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Chapter 1

Introduction

1.1 An observation of Serre

In their seminal paper [Hirz] on the intersection theory of Hilbert modular sur-
faces, F. Hirzebruch and D. Zagier mentioned that the motivation for their work
was to explain an observation of J.-P. Serre. To describe his observation, let
𝑝 ≡ 1 (mod 4), let 𝒪 = 𝒪ℚ(

√
𝑝) be the ring of integers in the real quadratic

field ℚ(
√
𝑝) and let 𝔥 denote the complex upper half-plane. Denote the associated

(non-compact) Hilbert modular surface by

𝑌 := SL2(𝒪)∖𝔥2.

In a letter dated December 8th, 1971, Serre observed that the integer ⌊𝑝+1924 ⌋ came
up in a computation of the arithmetic genus of a surface related to 𝑌, and that

dimℂ 𝑀+ =

⌊
𝑝 + 19

24

⌋
.

Here, 𝑀+ := 𝑀+
2 (Γ0(𝑝), ( ⋅𝑝 )) is the “plus space” consisting of those holomorphic

elliptic modular forms of (classical)1 weight 2, level Γ0(𝑝), and nebentypus ( ⋅𝑝 )

whose ℓth Fourier coefficient is zero for all primes ℓ satisfying ( ℓ
𝑝 ) = 0.

With the benefit of the modern theory of arithmetic quotients and automor-
phic forms, the work of [Hirz], and almost 40 years of hindsight, let us try to
work out a possible explanation of Serre’s observation. Let 𝑋 be the Baily-Borel
or minimal Satake compactification of 𝑌 . To explain Serre’s observation, we could
conjecture that there is a surjective Hecke-equivariant homomorphism

Φ : 𝐼𝐻2(𝑋) → 𝑀+ (1.1.1)

1We say “classical weight” because, following Hida, we will later give an alternate normalization
of the weight for an isomorphic space of automorphic forms.

1
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2 Chapter 1. Introduction

where 𝐼𝐻∙(𝑋) is intersection homology (with respect to middle perversity, see
Chapter 3 below).

In order to justify the introduction of intersection homology (as opposed to,
say usual singular homology) we make two observations. First, the intersection
pairing induces a canonical isomorphism

𝐼𝐻2(𝑋)∧ ∼= 𝐼𝐻2(𝑋).

Therefore Φ defines an element of

𝐼𝐻2(𝑋) ⊗𝑀+. (1.1.2)

We call an element of the vector space 𝐼𝐻2(𝑋) ⊗ 𝑀+ an elliptic modular form
with coefficients in 𝐼𝐻2(𝑋).

The second observation is that there is a canonical action of the Hecke algebra
𝕋 attached to SL2(𝒪ℚ(

√
𝑝)) on 𝐼𝐻2(𝑋) via correspondences. This is explained in

detail in Chapters 3.5 and 7 below. This gives a Hecke action on the left factor
of (1.1.2). Things are a little more subtle on the right, since the plus space is not
preserved by the action of the usual Hecke algebra 𝕋ℚ on spaces of modular forms.
However, it is preserved by the image of the base change map

𝑏 : 𝕋𝑝 −→ 𝕋ℚ.

Here 𝕋𝑝 ⊆ 𝕋 is the subalgebra of Hecke operators whose “components at 𝑝” are
trivial (see (8.2.1)). The map 𝑏 sends

𝑇 (𝔓′) �→
{
𝑇 (𝑝′) if 𝑝′ = 𝔓′𝔓′ splits in ℚ(

√
𝑝)

𝑇 (𝑝′2) − 𝑝𝑇 (𝑝, 𝑝) if 𝑝′ is inert in ℚ(
√
𝑝).

See Section 8.2.3 for more details. In Lemma E.5 it is shown that the map 𝑏 is the
homomorphism induced by the usual morphism of 𝐿-groups

𝐿GL2/ℚ → 𝐿Resℚ(√𝑝)/ℚ(GL2)

which defines the quadratic base change lifting (sending automorphic representa-
tions of GL2/ℚ to automorphic representations of Resℚ(√𝑝)/ℚGL2).

It is therefore possible to ask that the homomorphism defined by Φ satisfy

Φ ∘ 𝑇 (𝔓′) = 𝑏(𝑇 (𝔓′)) ∘ Φ (1.1.3)

for all prime ideals 𝔓′ ⊂ 𝒪ℚ(
√
𝑝) coprime to 𝑝.

The existence of a modular form Φ ∈ 𝐼𝐻2(𝑋) ⊗ 𝑀+ with coefficients in
intersection homology satisfying (1.1.3) would give a reasonable explanation of
Serre’s observation. But there is more: one might ask if there is a family of cycles



1.2. Notational conventions 3

{𝑍𝑛} on 𝑋 admitting classes {[𝑍𝑛]} in intersection homology, such that Φ has a
Fourier expansion of the form

Φ :=
∑
𝑛≥0

[𝑍𝑛]𝑞𝑛. (1.1.4)

Here 𝑞 := 𝑒2𝜋𝑖𝑧, so that Φ can be regarded as a function of a complex parameter
𝑧 ∈ 𝔥 with values in the intersection homology group 𝐼𝐻2(𝑋). In fact, such cycles
𝑍𝑛 were discovered by Hirzebruch and Zagier; for 𝑛 > 0 they are “modular” cycles,
and 𝑍0 is a hyperplane section. Consequently, the intersection numbers ⟨[𝑍𝑛], [𝑍1]⟩
are the Fourier coefficients of an elliptic modular form.

Thus the paper [Hirz] may be viewed as having constructed a mapping Φ ∈
𝐼𝐻2(𝑋)⊗𝑀+ satisfying (1.1.3), admitting an expansion of the form (1.1.4), with a
geometric interpretation in terms of modular curves on a Hilbert modular surface.
The main result of this book is the existence of such a mapping Φ, not only in the
classical setting described above, but also in the analogous setting when ℚ(

√
𝑝)/ℚ

is replaced by a general quadratic extension of totally real number fields 𝐿/𝐸.
We have attempted to place these results in a setting that might suggest possible
generalizations to groups besides GL2 and to field extensions other than 𝐿/𝐸.

Since the work of Hirzebruch and Zagier, a host of generalizations of this sort
of phenomenon have been discovered, mostly in the context of liftings connected
to Shimura varieties of orthogonal type and/or involving arithmetic Chow groups
in place of singular homology. We point out a few references with no claim to com-
pleteness: [Borc], [Bru], [Cog] [Go1], [Go2], [Gro], [Ku3], [Ku1], [KuM3], [KuM1],
[KuM2], [KuR], [Mi], [Oda1], [Oda2], [Oda3], [Ton], [TonW1], [TonW2]. The Galois
representation defined by the étale intersection (co)homology of Hilbert modular
varieties was determined in [Bry]; see the further comments in Section 1.9 below.

1.2 Notational conventions

If 𝐿 is an algebraic number field, let 𝒪𝐿 denote its ring of integers and let Σ(𝐿) be
the set of infinite places of 𝐿, which may be identified with the set of embeddings
𝜎 : 𝐿 → ℂ. Let 𝑣(𝔭) be the finite place corresponding to a prime ideal 𝔭, let 𝔭𝑣
be the prime ideal corresponding to a finite place 𝑣; and if 𝔠 is an ideal, write
𝑣∣𝔠 for 𝔭𝑣∣𝔠. Denote by 𝔸𝐿 = 𝔸𝐿𝑓𝔸𝐿∞ the finite and infinite adèles of 𝐿, and by
𝔸×𝐿 = GL1(𝔸𝐿) the idèles of 𝐿, see Appendix C. (We set 𝔸 = 𝔸ℚ.) For 𝑏 ∈ 𝔸𝐿

denote by 𝑏∞ (resp. 𝑏0) the projection to the subgroup 𝔸𝐿∞ (resp. 𝔸𝐿𝑓). Let

ℤ̂ :=
∏

𝑝<∞ ℤ𝑝 and write 𝒪̂𝐿 = ℤ̂ ⊗ 𝒪𝐿 =
∏

𝑣<∞𝒪𝑣. The normalized absolute
value of 𝑧 ∈ 𝔸𝐿 is denoted ∣𝑧∣𝔸𝐿 , see Section C.3.

The standard additive character 𝑒𝐿 : 𝔸𝐿 → ℂ× (see Section C.2) decomposes
as the product 𝑒𝐿𝑓(𝑧0)𝑒𝐿∞(𝑧∞) with 𝑒𝐿∞(𝑧∞) =

∏
𝜎∈Σ(𝐿) exp(2𝜋𝑖𝑧𝜎). Each finite



4 Chapter 1. Introduction

idèle 𝑥0 ∈ 𝔸×𝐿𝑓 determines a fractional ideal

[𝑥0] =
∏
𝔭

𝔭ord𝔭(𝑥𝔭)

where the product is over all prime ideals. A Hecke character or quasicharacter of
𝐿 is a continuous homomorphism (see Section C.3),

𝜒 : 𝐿×∖𝔸×𝐿 → ℂ×.

If 𝐿/𝐸 is an abelian extension of number fields then, by class field theory, the
group of characters Gal(𝐿/𝐸)∧ may be identified with those Hecke characters
𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× that are trivial on the image of the norm N : 𝔸×𝐿 → 𝔸×𝐸 .

Throughout this book, with the exception of Appendix E, we fix a quadratic
extension 𝐿/𝐸 of totally real number fields, with relative discriminant 𝑑𝐿/𝐸 and

relative different 𝒟𝐿/𝐸 ⊂ 𝐿 (see Section C.2), so that 𝑎 ∈ 𝒟−1𝐿/𝐸 iff Tr𝐿/𝐸(𝑎𝑥) ∈ 𝒪𝐸

for all 𝑥 ∈ 𝒪𝐿. Ideals, characters, etc. for 𝐸 will often be denoted with a subscript
𝐸, while ideals, characters, etc. for 𝐿 will often be denoted without a subscript.
An element 𝜉 ∈ 𝐿 is totally positive (written 𝜉 ≫ 0) if 𝜎(𝜉) > 0 for all 𝜎 ∈ Σ(𝐿).
The group of characters Gal(𝐿/𝐸)∧ = {1, 𝜂} consists of two elements, of which
𝜂 = 𝜂𝐸 may be considered to be a Hecke character that is trivial at the infinite
places.

1.3 The setting

Consider the reductive algebraic ℚ-rank one group 𝐺𝐿 := Res𝐿/ℚ(GL2). Here
Res𝐿/ℚ denotes the Weil restriction of scalars (see [PlaR] Section 2.1.2). Thus 𝐺𝐿

is defined over ℚ and its group of rational points may be canonically identified as
𝐺𝐿(ℚ) = GL2(𝐿). For any ℚ algebra 𝐴, the group of 𝐴-valued points of 𝐺𝐿 is
𝐺𝐿(𝐴) = GL2(𝐴⊗ℚ𝐿). For any rational prime 𝑝, we have: 𝐺(ℚ𝑝) =

∏
𝔭∣𝑝 GL2(𝐿𝔭),

and 𝐺(ℝ) =
∏

𝜎∈Σ(𝐿) GL2(ℝ). Let 𝐾∞ be the normalizer of the standard ℝ-

algebraic homomorphism (see 5.1.1)

ℂ× ∼= Resℂ/ℝ(𝔾𝑚)(ℝ) −→ 𝐺𝐿(ℝ).

