(xo) local coefficient system, 103
¢y,0 Bisenstein series, 179
EG  universal space, 194

er standard additive character, 3, 200
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fe complex conjugate, 10, 116, 121
f®n twist of f, 76

f base change of f, 10, 140, 230
/7% main involution, 66, 111

(1) conductor, 82, 202

¢ Galois twist of f, 86

G(n) Gauss sum, 78
°G, 41
Gal(L/E)" Galois characters, 4
G,GrL

algebraic group, 4, 58, 135, 147, 152
G@* G@QNGR), 59

h upper half-plane, 59
‘H convolution (Hecke) algebra, 218
ht C-—R, 101
HBM  Borel-Moore homology, 25
H! compact support cohomology, 24
H (gr, K&)

Lie algebra cohomology, 46, 180

H{ , invariant cohomology, 46
HE  cellular homology, 27
h(Eo(c))

narrow class number, 59, 60, 133

IPC intersection chain complex, 30
I(f,s) Rankin-Selberg integral, 170
IPHEM  closed support, 30

ITHE isotypical part, 143

I™H}  invariant cohomology, 115, 180
TH™Y 11

TH(Xo(c))(f) isotypical part, 8

71, fractional ideals, 73

IPS intersection cochain complex, 30

j(a, z) automorphy factor, 101
j= inclusion of x, 24
j. extraordinary pullback, 24

Ko(c) Hecke type subgroup, 4, 60
Ki1(¢) congruence group, 89
K1(C)

Hecke congruence group, 153, 156
KY(c) Hecke congruence group, 156
KL maximal

compact subgroup, 41, 58, 101
|K| geometric realization, 21
Kf'r

torsion-free subgroup, 60, 104, 132

Index of Notation

Koo, 4, 41, 58
KL .00, 58
(k,m) weight, 61, 136, 179

£y link at x, 30

L totally real field, 4, 136

L/E totally real extension, 136
L,(f®n,s) local factor, 77, 82
L(f®n,s) standard L function, 77, 82
Lf(s), Lc(s), 81

L(Ad(f)®¢,s) adjoint L-function, 84
L(As(f ® ¢),s) Asai L-function, 85
L(f % g,s)

Rankin-Selberg L-function, 83
L(k,x0) local system, 62, 103, 113
LY (k,x0) local system, 113
L(k) representation of GL2, 61, 102

M large number field, 132
m lower middle perversity, 29, 50
n upper middle perversity, 29, 50
M(f), MP isotypical component, 141
M, (Ko(c)) Hilbert modular forms, 64
MM (Ko(c)

Hilbert modular forms, 65
M(k) representation of GL2, 100, 102

N(¢) upper bound, 7, 142, 235
N norm map, 8, 136, 138, 228

Or integersin L, 3

O, 3, 70, 77, 200

Of.. positive units, 60
O, valuation ring, 199
Oy orientation sheaf, 26

P Poincaré duality, 31, 36
p perversity, 29
P®)  gection of Sym”, 102
Prew, 11, 151, 168
Py  prime
ideal corresponding to v, 63, 199
P, section, 102

gr(z,y) Whittaker function, 5, 73, 205

R coefficient ring, 23

R(c) semigroup, 66, 129

R opposite semigroup, 129, 131
Resy g restriction of scalars, 4, 58
RHom derived Hom, 24
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S (Ko (c),x) cusp forms, 65
Sk(Ko(c),x) cusp forms, 5, 63
SpV(Ko(c),x) newforms, 9, 71, 144
S+ plus space, 7, 143

Stab  Stabilizer, 95

Te(n), Te(n,n)

Hecke operator, 6, 67, 131
t;(c), 59, 60
’_ZA"(m) section of b, 8, 137, 138
T. Hecke algebra, 6, 67, 218