The associated symmetric space is 𝐺𝐿(ℝ)/𝐾∞ ∼= (ℂ − ℝ)Σ(𝐿). If 𝔠 ⊂ 𝒪𝐿 is an
ideal, there is a Hilbert modular variety

𝑌0(𝔠) := 𝐺𝐿(ℚ)∖𝐺𝐿(𝔸)/𝐾∞𝐾0(𝔠),

of (complex) dimension 𝑛 = [𝐿 : ℚ]. Here 𝔸 = 𝔸ℚ and as discussed in equation
(1.3.1), (5.2.1),

𝐾0(𝔠) :=

{
𝑢 ∈ 𝐺𝐿(ℤ̂) : 𝑢 =

(
𝑎 𝑏
𝑐 𝑑

)
with [𝑐] ⊆ 𝔠

}
(1.3.1)
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is the standard compact open congruence subgroup 𝐺𝐿(𝔸𝑓 ) of “Hecke type”. We
restrict to subgroups of this type in order to simplify the Fourier expansions, but
more general compact open subgroups could be used. Since 𝐾0(𝔠) may contain
torsion elements, the variety 𝑌0(𝔠) is an orbifold, rather than a manifold; see
Appendix B.

The variety 𝑌0(𝔠) is a disjoint union of finitely many arithmetic quotients
Γ𝑗∖𝔥Σ(𝐷) of a product of upper half-planes, see (5.1.7), on which 𝐺𝐿(𝔸∞) acts
transitively by fractional linear transformations: if i = (𝑖, 𝑖, . . . , 𝑖) ∈ 𝔥Σ(𝐿) is the
base point, then (

𝑦∞ 𝑥∞
0 1

)
.i = 𝑥∞ + i𝑦∞ ∈ 𝔥Σ(𝐿).

Let 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ be a Hecke character. As explained in Section 5.4
there is a standard way to translate between Hilbert cusp forms (with level 𝐾0(𝔠)
and nebentypus, or central character, 𝜒), considered as holomorphic sections of
certain vector bundles on 𝑌0(𝔠), to functions ℎ : 𝐺𝐿(𝔸) → ℂ satisfying certain
equivariance, growth, and rigidity conditions, see Section 5.4. The collection of
cusp forms of weight (0, 0) is denoted

𝑆(𝐾0(𝔠), 𝜒) = 𝑆(0,0)(𝐾0(𝔠), 𝜒).

(The subscript (0, 0), denoting the weight, will be omitted only in the introduc-
tion.) In the special case 𝐿 = ℚ(

√
𝑑) for 𝑑 ∈ ℤ>0, such a cusp form corresponds

to a Hilbert modular form of weight (2, 2) on each connected component Γ𝑗∖𝔥2 of
𝑌0(𝔠), where Γ𝑖 ⊂ SL2(𝒪ℚ(

√
𝑑)) is a certain congruence subgroup.

The Fourier expansion of a cusp form ℎ ∈ 𝑆(𝐾0(𝔠), 𝜒) is given by

ℎ

((
𝑦 𝑥
0 1

))
= ∣𝑦∣𝔸𝐿

⎛⎜⎝ ∑
𝜉∈𝐿×
𝜉≫0

𝑏(𝜉𝑦0)𝑞(𝜉𝑥, 𝜉𝑦)

⎞⎟⎠ .

(See Theorem 5.8 and its explanation and proof in Appendix D for the general
case.) Here,

𝑞(𝑥, 𝑦) = 𝑞(0,0)(𝑥, 𝑦) = 𝑒𝑓 (𝑥0) exp
(
−2𝜋𝑖

∑
𝜎∈Σ(𝐿) 𝑥𝜎

)
exp

(
2𝜋

∑
𝜎∈Σ(𝐿) 𝑦𝜎

)
corresponds to the function 𝑞 that occurs in the classical Fourier series (1.1.4); and
𝑏(𝜉𝑦0) ∈ ℂ is the Fourier coefficient of 𝑞(𝜉𝑥, 𝜉𝑦). (In the Introduction we suppress
the subscript (0, 0), which denotes the weight.) In fact, 𝑞(𝜉𝑥, 𝜉𝑦) is a Whittaker
function, normalized according to Hida’s conventions in [Hid7] which we recall in
Section 5.4. The Fourier coefficient 𝑏(𝜉𝑦0) of ℎ depends only on the fractional ideal
[𝜉𝑦0], hence also on the fractional ideal 𝔪 := [𝜉𝑦0]𝒟𝐿/ℚ, and it vanishes unless this
ideal is integral, in which case we refer to

𝑎(𝔪, ℎ) := 𝑏(𝜉𝑦0)

as the 𝔪th Fourier coefficient of ℎ.
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If 𝔠 ⊂ 𝒪𝐿 is an ideal, let 𝕋𝔠 be the Hecke algebra. It is a subalgebra of
the algebra of of compactly supported smooth functions on 𝐾0(𝔠)∖𝐺𝐿(𝔸𝑓 )/𝐾0(𝔠)
with convolution as multiplication, and it is generated as a ℤ-algebra by certain
elements 𝑇𝔠(𝔟) and 𝑇𝔠(𝔟, 𝔟) as 𝔟 ranges over the ideals of 𝒪𝐿 (see Section 5.6).
In Section 8.2 and Section E.4 below we recall the construction of the standard
map of 𝐿 groups 𝐿𝐺𝐸 → 𝐿𝐺𝐿 which gives rise to base change, a “lifting” from
automorphic representations of 𝐺𝐸 to automorphic representations of 𝐺𝐿. There
is an associated base change map

𝑏 : 𝕋𝔠𝒟𝐿/𝐸 −→ 𝕋𝔠𝐸𝑑𝐿/𝐸

Here 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 and the superscripts denote the subalgebra of operators trivial
at the places dividing 𝔠𝒟𝐿/𝐸 (resp. 𝔠𝐸𝑑𝐿/𝐸) which is implicit in the theorems of
Hirzebruch-Zagier and its generalizations.

Let 𝑋0(𝔠) be the Baily-Borel (Satake) compactification of 𝑌0(𝔠). Each Hecke
operator 𝑇𝔠(𝔟) determines a correspondence and hence an endomorphism 𝑇𝔠(𝔟)∗
of the intersection homology groups 𝐼𝐻∗(𝑋0(𝔠)) = 𝐼m𝐻∗(𝑋0(𝔠),ℂ) (see Section
7.6, Section 4.5 and Section 5.3). In Section 1.5 and Section 8.3 below, we define
a certain subgroup 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)) that is preserved by the Hecke algebra 𝕋𝔠.

1.4 First main theorem

Hirzebruch and Zagier proved that the intersection numbers of (certain) modu-
lar curves on a Hilbert modular surface are the Fourier coefficients of an elliptic
modular form. In Theorem 8.4 below, we show that results of this type are for-
mal consequences of abelian base change (for certain cohomological automorphic
representations of 𝐺𝐸), and as such, they hold for any intersection cohomology
classes, not just those coming from modular cycles. For simplicity, we state a spe-
cial case of Theorem 8.4; the notation is explained in the paragraphs following the
statement of Theorem 1.1.

Set 𝑛 = [𝐿 : ℚ] = dimℂ(𝑋0(𝔠)). Let 𝔠 ⊂ 𝒪𝐿 be an ideal, set 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 ,
and let 𝜒𝐸 ∈ Gal(𝐿/𝐸)∧ = {1, 𝜂} . For each 𝛾 ∈ 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)) and for each
ideal 𝔪 ⊂ 𝒪𝐸 , in Section 1.5 and Section 8.3 below, we define a certain Hecke
translate 𝛾𝜒𝐸 (𝔪) of 𝛾. Theorem 1.1 below, a generalization of the Hirzebruch-
Zagier theorem, says that the formal Fourier series constructed from these classes
defines a Hilbert modular form on R𝐸/ℚGL2 with coefficients in 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)),
in the terminology of [Ku3], [KuM3]. This result is a formal consequence of the
existence of base change for 𝐿/𝐸. Theorem 1.2 below gives a way to explicitly
compute some of the Fourier coefficients of the resulting Hilbert modular forms in
terms of certain period integrals.

In order to state the theorem, we note that any

Φ ∈ 𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠)) ⊗ 𝑆(𝐾0(𝒩 (𝔠)), 𝜒𝐸)
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can be multiplied with elements of 𝐼𝐻𝑛(𝑋0(𝔠)), yielding a linear map

⟨⋅,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 : 𝐼𝐻𝑛(𝑋0(𝔠)) −→ 𝑆(𝐾0(𝒩 (𝔠)), 𝜒𝐸). (1.4.1)

Theorem 1.1. There is an ideal 𝒩 (𝔠) and a unique

Φ𝛾,𝜒𝐸 ∈ 𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠)) ⊗ 𝑆(𝐾0(𝒩 (𝔠)), 𝜒𝐸)

such that

(1) The map ⟨⋅,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 is Hecke equivariant with respect to the base change
map 𝑏, that is,

⟨𝑡∗𝜓,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 = ⟨𝜓,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 ∣𝑏(𝑡)
for any 𝜓 ∈ 𝐼𝐻𝑛(𝑋0(𝔠)) and 𝑡 ∈ 𝕋𝔠𝒟𝐿/𝐸 .

(2) If 𝔪 ⊆ 𝒪𝐸 is a norm from 𝒪𝐿, 𝔪+ (𝔠∩𝒪𝐸)𝑑𝐿/𝐸 ∕= 𝒪𝐸, or 𝔪+ 𝑑𝐿/𝐸 = 𝒪𝐸

and 𝜂(𝔪) = −1 then the 𝔪th Fourier coefficient of Φ𝛾,𝜒𝐸 is 𝛾𝜒𝐸 (𝔪).