Up unipotent radical, 49
Vig, 181

W, archimedean

Whittaker function, 205
W, Whittaker model, 207
W, Atkin-Lehner matrix, 118
WS Atkin-Lehner

operator, 10, 17, 119, 125
W(f) eigenvalue of W, 10, 121
Wwe, 158

Xo(c) Baily-Borel
compactification, 4, 59, 60
X8 reductive Borel-Serre, 49

z* main involution, 66
X (L) set of weights, 61, 63, 103

)?p stratum, 50

Y(),Yo(c)
Hilbert modular variety, 4, 58—60
Y& torsion-free quotient, 61, 104, 133

Z  Zucker map, 44

Zi(c) Hilbert modular variety, 153
Z[x] subalgebra of C, 137
Z(g)-finite, 214

Zy twisted cycle, 160, 165
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absolute value, 3, 201
adeles, 3, 199
adjunction, 39
admissible module, 232
admissible representation, 219
algebraic cycle, 28
allowability condition, 30
arithmetic group, 42
Artin map, 203
Asai L-function, 85
Atkin-Lehner

operator, 10, 111, 117-119, 125
atlas, R-orbifold, 190
augmentation, 36
automorphic form, 105, 214
automorphic representation, 214, 215
automorphy factor, 64, 97, 101

Baily-Borel

compactification, 4, 6, 42, 59
base change,

6, 8, 9, 86, 136, 140, 213, 228, 230
basic neighborhood, 22
Borel-Moore chains, 24, 27
boundary component, 42

Cartan involution, 49
Casimir, 62, 233
category, derived, 23
cell complex, 21
cell, convex, 21
central character, 5, 63
chains, 21
Borel-Moore, 24, 27
elementary, 183
intersection, 30
sheaf of, 24
support, 27
character
central, 5, 63
Hecke, 4, 202
standard additive, 3, 200
chart, orbifold, 190
class group, 60, 201
class number, narrow, 60

classifying space, 194
cochain, 21

intersection, 30
coefficient system, 91
cohomologically constructible, 23
cohomologically locally constant, 23, 32
cohomology

cuspidal, 114

invariant, 115, 180

isotypical part, 143

Lie algebra, 46

local, 24

sheaf, 23

stalk, 24
compactification

Baily-Borel, 59, 60

reductive Borel-Serre, 42, 49
complex

dualizing, 37

simplicial, 21
complex conjugate, 111, 116, 121
component group, 109
conductor, 63, 202, 216, 229, 231
conjecture, Zucker, 43
connection

flat, 28
connection, flat, 92, 95
constructible, 23
contragredient, 61, 154
convex cell, 21
correspondence, 38

Hecke, 6, 47, 126

twisting, 160
cosheaf

definition of, 183

homology of, 183
cuspidal

cohomology, 114

function, 63

representation, 215
cycle

algebraic, 28
cycle, modular, 51

degree (of Hecke operator), 182

253



254

derived category, 23
diagonal embedding, 16
different, 4, 136, 200
differential form, 107, 196

L?, 44

closed, 108

invariant, 46
Dirichlet unit theorem, 65
discrete series, 216, 233
discrete structure group, 92
discriminant, 4, 136
dual representation, 61, 154

duality
Poincaré, 26, 31, 37
Verdier, 45

dualizing sheaf, 25

effective action, 187
eigenvalue, Hecke, 68
Eisenstein series, 64, 179
elementary chain, 183
elliptic modular form, 2
embedding, diagonal, 16
equivariant sheaf, 194
Euler factor, 221

Euler product, 82

face (of a cell), 21
flat connection, 28, 92, 95
form, differential, 108
Fourier

coefficient, 5, 10, 74, 144, 146

expansion, 5, 205

series, 72
fractional ideal, 4, 200
function

cuspidal, 63

Whittaker, 5, 72, 205, 207
fundamental class, 26, 51

Gauss sum, 78
geodesic action, 49
groupoid, 197

Haar measure, 203

Hecke
algebra, 6, 67, 136, 218
character, 4, 202
correspondence, 6, 47, 126
eigenvalue, 8, 68

Index of Terminology

operator, 6, 66, 67
degree of, 182

subgroup, 4, 60
Hermitian symmetric space, 42
highest weight, 100
Hilbert modular

form, 62

variety, 4, 58-60
homogeneous vector bundle, 95
homological stratification, 32
homology manifold, 25, 191
homology sheaf, 25

idele class group, 201
inner product, 123
intersection chains, 30
intersection pairing, 35
invariant cohomology, 115, 180
invariant differential form, 46
invariant metric, 41
involution