In Theorem 1.1, 𝒟𝐸/ℚ is the absolute different (see Appendix C.2). The ideal 𝒩 (𝔠)
may be considered to be an “upper bound” for the level of the resulting cusp form.
It is

𝒩 (𝔠) := 𝔪2𝔟𝐿/𝐸𝔠𝐸
∏
𝔭

𝔭,

where the product is over those primes 𝔭 which divide 𝔠𝐸 = 𝔠∩𝒪𝐸 , where 𝔪2 ⊂ 𝒪𝐸

is an ideal divisible only by dyadic primes that we may take to be 𝒪𝐸 if 𝔠+2𝒪𝐿 =
𝒪𝐿, and where 𝔟𝐿/𝐸 is an ideal divisible only by those primes ramifying in 𝐿/𝐸.
Finally, the statement that the 𝔪th Fourier coefficient of Φ𝛾,𝜒𝐸 is 𝛾𝜒𝐸 (𝔪) is (by
definition) the statement that the 𝔪th Fourier coefficient of

⟨𝜓,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 (1.4.2)

is

⟨𝜓, 𝛾(𝔪)⟩
where ⟨⋅, ⋅⟩ = ⟨⋅, ⋅⟩𝐼𝐻 is the Poincaré dual pairing on intersection homology, and
where 𝜓 ∈ 𝐼𝐻𝑛(𝑋0(𝔠)). Thus, the intersection numbers ⟨𝜓, 𝛾(𝔪)⟩ are the Fourier
coefficients of a modular form if 𝔪 is a norm or 𝜂(𝔪) = −1.

Remarks. The “full” version of Theorem 8.4 involves more general local coeffi-
cient systems on 𝑋0(𝔠) which in turn necessitates the introduction of higher weight
Hilbert modular forms with nebentypus (see Chapter 8). The level of ⟨Λ,Φ𝛾,𝜒𝐸 ⟩
for a given linear functional ⟨Λ, ⋅⟩ on 𝐼𝐻𝐸

𝑛 (𝑋0(𝔠)) could be an ideal strictly con-
taining 𝒩 (𝔠). The image of the mapping (1.4.1) is contained in a certain subspace,
𝑆+(𝒩 (𝔠𝐸), 𝜒𝐸), defined in equation (8.3.5), which is the analog of the “plus space”
𝑀+ of Hirzebruch-Zagier. Theorem 1.1 remains true if we replace 𝐼𝐻𝑛(𝑋0(𝔠)) with
any 𝕋𝔠-module, as described in the “full” version, Theorem 8.4. This reflects the
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fact that the proof is a formal consequence of quadratic base change. Finally, we
do not give an expression for the Fourier coefficient of Φ𝛾,𝜒𝐸 attached any ideal 𝔪
that is not a norm but still satisfies 𝜂(𝔪) = 1. These coefficients seem slightly out
of reach of our formal methods, but can probably be computed using the theta
correspondence, the key tool in the approach of Kudla and Millson (see [KuM1],
[KuM2]).

1.5 Definition of 𝑰𝑯𝝌𝑬
𝒏 (𝑿0(𝖈)) and 𝜸𝝌𝑬

(𝖒)

The “new” space 𝑆new(𝐾0(𝔠)) (see Section 5.8 and Section 1.7), has a basis consist-
ing of newforms, each element of which is a simultaneous eigenform (of multiplicity
one) for all Hecke operators. For such a newform 𝑓 the eigenvalues are denoted
𝜆𝑓 (𝔪), meaning that

𝑓 ∣𝑇𝔠(𝔪) = 𝜆𝑓 (𝔪)𝑓 (1.5.1)

for all ideals 𝔪 ⊂ 𝒪𝐿. Denote by

𝐼𝐻𝑛(𝑋0(𝔠))(𝑓)

the 𝑓 -isotypical component of 𝐼𝐻𝑛(𝑋0(𝔠)) viewed as a Hecke module (see Section
7.2). Let 𝜒𝐸 ∈ Gal(𝐿/𝐸)∨. Then

𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠)) :=

⊕
𝑔

𝐼𝐻𝑛(𝑋0(𝔠))(𝑔)

where the sum is over those 𝑔 such that 𝑔 ∈ 𝑆new(𝐾0(𝔠)) is the base change of a
Hilbert modular form of nebentypus 𝜒𝐸 (see Section 8)2.

Fix 𝛾 ∈ 𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠)). For any ideal 𝔪 ⊂ 𝒪𝐸 define the Hecke translate

𝛾𝜒𝐸 (𝔪) :=

{
𝑇 (𝔪)∗𝛾 if 𝔪 + 𝑑𝐿/𝐸𝔠𝐸 = 𝒪𝐿

0 otherwise
(1.5.2)

where the Hecke operator (cf. Section 8.2) 𝑇 (𝔪) := 𝑇𝔠,𝜒𝐸 (𝔪) ∈ 𝕋𝔠⊗ℂ is defined as

follows. If 𝔪 ⊂ 𝒪𝐸 is not a norm from 𝒪𝐿 set 𝑇 (𝔪) := 0. Otherwise, the operator

𝑇 (𝔪) is defined multiplicatively, but involves a choice: if 𝔭 ⊂ 𝒪𝐸 is a prime ideal
that splits in 𝒪𝐿 (say, 𝔭𝒪𝐿 = 𝔓𝔓̄) then choose a prime 𝔓 lying above 𝔭. Otherwise
let 𝔓 = 𝔭𝒪𝐿. Then

𝑇 (𝔭𝑟) :=

⎧⎨⎩
Id if 𝑟 = 0

𝑇𝔠(𝔓
𝑟) if 𝔭 splits in 𝐿

𝑇𝔠(𝔓
𝑟/2) + 𝜒𝐸(𝔭)N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−2) if 𝔭 is inert and 𝑟 is even

0 otherwise

where “otherwise” means that either 𝔭 ramifies in 𝐿, or 𝔭 is inert and 𝑟 is odd.

2In the introduction, we only consider Hilbert modular forms on 𝐿 with trivial nebentypus 𝜒,
so that 𝜒𝐸 is just an element of Gal(𝐿/𝐸)

∧ = {1, 𝜂}. In Chapter 8, we allow Hilbert modular
forms on 𝐿 with more general nebentypus 𝜒, and hence more general 𝜒𝐸 .
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Remarks. According to Theorem 1.1, the translate 𝛾𝜒𝐸 (𝔪) is the “Fourier coeffi-
cient” of a modular form whose Fourier components have been killed at primes 𝔭
that divide 𝑑𝐿/𝐸𝔠𝐸 .

The Hecke operator 𝑇 (𝔪) is constructed so as to have the following property.
Suppose 𝑓 ∈ 𝑆new(𝐾0(𝔠𝐸), 𝜒𝐸) is a newform (on 𝐸) which is a simultaneous
eigenform for all Hecke operators, so that 𝑓 ∣𝑇 (𝔪) = 𝜆𝑓 (𝔪)𝑓. Suppose its base

change 𝑓 to 𝐿 is an element of 𝑆new(𝐾0(𝔠)). Then in Proposition 8.2 we show that

𝑓 ∣𝑇 (𝔪) = 𝜆𝑓 (𝔪)𝑓 (1.5.3)

if 𝔪 is a norm from 𝒪𝐿 coprime to 𝑑𝐿/𝐸(𝔠 ∩𝒪𝐸). In fact, the linear map

ˆ: 𝕋𝔠𝐸 −→ 𝕋𝔠 (1.5.4)

𝑇 (𝔪) �−→ 𝑇 (𝔪)

is roughly a section of the base change map

𝑏 : 𝕋𝔠 −→ 𝕋𝔠𝐸

(where 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸) associated to the usual map of 𝐿-groups 𝐿𝐺𝐸 → 𝐿𝐺𝐿 We
will return to this point in Section 8.2 and Section E.4 below.

1.6 Second main theorem

In [Za] p. 159, equation (98), Zagier gave an integral formula for the Fourier
coefficients of the modular forms that he and Hirzebruch had constructed from
intersection numbers of modular cycles. The second main theorem in this book
is a generalization of Zagier’s result. It uses more of the structure of the Hecke
module 𝐼𝐻∗(𝑋0(𝔠)) in order to compute the Fourier coefficients of ⟨𝛽,Φ𝛾,𝜒𝐸 ⟩ for
certain 𝛽. In order to state it, let

𝑆new,𝐸(𝔠, 𝜒triv) :=
⊕
𝑓

ℂ𝑓,

where the sum is over those (normalized) newforms 𝑓 ∈ 𝑆new(𝐾0(𝔠), 𝜒triv) (cf.
Section 5.6), such that for almost all primes 𝔓 ⊂ 𝒪𝐿 we have 𝜆𝑓 (𝔓𝜎) = 𝜆𝑓 (𝔓) for
all 𝜎 ∈ Gal(𝐿/𝐸). The theory of abelian base change implies that 𝑆new,𝐸(𝔠, 𝜒triv)
is precisely the subspace of 𝑆new(𝐾0(𝔠), 𝜒triv) spanned by forms that are base
changes from 𝐸.

For any subset 𝐽 ⊂ Σ(𝐿) and for any 𝑓 ∈ 𝑆new,𝐸(𝔠) there is a standard
differential form 𝜔𝐽(𝑓−𝜄) on 𝑌0(𝔠) that is antiholomorphic on (the image of) the
copies of GL2(ℝ) associated to the places in 𝐽 (under the canonical projection
𝐺𝐿(𝔸) → 𝑌0(𝔠)) and is holomorphic on the image of the copies of GL2(ℝ) associ-
ated to the places in Σ(𝐿) − 𝐽 (see Section 7.2). (The −𝜄 arises when translating
between the two natural conventions for weights, see Section 5.4.)
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Let 𝑊 ∗
𝔠 be the Atkin-Lehner operator (see Section 7.5). It acts on the modular

variety 𝑌0(𝔠) and on the compactification 𝑋0(𝔠). The action preserves newforms
and it has the effect of modifying a newform 𝑓 by replacing its Fourier coefficients
with their complex conjugates. To be precise, for a newform 𝑓 ∈ 𝑆new(𝐾0(𝔠)),
there is a complex number 𝑊 (𝑓) of norm 1 and a newform 𝑓𝑐 ∈ 𝑆new(𝐾0(𝔠)) such
that

𝑊 ∗
𝔠 𝑓 = 𝑊 (𝑓)𝑓𝔠

and
𝑎(𝔓, 𝑓) = 𝑎(𝔓, 𝑓𝔠)

for almost all primes 𝔓 ⊂ 𝒪𝐿. Set

[⋅, ⋅]𝐼𝐻∗ : 𝐼𝐻𝑛(𝑋0(𝔠)) × 𝐼𝐻𝑛(𝑋0(𝔠)) −→ ℂ

(𝑎, 𝑏) �−→ ⟨𝑎,𝑊 ∗
𝔠 𝑏⟩𝐼𝐻∗

(see Section 7.5). We then have the following special case of Theorem 8.5:

Let 𝑋0(𝔠) be the Baily-Borel Satake compactification of the Hilbert mod-
ular variety 𝑌0(𝔠) corresponding to the algebraic group 𝐺𝐿 and ideal 𝔠 ⊂ 𝒪𝐿.
Let 𝑍 ⊂ 𝑋0(𝔠) be an oriented subanalytic cycle of dimension 𝑛 = [𝐿 : ℚ] (the
middle dimension). Suppose its homology class [𝑍] ∈ 𝐻𝑛(𝑋0(𝔠)) lifts to a class
[𝑍] ∈ 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)) and let Φ𝑊∗−1
𝔠 [𝑍],𝜒𝐸

be the formal Fourier series provided by

Theorem 1.1. Let 𝔪, 𝔫 ⊂ 𝒪𝐸 be ideals and let 𝑊 ∗−1
𝔠 [𝑍](𝔫) be the Hecke translate

defined by equation (1.5.2). Theorem 1.1 says that the intersection product

ℎ := [𝑊 ∗−1
𝔠 [𝑍](𝔫),Φ𝑊∗−1

𝔠 [𝑍],𝜒𝐸
]𝐼𝐻∗

= ⟨𝑊 ∗−1
𝔠 [𝑍](𝔫),𝑊 ∗

𝔠 Φ𝑊∗−1
𝔠 [𝑍],𝜒𝐸

⟩𝐼𝐻∗ ∈ 𝑆(𝐾0(𝒩 (𝔠)), 𝜒𝐸)

is a modular form on 𝐸 whose 𝔪th Fourier coefficient is

𝑎(𝔪, ℎ) :=

{
⟨𝑊 ∗−1

𝔠 [𝑍](𝔫), 𝑇 (𝔪)∗[𝑍]⟩𝐼𝐻∗ if 𝔪 + 𝑑𝐿/𝐸𝔠𝐸 = 𝒪𝐿

0 otherwise

Theorem 1.2. Suppose 𝔪, 𝔫 ⊂ 𝒪𝐸 are norms from 𝒪𝐿 such that

𝔪 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝔫 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝒪𝐿. (1.6.1)

Then

(1) The integral
∫
𝑍 𝜔𝐽(𝑓−𝜄) converges for all 𝑓 ∈ 𝑆(𝐾0(𝔠), 𝜒triv) and all 𝐽 ⊂

Σ(𝐸).

(2) the 𝔪th Fourier coefficient 𝑎(𝔪, ℎ) is equal to

1

4

∑
𝐽⊂Σ(𝐸)

∑
𝑓

∫
𝑍
𝜔𝐽(𝑓−𝜄)

∫
𝑍
𝜔Σ(𝐿)−𝐽(𝑓−𝜄)

𝑇 (𝑓,Σ(𝐿) − 𝐽)(𝑓, 𝑓)𝑃
𝜆𝑓 (𝔫)𝜆𝑓 (𝔪)

where the sum is over the normalized newforms 𝑓 on 𝐸 of nebentypus 𝜂𝐸
whose base change 𝑓 to 𝐿 is an element of 𝑆new,𝐸(𝐾0(𝔠), 𝜒triv).

(3) If equation (1.6.1) does not hold then the 𝔪th Fourier coefficient is zero.
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Here (⋅, ⋅)𝑃 denotes the Petersson inner product and 𝑇 (𝑓,Σ(𝐿)−𝐽) is the nonzero
constant defined in (7.5.10). (see Section 5.7). In the “full” version of Theorem
8.5, we also allow nontrivial local coefficient systems on 𝑌0(𝔠), and we consider
subanalytic cycles 𝑍 which define homology classes with local coefficients. This
added generality results in a number of technical complications which we postpone
addressing until Chapter 8.

1.7 Explicit cycles

In the “classical” case of Hilbert modular surfaces, Hirzebruch and Zagier consid-
ered the cycle 𝑍 (and its associated homology class [𝑍]) that arises as the image
of the composition

𝔥 −→ 𝔥2 −→ SL2(𝒪ℚ(
√
𝑝))∖𝔥2.

They also considered Hecke translates of this cycle and cycles coming from compact
Shimura curves. It is easy to show that these cycles lift to classes in intersection ho-
mology (although Hirzebruch and Zagier did not express their intersection numbers
in this language). Theorem 1.2 raises the question of whether or not the diagonal
embedding 𝐺𝐸 ↪→ 𝐺𝐿 similarly gives rise to (non-zero) classes in 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)),
to which one might apply Theorem 1.23. This can be done, although it is not as
straightforward as in the Hirzebruch-Zagier case. The first problem is that the va-
riety 𝑋0(𝔠) has isolated singularities at its cusps but the cycle 𝑍 ⊂ 𝑋0(𝔠) contains
some of these cusps, so it fails the allowability conditions (3.1.1) of intersection
homology.

Nevertheless, it turns out that the cycle 𝑍 ⊂ 𝑋0(𝔠) lifts canonically to an
intersection homology class, for reasons involving subtle properties of torus weights
in the local cohomology of 𝑋0(𝔠) at a cusp. The simplest route to this result
involves a theorem of L. Saper and M. Stern [SaS2] and M. Rapoport [Rap],
recently generalized in [Sa1], which is reviewed in Section 4.9 and applied to the
Hilbert modular case in Theorem 4.6.

The second problem (which is not present in the Hirzebruch-Zagier case) is
that 𝐼𝐻𝑛(𝑋0(𝔠)) does not have a basis of simultaneous eigenvectors for 𝕋𝔠. Thus
it is more convenient to consider the “new” part, 𝑃new[𝑍] where

𝑃new : 𝐼𝐻𝑛(𝑋0(𝔠)) −→ 𝐼𝐻new
𝑛 (𝑋0(𝔠))

is the projection to the orthogonal complement of the subspace of “old classes”.
(A class 𝜉 is “old” if there exists 𝔠′ ⊃ 𝔠 such that 𝜉 is the pullback of a class
𝜉′ ∈ 𝐼𝐻𝑛(𝑋0(𝔠

′)) under the canonical projection 𝑋0(𝔠) → 𝑋0(𝔠
′). See Section 10.)

Despite these potential difficulties, Theorem 1.2 is applicable to 𝑍. Moreover,
it is possible to express the resulting Fourier coefficients in terms of special values

3We do not treat the higher-dimensional analogues of the Shimura curves in this paper, as they
are unnecessary in our approach.
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of 𝐿 functions as follows. For 𝑔 ∈ 𝑆(𝐾0(𝔠), 𝜒triv) let

𝐴(𝑔, 𝐽) =
𝑇 (𝑔, 𝐽)(𝑔, 𝑔)𝑃
𝐿∗(Ad(𝑔), 1)

.

This nonzero constant depends only on 𝐿, the weight, and the root number of 𝑔
(see (7.4.9)) by Theorems 5.16 and 7.11.

Theorem 1.3. Let [𝑍] ∈ 𝐼𝐻𝑛(𝑋0(𝔠)) be the class represented by the cycle that
comes from the diagonal embedding 𝐺𝐸 → 𝐺𝐿. Then 𝑃new𝑊

∗−1
𝔠 [𝑍] is a non-zero

element of 𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠)) where 𝜒𝐸 = 𝜂 is the nontrivial element of Gal(𝐿/𝐸)∧.

If 𝔪 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝔫 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝒪𝐸 and 𝔪, 𝔫 are both norms from 𝒪𝐿,
then the 𝔪th Fourier coefficient 𝑎(𝔪, ℎ) of

ℎ := [𝑊 ∗−1
𝔠 [𝑍(𝔫)],Φ[𝑊∗−1

𝔠 𝑃new[𝑍]],𝜒𝐸
]𝐼𝐻∗

is given by the following formula,

𝑐21
4

(−1)[𝐸:ℚ]
∑
𝑓

(
𝐿∗,𝑑𝐿/𝐸𝔣(𝜃)∩𝒪𝐸(Ad(𝑓) ⊗ 𝜂, 1)𝐿𝔟′(As(𝑓 ⊗ 𝜃−1), 1)

)2
𝐴(𝑓, ∅)𝐿∗(Ad(𝑓), 1)

𝜆𝑓 (𝔫)𝜆𝑓 (𝔪),

where the sum is over the normalized newforms 𝑓 on 𝐸 of nebentypus 𝜂 whose base
change 𝑓 to 𝐿 is an element of 𝑆new(𝐾0(𝔠), 𝜒triv). Here 𝑐1 is an explicit nonzero
scalar (see Theorem 10.2) and 𝜆𝑓 (𝔫) is the 𝔫th Hecke eigenvalue of 𝑓 . Moreover

𝒩 (𝔠) := 𝔪2𝔡𝐿/𝐸(𝔠 ∩ 𝒪𝐸)
∏

𝔭∣(𝔠∩𝒪𝐸)
𝔭2

where 𝔪2 ⊂ 𝒪𝐸 is an ideal divisible only by dyadic primes, which we may take to
be 𝒪𝐸 if 𝔠+ 2𝒪𝐿 = 𝒪𝐿 and 𝔡𝐿/𝐸 is an ideal divisible only by primes ramifying in
𝐿/𝐸.

In the statement of Theorem 1.3, the product

[⋅, ⋅]𝐼𝐻∗ : 𝐼𝐻𝑛(𝑋0(𝔠)) × 𝐼𝐻𝑛(𝑋0(𝔠)) −→ ℂ

denotes a twist of the canonical intersection pairing by the Atkin-Lehner operator
𝑊𝔠 (see (7.5.9)). The “standard” 𝐿-function 𝐿(𝐴𝑑(𝑓), 𝑠) and the “Asai” 𝐿-function

𝐿(𝐴𝑠(𝑓), 𝑠) will be defined in Section 5.12. The base change 𝑓 of 𝑓 will be defined
in Section 5.12.4. We will show how to deduce this theorem from Theorem 1.2 and
a Rankin-Selberg integral computation in Chapter 9 below.

Remark. It is possible, by “twisting” the cycle 𝑍, to obtain a nonzero class in
𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)) where 𝜒𝐸 is the trivial character as opposed to the nontrivial charac-
ter of Theorem 1.3. We refer the reader to Section 9.4 for more details. This twist is
the geometric manifestation of the well-known operation of twisting automorphic
forms by characters (see Section 5.11).
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1.8 Finding cycles dual to families of automorphic forms

In the previous section we mentioned in passing that we used the theory of distin-
guished representations to prove that 𝑃new[𝑍] ∈ 𝐼𝐻𝜒𝐸

𝑛 (𝑋0(𝔠)). In this section we
pause to briefly describe the theory of distinguished representations and how it
can be used in certain cases to predict the existence of cycles representing classes
in subspaces of the intersection homology of locally symmetric varieties.

In this work we are interested in cycles on locally symmetric spaces that
are defined by sub-symmetric spaces. We show that these cycles are nontrivial in
intersection cohomology by showing that there are differential forms representing
classes in 𝐿2-cohomology that have nonzero integrals against them. Since that
𝐿2-cohomology of locally symmetric spaces can be described in terms of automor-
phic representations [BoW, Section XIV.3], it is natural to seek a representation-
theoretic analogue of the geometric statement that a differential form on a lo-
cally symmetric space has a nonzero integral over a sub-symmetric space. Such a
representation-theoretic analogue is provided by the notion of distinction, intro-
duced by Harder, Langlands and Rapoport [HarL].