Cartan, 49

complex conjugation, 111

main, 66, 111

L-function, 221
adjoint, 84
Asai, 85
Rankin-Selberg, 83
standard, 82

Langlands decomposition, 49

leading coefficient, 74

level, 5

lifting, 230

link, 22, 30, 54

local coefficient

system, 62, 91, 103, 113, 133, 196

simplicial, 183
local homology, 25
locally symmetric space, 42

main involution, 66, 111
measure

canonical, 68

Haar, 203
metric, invariant, 41
middle perversity, 29, 50
minimal representation, 84
model, Whittaker, 205, 207
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modular cycle, 51
modular form
complex conjugate, 116
elliptic, 2
Hilbert, 62
modulus function, 203
multiplicity one, 72, 145, 216

narrow class group, 60, 133, 201
nebentypus, 5, 63
new subspace, 11
newform, 8, 9, 16, 71, 86, 217
normalized, 216
norm, 8, 136, 138
normal operator, 72
normalized
absolute value, 3, 201
cusp form, 74
newform, 216

old subspace, 11
operator
Atkin-Lehner, 10, 111
Hecke, 66
orbifold, 187
atlas, 190
chart, 190
local system, 95, 96, 100
stratification, 32
structure, 193
orientation, 21, 36

pairing, 93
dual, 37
intersection, 35, 36
Kronecker, 36
partition, 100
perversity, 29
middle, 29, 50
Petersson product, 11, 68, 203
Poincaré duality, 26, 31, 37
polynomials, space of, 113
Pontrjagin dual, 200
principal series, 229
product
intersection homology, 35, 36
Kronecker, 36
Petersson, 11, 68, 203
projection formula, 38

pseudo cell decomposition, 21
pseudomanifold, 21
oriented, 23

quasi-isomorphism, 23
quasicharacter, 4, 202

ramified character, 202
Rankin-Selberg method, 170
representation

admissible, 219, 229

automorphic, 214, 215

cuspidal, 215

discrete series, 233

dual, 61, 154

principal series, 229

Steinberg, 229

Weil, 229, 231
restricted Hecke character, 203
restriction of scalars, 4, 58
de Rham theorem, 196
R-orbifold

atlas, 190

chart, 190

structure, 193

Saper’s theorem, 50
Satake topology, 43
scalars, restriction of, 4, 58
Schur module, 100
semi-algebraic set, 22
series, Fourier, 72
set
semi-algebraic, 22
semi-analytic, 22
subanalytic, 22
sheaf
cohomology, 23
complex of, 23
dualizing, 25
equivariant, 194
local homology, 25
of chains, 24
on an orbifold, 195
orientation, 26
simplicial, 184
Shimura variety, 58
simplicial local system, 183
simplicial sheaf, 184
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simultaneous eigenform, 74
standard additive character, 3, 200
Steinberg representation, 229
stellar subdivison, 183
stratification, 193

homological, 32

orbifold, 32

Whitney, 22
stratum, 50
strong approximation, 59
structure group, 92
subanalytic set, 22
subdivision, stellar, 183
support, 27
symmetric space, 41, 58

topological triviality, 22
torsion-free subgroup, 60, 133
totally positive, 4
triangulation, 22, 27
twisted cycle, 165
twisting, 76

correspondence, 160

unimodular, 203
unipotent radical, 49

unit theorem, Dirichlet, 65
universal space, 194
unramified character, 202

valuation ring, 199
variety
Hilbert modular, 4, 58-60
Shimura, 58
vector bundle, 91, 95, 104
Verdier dual, 45
volume, 42

weakly increasing, 64
weights, 61

lifted from E, 136
Weil representation, 229, 231
Whitney conditions, 22
Whittaker function, 5, 72, 205, 207
Whittaker model, 205, 207

Young diagram, 100

Zucker conjecture, 43
Zucker map, 44
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