Let 𝐺′ ⊆ 𝐺 be a pair of reductive groups over ℚ. One says that an automor-
phic representation 𝜋 of 𝐺(𝔸ℚ) is 𝐺′-distinguished if∫

𝐺′(𝐹 )∖𝐺′(𝔸𝐹 )∩0𝐺(ℝ)𝐺(𝔸ℚ,𝑓 )

𝜙(𝑔)𝑑𝑔 ∕= 0 (1.8.1)

is convergent and nonzero for some 𝜙 in the space of 𝜋. One says that (1.8.1) is the
integral of 𝜙 over 𝐺′. Here 𝑑𝑔 is induced by a choice of Haar measure and 0𝐺(ℝ)
is defined as in Section 4.1 below.

Even if 𝜋 is distinguished and cohomological (i.e., has nonzero (𝔤,𝐾)-cohomo-
logy with coefficients in some representation), this does not necessarily mean that
there is a nonzero intersection homology class attached to 𝐺′ in the 𝜋𝑓 -isotypic
component of the intersection homology of some locally symmetric space attached
to 𝐺. One must prove that a “cohomological vector” in the space of 𝜋 has nonzero
period over 𝐺′. To see an example of what one must prove, see [AshG]. In par-
ticular, in order to understand cycles on locally symmetric spaces, one is forced
at some point to work at the level of automorphic forms inside an automorphic
representation, or at least its associated (𝔤,𝐾)-module. This is one justification
for the introduction of explicit spaces of automorphic forms in Chapter 5 below.

Remark. The problem of finding cohomological vectors in distinguished represen-
tations dual to specific cycles is an important problem that, at the time of this
writing, is unsolved in almost all nontrivial cases. We refer the reader to Section
6 of [Rag] and the references therein for examples and applications.

Suppose 𝐺′ is the fixed point set of an involution. Jacquet has suggested
that the automorphic representations of 𝐺(𝔸ℚ) that are distinguished by 𝐺′ are
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precisely those automorphic representations that are functorial lifts from some
other group 𝐻 with (absolute) root datum determined by 𝐺 and 𝐺′ [JaLai]. In
other words, there should be an 𝐿-map

𝐿𝐻 −→ 𝐿𝐺 (1.8.2)

such that an 𝐿-packet of automorphic representations on 𝐺(𝔸ℚ) contains an au-
tomorphic representation distinguished by 𝐺′ if and only if the 𝐿-packet is in the
image of the putative Langlands transfer attached to (1.8.2) (see Section E.4).

In this language, the present manuscript is concerned with the case where
𝐺 = 𝐺𝐿 and 𝐺′ = 𝐺𝐸 is the fixed point set of the involution of 𝐺𝐿 induced by
Gal(𝐿/𝐸). Jacquet’s formalism predicts that 𝐻 should be a form of 𝐺𝐸 . In fact,
Flicker and Rallis have suggested that it should be a unitary group attached to
the extension 𝐿/𝐸 [Fl]. However, since the derived group of 𝐺𝐿 has ℚ-rank one,
the set of cuspidal automorphic representations of 𝐺𝐿(𝔸ℚ) that are a lift from a
unitary group attached to 𝐿/𝐸 is roughly the same as those that are a lift from
𝐺𝐸(𝔸ℚ), the point being that automorphic representations of 𝐺𝐿 are all self-dual
up to a twist (see Theorem E.11 and [Rog, Section 11.5]). This is why it is possible
for us to relate the cycles we construct to automorphic forms on 𝐺𝐸 as opposed
to some unitary group.

Given Jacquet’s conjectural formalism and the work in this manuscript, one
is lead to the following rough conjectural generalization: Suppose that 𝐺′ ⊆ 𝐺
is the fixed point set of an involution, and assume that one can find a group
𝐻 satisfying Jacquet’s desiderata above. Suppose that 𝐺′ defines a cycle class 𝑍
in some cohomology group 𝐻(Γ∖𝑋) attached to a locally symmetric space Γ∖𝑋
defined by 𝐺 and an arithmetic subgroup Γ ⊆ 𝑋 . If there is a good enough theory
of models on 𝐻, then there should be an automorphic form Φ𝐺,𝐺′ on 𝐻(𝔸ℚ) with
coefficients in 𝐻(Γ∖𝑋). The automorphic form on 𝐻(𝔸ℚ) defined by

⟨𝑍,Φ𝐺,𝐺′⟩𝐻
should have coefficients given in terms of special values of 𝐿-functions. Here by
a “good enough theory of models” on 𝐻 we mean something that can take the
place of the Whittaker models which provide the Fourier coefficients we use in
this book to make sense out of the notion of the coefficient of an automorphic
form. Incidentally, making this notion of coefficients precise in the 𝐺 = 𝐺𝐿 case
is another justification for introducing explicit spaces of automorphic forms in
Chapter 5 below.

1.9 Comments on related literature

Several excellent introductory books are available including [Ge], [Fr], and [Oda2].
The Hirzebruch-Zagier results are described in detail in [Ge]. The little book [Gel]
gives a good introduction to the adelic viewpoint, with further details available
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in [Ga]. We have reproduced some of the standard material on Hilbert modular
forms, Fourier series, and Hecke operators from [Hid5] and [Hid7].

As a special case of their far-reaching study of of explicit subvarieties of locally
symmetric spaces of orthogonal and unitary type, Kudla and Millson (generalizing
previous work of Oda) produce a generating series with coefficients in 𝐻𝑛(𝑋0(𝔠))
out of cycles whose irreducible components are birational to the components of
(possibly non-compact) Shimura curves attached to quaternion algebras over 𝐸
split by 𝐿 ([KuM3]). They then go on to prove that this generating series is a
modular form with coefficients in a certain cohomology group.

There are (at least) three fundamental differences between this special case
of the theory in [KuM3] and our Theorem 8.4. First, as opposed to one Hilbert
modular form (with coefficients in cohomology), we obtain a family of modular
forms (with coefficients in intersection homology), one for each local system E on
𝑋0(𝔠) and each intersection homology class in 𝐼𝐻𝑛(𝑋0(𝔠),E).

Second, whereas [KuM3] consider the intersection product of their generating
series with a cycle that is compactly supported in 𝑌0(𝔠), we consider naturally
occuring compact and noncompact cycles (e.g., noncompact subvarieties birational
to Hilbert modular varieties associated to 𝐸), which are lifted to intersection
homology (see Theorem 4.6). Our construction, however, does not require the
sophisticated intersection theory [Tol] used by Tong in his study [Ton] of weighted
intersection numbers on Hilbert modular surfaces.

Finally, the method of proof in [KuM3] differs from ours, in that we use
quadratic base change as a tool to produce our results, whereas the cases of
quadratic base change that Kudla and Millson require are incorporated into their
arguments using theta liftings. It would be interesting to see if the formal argu-
ments we use to prove Theorem 1.1 in this manuscript could be modified and
extended to establish similar theorems in the context of other liftings of automor-
phic forms, especially when the lifting is not a theta lifting. A relatively simple
case of such an extension is provided in the remark after Proposition 8.2, when the
automorphic lifting is the GL2 base change associated to a prime-degree Galois
extension of totally real fields.

In [Bry], J.L. Brylinski and J.P. Labesse determine the Hasse-Weil L-func-
tions of the Hilbert modular varieties that are considered in this book. Although
the focus of their article differs from that of ours, their L-functions are related
to the Asai L-functions considered in Section 5.12.4. Period integrals on Hilbert
modular surfaces are also considered in [Oda2]. Hilbert modular varieties are, in a
natural way, moduli spaces of abelian varieties with real multiplication. This point
of view, and its relation to Hilbert modular forms, is developed in [Goren].
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1.10 Comparison with Zagier’s formula

Theorem 1.2 provides a generalization of a formula for a generating series Φ𝐻𝑍

given by Zagier [Za], equation (98). In order to state his formula, denote by 𝑓 the
Naganuma lift of an 𝑓 ∈ 𝑆2(Γ0(𝑝), (𝑝⋅ )) (here we have used the classical normaliza-
tion of the weight). Assume for simplicity that the narrow class number of ℚ(

√
𝑝)

is 1. Then, denoting by [𝑍𝑚]𝑚≥0 the family of classes introduced by Hirzebruch
and Zagier in [Hirz], Zagier proved that the intersection product ⟨[𝑍𝑚],Φ𝐻𝑍 ⟩𝐻 is
given by:

𝜋+

⎛⎜⎝𝑡(𝑚)𝐸2,𝑝(𝑧) −
∞∑

𝑛=1

𝑟′

⎛⎜⎝ ′∑ (∫
𝑍1

𝜂(𝑓)
)2

(𝑓, 𝑓)
𝑎𝑓 (𝑚)𝑎𝑓 (𝑛)

⎞⎟⎠ 𝑞𝑛

⎞⎟⎠ .

Here the prime indicates summation over a basis of normalized newforms (i.e.,
eigenforms for all the Hecke operators)

𝑓(𝑧) :=

∞∑
𝑛=1

𝑎𝑓 (𝑛)𝑞𝑛

in 𝑆2(Γ0(𝑝), (𝑝⋅ )), 𝜋+ is the canonical projection to 𝑆+2 (Γ0(𝑝), (𝑝⋅ )), the rational
number 𝑡(𝑚) depends only on 𝑚, the nonzero complex number 𝑟′ is a certain
explicit constant, and 𝐸2,𝑝 is a weight two Eisenstein series in 𝑆+2 (Γ0(𝑝), (𝑝⋅ )) (see

[Za, (98–99)]). Moreover 𝜂(𝑓) is a certain differential (1, 1)-form attached to 𝑓,
and we used the proof of Oda’s period relation for the Naganuma lifting (see [Ge,
p. 154 (7.9)], [Oda3] and [Oda4]) to modify Zagier’s expression.

Let 𝑍0 be the (open) modular subvariety of 𝑌0(𝒪ℚ(
√
𝑝)) given by the image

of the diagonal embedding:

𝐺𝐸(𝔸) ↪→ 𝐺𝐿(𝔸) −→ 𝑌0(𝒪ℚ(
√
𝑝)).

Here the first map is the diagonal embedding and the second map is the canonical
projection. Denote by 𝑍 the closure of 𝑍0 in 𝑋0(𝒪ℚ(

√
𝑝)). Let

𝜋 : 𝐼𝐻2(𝑋0(𝒪ℚ(
√
𝑝)) −→ 𝐼𝐻2(𝑋0(𝒪ℚ(

√
𝑝)))

be the projection onto the orthogonal complement of the invariant forms (see
Section 4.4 for generalities on invariant forms). Choose an embedding 𝜎 : ℚ(

√
𝑝) ↪→

ℝ. If 𝑚 is a norm from ℚ(
√
𝑝), then

⟨[𝑍]𝜒ℚ
(𝑚ℤ),Φ𝜋[𝑍],𝜒ℚ

⟩𝐼𝐻∗

= ∣𝑦∣𝔸ℚ

∞∑
𝑛=1

(𝑛,𝑝)=1, 𝜒ℚ(𝑛)=1

𝑟′′

⎛⎜⎝ ′∑ (∫
𝑍
𝜔{𝜎}(𝑓)

)2
(𝑓, 𝑓)

𝑎(𝑚ℤ, 𝑓)𝑎(𝑛ℤ, 𝑓)

⎞⎟⎠ 𝑞(𝑛𝑥, 𝑛𝑦)
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for some explicit constant 𝑟′′ ∈ ℂ×, where the sum is over a basis of normalized
newforms 𝑓 ∈ 𝑆(𝐾0(𝑝ℤ), 𝜒ℚ). (See equation (5.9.5) for the equality between the
Hecke eigenvalue 𝜆𝑓 (𝑛ℤ) and the Fourier coefficient 𝑎(𝑚ℤ, 𝑓).) In order to obtain
this expression, we used the fact that 𝑊 ∗

𝒪𝐿 is the identity for any totally real field
𝐿, along with Corollary 4.10 and Proposition 7.9 of [Ge, Chapter VI].

1.11 Outline of the book

The goal of Chapters 2 to 4 is to review the construction and basic properties of
the integral of a differential form 𝜔 over a cycle 𝜉. This “standard” material is
known to experts, but, to our knowledge, it is not recorded anywhere in the form
that we require. In particular, we will need to make use of this formalism in the
following context:

∙ The differential form 𝜔 is defined on an orbifold 𝑌 , rather than on a smooth
manifold.

∙ The differential form 𝜔 and the chain 𝜉 take values in local coefficient systems
E1 and E2.

∙ The orbifold 𝑌 may be the largest stratum of a stratified space 𝑋 , and the
local systems E1,E2 may fail to extend to all of 𝑋.

∙ The cycle 𝜉 represents a class in the intersection homology of 𝑋 , rather than
in ordinary homology.

We will also need to know that such an integral can be interpreted using various
homologically defined products such as the “Kronecker” pairing between (intersec-
tion) homology and (intersection) cohomology, the cup product on cohomology,
and the intersection product on intersection homology; and that these various
products are compatible with each other whenever there are natural identifica-
tions among the different homology and cohomology groups.

Although there are no essential difficulties in constructing such an integral,
and in describing it homologically, a complete proof of any statement to this
effect necessarily involves chain-level operations. These in turn involve geometric
properties of the cycle 𝜉 (such as a sub-analytic structure, or triangulability) and
analytic properties (such as growth rates) of the differential form. We do not know
of any published literature that specifically deals with these (relatively straight
forward) issues, so we have included the relevant details in the early chapters: in
Chapters 2 (chains and cochains), 3 (intersection homology and cohomology) and
4 (arithmetic quotients). We have also included Appendix B on the definition and
basic properties of orbifolds, which fills in some of the technical details that are
not easily extracted from the standard references.

Then in Chapter 5 we review relevant facts from the theory of Hilbert mod-
ular varieties and Hilbert modular forms. This is in preparation for Chapter 7,
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where we recall the well-known description of the intersection cohomology of the
Hilbert modular varieties 𝑋0(𝔠) in terms of Hilbert modular forms.

After this preparatory material, we move on to the core of the second half of
this material, namely the proofs of Theorems 1.1, 1.2, and 1.3 (see Sections 8.3,
8.6, and 10, respectively). Theorem 1.1 is actually implied by the more general
Theorem 8.3 where intersection homology is replaced by an arbitrary Hecke module
(see Section 8.3 for details). As indicated above, Theorem 8.3 relies crucially on
the theory of quadratic base change for GL2; thus we have included a synopsis of
prime degree base change for GL2 in Appendix E. Theorem 1.3 relies on Theorem
1.2 and a Rankin-Selberg computation that is contained in Chapter 9.

Finally, in Chapter 11, we prove an analogue of Theorems 1.1 and 1.2 with
cuspidal classes replaced by invariant classes (see Section 7.2 for the definition of a
cuspidal and invariant class). In particular, we prove that suitable generating series
created out of invariant classes are Eisenstein series with coefficients in intersection
homology.

As the discussion above indicates, this paper touches on a wide range of
topics from the topology and number theory of ℚ-rank one hermitian symmetric
spaces. However, Chapters 2 to 4 can be read independently of the rest of this work
(though their content and structure reflect the requirements of the later chapters).
Similarly, Chapters 5 through 11 only use results from Chapters 2 through 4 that
one can reasonably take to be a “black box.” Appendices B and E are also self-
contained.

1.12 Problematic primes

It is a subtle problem to determine the minimal level of a Hilbert modular form
whose base change has a given level. The 𝔪th Fourier coefficient of the Hilbert
modular form with coefficients Φ𝛾,𝜒𝐸 that was constructed in Theorem 1.1 is
zero if 𝔪 + 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸) ∕= 𝒪𝐸 . By placing more assumptions on the level
and the character, it is possible to produce an analogue of Φ𝛾,𝜒𝐸 (satisfying an
analogue of Theorem 1.1) that may have nonzero 𝔪th Fourier coefficients when
𝔪 + 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸) ∕= 𝒪𝐸 . Proving a theorem along these lines would either re-
quire substantial hypotheses on the local admissible representations involved, or
a substantial digression on local representation theory. For brevity, we have not
attempted to do either. However, we hope that Appendix E might be a useful
starting point for further investigations in this direction.
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Chapter 2

Review of Chains and Cochains

2.1 Cell complexes and orientations

Recall (e.g., [Hud]) that a closed convex linear cell is the convex hull of finitely
many points in Euclidean space. A convex linear cell complex 𝐾 is a finite collection
of closed convex linear cells in some ℝ𝑁 such that if 𝜎 ∈ 𝐾 then every face of
𝜎 is in 𝐾, and if 𝜎, 𝜏 ∈ 𝐾 then the intersection 𝜎 ∩ 𝜏 is in 𝐾. The underlying
closed subset of Euclidean space is denoted ∣𝐾∣. Such a complex is a regular cell
complex, meaning that each (closed) cell is homeomorphic to a closed ball: no
identifications occur on its boundary. If 𝜏 ∈ 𝐾 is a face of 𝜎 ∈ 𝐾 we write 𝜏 < 𝜎.
A finite simplicial complex is a convex linear cell complex, all of whose cells are
simplices. Every cell complex admits a simplicial refinement with no extra vertices.

An orientation of a finite-dimensional real vector space 𝑉 is a choice of or-
dered basis, two being considered equivalent if one can be continuously deformed to
the other, through ordered bases. Every (finite-dimensional real) vector space has
two orientations. An orientation of a convex linear cell is an orientation of the real
affine space that it spans. An orientation of a smooth manifold is a continuously
varying choice of orientation of each of its tangent spaces.

Let 𝐾 be a convex linear cell complex and let 𝐿 be a (closed) subcomplex.
Let 𝑋 = ∣𝐾∣ and let 𝑌 = ∣𝐾∣ − ∣𝐿∣. Although 𝑌 is not a union of cells, it is a
union of interiors of cells. We refer to this decomposition of 𝑌 as a pseudo cell
decomposition (or a pseudo-triangulation if 𝐾 is a simplicial complex).

Every cell 𝜎 ∈ 𝐾 has two orientations. A choice of orientation for 𝜎 de-
termines a unique orientation for each codimension 1 face 𝜏 < 𝜎 such that the
orientation of 𝜏 followed by the inward pointing vector −→𝜏𝜎 agrees with the orien-
tation of 𝜎. The complex 𝐾 is purely 𝑑-dimensional if every cell is the face of some
𝑑-dimensional cell and there are no cells of dimension greater than 𝑑.

A oriented cellular pseudomanifold is a convex linear cell complex 𝐾, purely
of some dimension 𝑑, such that every 𝑑−1-dimensional cell is a face of exactly two
𝑑-dimensional cells; together with a choice of orientation of each 𝑑-dimensional
cell such that the induced orientations cancel on every 𝑑− 1-dimensional cell.
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2.2 Subanalytic sets and stratifications

Let F = semi-algebraic, semi-analytic, or subanalytic. Any finite union, intersec-
tion, or difference of F-subsets of ℝ𝑁 is again an F-subset of ℝ𝑁 . The closure and
the interior of any F-subset of ℝ𝑁 is again an F-subset of ℝ𝑁 . The image of an
F-subset 𝑋 ⊂ ℝ𝑁 by an F-mapping 𝑓 : ℝ𝑁 → ℝ𝑘 is again an F-set for F= semi-
algebraic or subanalytic (but this last statement is false for F= semi-analytic).

Let 𝑋 ⊂ ℝ𝑁 be a set of type F. A F-Whitney stratification of 𝑋 is a locally
finite decomposition 𝑋 =

∪
𝛼 𝑋𝛼 into disjoint real analytic manifolds or strata,

such that

∙ the closure 𝑋𝛼 of 𝑋𝛼 is an F-subset of ℝ𝑁

∙ if 𝑋𝛼 ∩ 𝑋𝛽 ∕= 𝜙 then 𝑋𝛼 ⊂ 𝑋𝛽. and the pair (𝑋𝛼, 𝑋𝛽) satisfies Whitney’s
conditions A and B.

An 𝐹 -stratified space is such a set 𝑋 together with an 𝐹 -Whitney stratification.
Every closed subset 𝑋 ⊂ ℝ𝑁 of type 𝐹 admits an 𝐹 -Whitney stratification.

A Whitney stratification of a closed 𝐹 -set 𝑋 implies that the local topological
type of 𝑋 is locally constant along each stratum 𝑆 in the following sense. Without
loss of generality we may assume that 𝑆 is connected. R. Thom [Th] and J. Mather
[Ma1] proved the following:

Theorem 2.1. There exists a compact 𝐹 -Whitney stratified space ℓ (the link of the
stratum 𝑆) such that every point 𝑥 ∈ 𝑆 has a neighborhood basis in 𝑋 consist-
ing of neighborhoods 𝑁𝑥 homeomorphic to ℝ𝑠 × cone(ℓ) by a stratum-preserving
homeomorphism that is smooth on each stratum and takes ℝ𝑠×{𝑝𝑡} to 𝑁𝑥∩𝑆. □

(Here, 𝑠 = dim(𝑆) and {𝑝𝑡} denotes the cone point.) Such a neighborhood is
called a basic neighborhood. The Thom-Mather theorem implies, in particular, that
the local homology 𝐻𝑖(𝑋,𝑋−𝑥;ℤ) of 𝑋 is finitely generated at every point 𝑥 ∈ 𝑋 .
An F-triangulation of a closed set 𝑋 ⊂ ℝ𝑁 of type F is a locally finite simplicial
complex 𝐾 with ∣𝐾∣ ⊂ ℝ𝑁 together with an F-isomorphism 𝑓 : ℝ𝑁 → ℝ𝑁 such
that 𝑓(∣𝐾∣) = 𝑋 and

∙ For each simplex 𝜎 ∈ 𝐾 the restriction 𝑓 ∣𝜎𝑜 of 𝑓 to its interior is a real
analytic isomorphism 𝜎𝑜 → 𝑓(𝜎𝑜).

∙ Each 𝑓(𝜎) is a (closed) set of type 𝐹 in ℝ𝑁 .

Any two F-triangulations of 𝑋 have a common refinement. An F-triangulation 𝑓 of
a closed F-set 𝑋 ⊂ ℝ𝑁 is compatible with an F-Whitney stratification 𝑋 =

∪
𝛼 𝑋𝛼

if, for each 𝛼 the set 𝑓−1(𝑋𝛼) is a (closed) subcomplex of 𝐾. If 𝑋 is F-Whitney
stratified and F-triangulated by a compatible triangulation, and if 𝑥 is a point
in some stratum 𝑆 ⊂ 𝑋 then the link 𝐿𝑥 of 𝑥 (in the sense of P.L. topology) is
homeomorphic

𝐿𝑥
∼= Σ𝑠ℓ (2.2.1)

to the 𝑠 = dim(𝑆)-fold suspension of the link ℓ of the stratum 𝑆.
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Theorem 2.2. Let 𝑍 ⊂ 𝑋 ⊂ ℝ𝑁 be closed subsets of type 𝐹. Then 𝑋 admits an
F-Whitney stratification such that 𝑍 is a union of strata. Given any F-Whitney
stratification of 𝑋 there exists an F-triangulation that is subordinate to the strat-
ification.

The proof of this result has a long history. We list here a few of the important
references: [Lo1], [Lo2], [Hardt7], [Hardt4], [Hardt5], [Hardt6], [Hardt3], [Hardt2],
[Hardt1], [Hir5], [Hir4], [Hir3], [Hir1], [Hir2], [Gre1], [Joh].

A closed F-subset 𝑋 ⊂ ℝ𝑁 is purely 𝑑-dimensional if there exists an F-
stratification of 𝑋 such that 𝑋 is the closure of the union of all of its 𝑑-dimensional
strata. Then 𝑋 is an oriented pseudomanifold if there exists a (simplicial) oriented
pseudomanifold 𝐾 of pure dimension 𝑑 and an 𝐹 -triangulation 𝑓 : ∣𝐾∣ → 𝑋.

For Whitney stratified sets, an oriented pseudomanifold structure may be
described without reference to a triangulation. Let 𝑋 be a purely 𝑑-dimensional
F-set. Then 𝑋 is a pseudomanifold if it can be Whitney stratified with no strata
of dimension 𝑑 − 1. In this case an orientation of 𝑋 is determined by a choice of
orientation of each of the 𝑑-dimensional strata.

2.3 Sheaves and the derived category

Let 𝑋 be a real or complex algebraic, analytic, semi-analytic or sub-analytic set.
Then 𝑋 is locally compact, Hausdorff, and is homeomorphic to a (locally finite)
simplicial complex. Throughout this section we fix a regular, commutative, Noethe-
rian ring 𝑅 (with unit) of finite cohomological dimension. (A principal ideal do-
main, for example, is such a ring.) Recall that a complex of sheaves of 𝑅-modules
S∙ on 𝑋 is a collection of sheaves S𝑖 and differentials 𝑑𝑖 : S𝑖 → S𝑖+1 with 𝑑2 = 0.
The associated cohomology sheaf of degree 𝑖 is Hi(S∙) = ker𝑑𝑖/ 𝐼𝑚𝑑𝑖−1. If each S𝑖

is fine, flabby, soft, or injective, then the cohomology 𝐻∗(𝑋,S∙) (resp. cohomology
with compact supports 𝐻∗

𝑐 (𝑋,S∙)) is given by the cohomology of the complex of
global sections (resp. global sections with compact supports).

It is customary to denote by S∙[𝑛] the shift of S∙ by 𝑛, that is, (S∙[𝑛])𝑘 =
S𝑛+𝑘. A morphism S∙ → T∙ is a quasi-isomorphism if it induces an isomorphism
on the associated cohomology sheaves. In this case, the complex 𝑇 ∙ is called an
injective resolution of S∙ if each T𝑗 is injective (in the category of sheaves of 𝑅
modules).

A complex of sheaves S∙ is cohomologically locally constant (CLC) if each
of the cohomology sheaves Hi(S∙) is locally constant. The complex S∙ is coho-
mologically constructible with respect to a given stratification of 𝑋 if each of the
cohomology sheaves Hi(S∙) is locally constant on each stratum. Let 𝐷𝑏

𝑐(𝑋) de-
note the bounded constructible derived category: its objects consist of complexes
of sheaves that are bounded from below and are cohomologically constructible
with respect to some Whitney 𝐹 -stratification of 𝑋. In this category, every quasi-
isomorphism is invertible. See, for example, [Iv], [GelM], [Gre5]. Many functors 𝐹
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defined on the category Sh(𝑋) of sheaves on 𝑋 pass to derived functors 𝑅𝐹. In
particular, we shall use the standard notations 𝑅𝑓∗, 𝑅𝑓!, 𝑓

∗, 𝑓 ! for the derived
push-forward, derived push-forward with proper supports, the pull-back and the
extraordinary pull-back on sheaves. If S∙,T∙ are complexes of sheaves on 𝑋 then
RHom∙(S∙,T∙) denotes the complex of sheaves that is obtained from the double
complex of pre-sheaves which associates to any open subset 𝑗 : 𝑈 ⊂ 𝑋 the 𝑅
module Hom(𝑗∗S𝑝, 𝑗∗I𝑞) where T∙ → I∙ is an injective resolution of T∙. In this
case

Hom𝐷𝑏
𝑐(𝑋)

(S∙,T∙) = 𝐻0(𝑋,RHom∙(S∙,T∙)).

If S∙ is cohomologically constructible then it follows from the Thom-Mather
theorem (Section 2.2) that the stalk cohomology (or “local cohomology”)

𝐻𝑖(𝑗∗𝑥S
∙) = 𝐻 𝑖

𝑥(S∙) = Hi(S∙)𝑥

(of S∙ at the point 𝑥 ∈ 𝑋) coincides with the cohomology 𝐻 𝑖(𝑈𝑥,S
∙) of any basic

neighborhood 𝑈𝑥 of 𝑥 in 𝑋. Here 𝑗𝑥 : {𝑥} → 𝑋 denotes the inclusion. Similarly

𝐻𝑖
𝑐(𝑈𝑥,S

∙) ∼= 𝐻 𝑖(𝑗!𝑥(S∙))

is the stalk cohomology with compact supports.

2.4 The sheaf of chains

Let E be a local coefficient system (= locally constant sheaf) of 𝑅 modules on
a set 𝑋 ⊂ ℝ𝑛 of type F. There are many quasi-isomorphic versions of the sheaf
C∙(𝑋,E) of chains on 𝑋. We briefly recall the construction of the sheaf of F-chains.

Let 𝑇 be a (locally finite) F-triangulation of 𝑋. For each simplex 𝜎 of 𝑇 the
restriction of E to 𝜎 has a canonical trivialisation, so we may unambiguously refer
to the fiber E𝜎. An 𝑖-dimensional (𝑇 -simplicial) Borel-Moore chain with coefficients
in E is a (locally finite) linear combination of oriented simplices 𝜉 =

∑
𝑡 𝑒𝑡𝜎𝑡 with

𝑒𝑡 ∈ E𝜎𝑡 whose support ∣𝜉∣ is closed in 𝑋 ; we identify 𝑒𝑡𝜎𝑡 with −𝑒𝑡𝜎
′
𝑡 where

𝜎′ is the same simplex as 𝜎 but with the opposite orientation. The collection
of all Borel-Moore 𝑖-chains with respect to the F-triangulation 𝑇 forms an 𝑅
module 𝐶𝐵𝑀,𝑇

𝑖 (𝑋,E) and the usual boundary map gives a homomorphism ∂𝑖 :

𝐶𝐵𝑀,𝑇
𝑖 (𝑋,E) → 𝐶𝐵𝑀,𝑇

𝑖−1 (𝑋,E). If 𝑇 ′ is a refinement of the triangulation 𝑇 then the

natural homomorphism 𝐶𝐵𝑀,𝑇
𝑖 (𝑋,E) → 𝐶𝐵𝑀,𝑇 ′

𝑖 (𝑋,E) induces an isomorphism

𝐻𝐵𝑀,𝑇
𝑖 (𝑋,E) ∼= 𝐻𝐵𝑀,𝑇 ′

𝑖 (𝑋,E)

on homology. Define the complex of (Borel-Moore) F-chains

𝐶𝐵𝑀
𝑖 (𝑋,E) = lim−→

𝑇

𝐶𝐵𝑀,𝑇
𝑖 (𝑋,E)
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to be the direct limit over all F-triangulations of 𝑋. The Borel-Moore chains then
form a pre-sheaf (with respect to the open subsets of type F). For if 𝑈 ⊂ 𝑉 are
open F-subsets of 𝑋 and if 𝑇 is a triangulation of 𝑉 then it is possible to find a
triangulation 𝑇 ′ of 𝑈 such that each simplex of 𝑇 ′ is contained in a unique simplex
of 𝑇. This procedure gives a homomorphism 𝐶𝐵𝑀

𝑖 (𝑈,E) → 𝐶𝐵𝑀
𝑖 (𝑉,E). The sheaf

of F-chains C∙(𝑋,E) on 𝑋 is the complex of sheaves whose 𝑅 module of sections
over an open set 𝑈 ⊂ 𝑋 is

Γ
(
𝑈,C−i(𝑋,E)

)
= 𝐶𝐵𝑀

𝑖 (𝑈,E)

with 𝑑−𝑖 = ∂𝑖 (for 𝑖 ≥ 0). (It is placed in negative degrees so that the differentials
raise degree.) The sheaf C∙(𝑋,E) is soft ([Hab] Section II.5), so the sheaf cohomol-
ogy over any open set 𝑈 ⊂ 𝑋 can be obtained as the cohomology of the complex
of sections over 𝑈 . With this in mind, the Borel-Moore homology is defined by

𝐻𝐵𝑀
𝑖 (𝑈,E) := 𝐻−𝑖(𝑈,C∙(𝑋,E)).

The complex of (compact) F-chains on 𝑈 ⊂ 𝑋 is the complex

𝐶𝑖(𝑈,E) = Γ𝑐(𝑈,C
−i(𝑋,E))

of sections with compact support. The (local) homology sheaf

H−𝑖(C∙(X,E))

is the cohomology sheaf of the sheaf of chains. It is a topological invariant and
its stalk cohomology is the local homology, that is, 𝐻−𝑖

𝑥 (C∙(𝑋,E)) = 𝐻𝑖(𝑋,𝑋 −
𝑥;E). The cohomology with compact support 𝐻−𝑖

𝑐 (𝑋,C∙(𝑋,E)) is the ordinary
homology 𝐻𝑖(𝑋,E).

A similar construction [Bre] may be made with singular chains, and the
resulting complex of sheaves (which is a topological invariant and does not depend
on a choice of piecewise linear structure) is canonically quasi-isomorphic to the
sheaf of F-chains. We will sometimes refer to “the” sheaf of chains C∙(𝑋,𝐸)
without reference to a particular PL or analytic structure on 𝑋.

If 𝑅 is a field and if E = R is the constant local system then the sheaf of chains
on 𝑋 is called the dualizing sheaf (with coefficients in R) and it is denoted 𝔻∙𝑋 .
(For an arbitrary regular Noetherian ring 𝑅 of finite cohomological dimension, the
dualizing sheaf is obtained from the sheaf of chains by tensoring with an injective
resolution of 𝑅 [Bo84, Section 7.A].)

We remark that if 𝜉 =
∑

𝑡 𝑎𝑡𝜎𝑡 ∈ 𝐶𝐵𝑀
𝑖 (𝑈,𝑅) is a chain with constant coeffi-

cients, and if 𝑠 ∈ Γ(∣𝜉∣,E) is a section of E over the support of 𝜉 then we obtain,
in a natural way a chain 𝑠𝜉 =

∑
𝑡 𝑎𝑡𝑠(𝜎𝑡)𝜎𝑡 ∈ 𝐶𝐵𝑀

𝑖 (𝑈,E).

2.5 Homology manifolds

As in the previous section, we assume the coefficient ring 𝑅 is a regular Noetherian
ring of finite cohomological dimension, and we let 𝐹 refer to semi-algebraic, semi-
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analytic, or subanalytic. Let 𝑌 be a purely 𝑛-dimensional set of type 𝐹 (so 𝑌 is
contained in some Euclidean space and its closure is also an 𝑛-dimensional set of
type 𝐹 ). The set 𝑌 is an 𝑅-homology manifold if

𝐻𝑗(𝑌, 𝑌 − 𝑦;𝑅) =

{
0 if 𝑗 ∕= 𝑛

𝑅 if 𝑗 = 𝑛

or, equivalently, if the local homology sheaf H−j(C∙(𝑌,𝑅)) is a local system of
rank 1 for 𝑗 = 𝑛 and vanishes for 𝑗 ∕= 𝑛. Assume 𝑌 is an 𝑅-homology manifold.
The 𝑅-orientation sheaf

𝒪𝑌 = H−𝑛(C∙(𝑌,𝑅)).

is the local system whose fiber at each point 𝑦 ∈ 𝑌 is 𝐻𝑛(𝑌, 𝑌 − 𝑦;𝑅).

If an orientation of 𝑌 exists (Section 2.1) then it determines an isomorphism
between 𝒪𝑌 and the trivial local system R. If 𝑌 is also connected (but not nec-
essarily compact) then 𝐻𝐵𝑀

𝑛 (𝑌,𝒪𝑌 ) ∼= 𝑅. A choice of generator [𝑌 ] of this group
is called a fundamental class. It can be represented by a (Borel-Moore) chain
𝜉 ∈ 𝐶𝐵𝑀

𝑛 (𝑌,𝒪𝑌 ) whose support is the union of all the 𝑛-dimensional simplices
in a triangulation of 𝑌, that is, ∣𝜉∣ = 𝑌. There is a canonical quasi-isomorphism
𝒫 : 𝒪𝑌 → C∙(𝑌,𝑅)[−𝑛] which assigns to each sufficiently small open F-ball 𝑈 ⊂ 𝑌
the chain [𝑈 ] ∈ Γ (𝑈,C−𝑛(𝑌,𝒪𝑌 )) . It induces a quasi-isomorphism

𝒪𝑌 ⊗E → C∙(𝑌,E)[−𝑛] (2.5.1)

for any finite-dimensional local system E of 𝑅 modules on 𝑌. The resulting iso-
morphisms of cohomology groups are often referred to as Poincaré duality isomor-
phisms,

𝐻 𝑖(𝑌,𝒪𝑌 ⊗E) ∼= 𝐻𝐵𝑀
𝑛−𝑖 (𝑌,E)

𝐻𝑖
𝑐(𝑌,𝒪𝑌 ⊗E) ∼= 𝐻𝑛−𝑖(𝑌,E).

The morphism 𝒫 may also be viewed as a quasi-isomorphism 𝒫 : E → C∙(𝑌,𝒪𝑌 ⊗
E)[−𝑛] with resulting Poincaré duality isomorphisms

𝐻 𝑖(𝑌,E) ∼= 𝐻𝐵𝑀
𝑛−𝑖 (𝑌,𝒪𝑌 ⊗E)

𝐻𝑖
𝑐(𝑌,E) ∼= 𝐻𝑛−𝑖(𝑌,𝒪𝑋 ⊗E).

2.6 Cellular Borel-Moore chains

In Chapters 8 and 9 we will need to integrate differential forms (defined on the
non-compact top stratum 𝑌 of a modular variety 𝑋) over chains (which are them-
selves non-compact), with coefficients in local systems on 𝑌 that may not extend
over its compactification 𝑋. Integration of non-compact chains on non-compact
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manifolds leads to a host of potential pathological difficulties, none of which (for-
tunately) occur in the setting of modular cycles on modular varieties. The purpose
of this section is to provide a few standard but not previously easily referenceable
technical tools which will be used to guarantee that the integrals we will eventu-
ally consider are well behaved. The main point is that the manifold 𝑌 and the
modular cycles in 𝑌 are compactifiable.

Let 𝑋 be a set of type 𝐹 (= semi-algebraic, semi-analytic, or subanalytic)
and let 𝑓 : ∣𝐾∣ → 𝑋 be an 𝐹 -triangulation of 𝑋 , where 𝐾 is a locally finite
simplicial complex. Let 𝐿 ⊂ 𝐾 be a closed subcomplex such that the open set
𝑌 = 𝑓(∣𝐾∣ − ∣𝐿∣) is dense in 𝑋. The resulting decomposition of 𝑌 is a pseudo cell
decomposition in the sense of Section 2.1.

Let E be a local coefficient system of 𝑅 modules on 𝑌. If 𝜎 is a cell of 𝐾
whose interior 𝜎𝑜 is contained in 𝑌, then the fibers 𝐸𝑥, 𝐸𝑦 of 𝐸 over any two points
𝑥, 𝑦 ∈ 𝜎 ∩ 𝑌 are canonically isomorphic. Therefore we may refer unambiguously
to the fiber 𝐸𝜎. If 𝜏 < 𝜎 and 𝜏𝑜 ⊂ 𝑌 then there is a canonical isomorphism
Φ𝜎𝜏 : 𝐸𝜎 → 𝐸𝜏 .

An 𝑟-dimensional elementary Borel-Moore cellular chain (on 𝑌 with coeffi-
cients in E) is an equivalence class of formal products 𝑎𝜎𝜎 where 𝜎 is an oriented
𝑟-dimensional cell of 𝐾 such that 𝜎𝑜 ⊂ 𝑌 and where 𝑎𝜎 ∈ E𝜎; modulo the identi-
fication

𝑎𝜎𝜎 ∼ (−𝑎𝜎)𝜎′

where 𝜎′ is the same cell but with the opposite orientation.

The boundary ∂𝑎𝜎𝜎 of an elementary 𝑟-dimensional chain is defined to be

∂𝑎𝜎𝜎 =
∑
𝜏

Φ𝜎𝜏 (𝑎𝜎)𝜏

where the sum is taken over those 𝑟−1-dimensional faces 𝜏 < 𝜎 such that 𝜏𝑜 ⊂ 𝑌.

The R-module of cellular Borel-Moore chains 𝐶𝐾
𝑟 (𝑌,E) (with respect to the

pseudo-cell decomposition 𝐾) is the module of finite formal linear combinations

of elementary 𝑟 chains. Let 𝜉 =
∑

𝑖 𝑎𝑖𝜎𝑖 ∈ 𝐶𝐾
𝑟 (𝑌,E) be a cellular Borel-Moore

chain. Its support ∣𝜉∣ is the intersection of 𝑌 with the union of those cells 𝜎𝑖 such
that 𝑎𝑖 ∕= 0. If 𝐾 ′ is a (finite) refinement of 𝐾 (and we write 𝐾 ′ < 𝐾) there is

a canonical injection 𝐶𝐾
𝑟 (𝑌,E) → 𝐶𝐾′

𝑟 (𝑌,E) which preserves supports. The proof
of the following Lemma will appear in Appendix A below.

Lemma 2.3. If 𝐾 ′ is a finite refinement of 𝐾 then the induced mapping on ho-
mology

𝐻̂𝐾
𝑟 (𝑌,E) → 𝐻̂𝐾′

𝑟 (𝑌,E)

is an isomorphism.

Now let 𝑇 be a (piecewise linear) triangulation of 𝑌 that is subordinate to
𝐾, that is, a triangulation such that every (closed) simplex in 𝑇 is contained in
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a (closed) cell of 𝐾 as a convex linear subset. (If 𝑌 is not compact then 𝑇 will
consist of infinitely many simplices.) Then we obtain a canonical injection

𝐶𝐾
𝑟 (𝑌,E) → 𝐶𝐵𝑀

𝑟 (𝑌,E). (2.6.1)

Proposition 2.4. The mapping (2.6.1) induces an isomorphism on homology,

𝐻̂𝐾
𝑟 (𝑌,E) → 𝐻𝐵𝑀,𝑇

𝑟 (𝑌,E) ∼= 𝐻𝐵𝑀
𝑟 (𝑌,E).

In summary, any pseudo cell decomposition of 𝑌 may be used to compute its
Borel-Moore homology. The proof, which is standard but surprisingly messy, is in
Appendix A below.

2.7 Algebraic cycles

Let 𝑋 be a nonsingular complex algebraic variety with a local coefficient system
E and let 𝑌 ⊂ 𝑋 be a complex algebraic closed subvariety of complex dimension
𝑛. Suppose the local system 𝐸 has the underlying structure of a (real or complex)
vector bundle with a flat connection. (See Section 6.1.) When does 𝑌 determine
a homology class in 𝐻𝐵𝑀

2𝑛 (𝑋,E)?

Proposition 2.5. Let 𝑍 ⊂ 𝑌 be a proper complex algebraic subvariety containing
the singularities of 𝑌 and let 𝑆 be a flat section of E∣(𝑌 −𝑍). Then the pair (𝑌, 𝑆)
determines a Borel-Moore homology class [𝑌, 𝑆] ∈ 𝐻𝐵𝑀

2𝑛 (𝑋,E).

Proof. According to the above, in order to make (𝑌, 𝑆) into a (Borel-Moore) cycle,
one needs a triangulation or a cell decomposition or a pseudo-cell decomposition
of 𝑋 so that 𝑌 is a union of cells; plus the data of a cellular chain on 𝑌 whose
boundary is zero. In other words, one needs an assignment, to each 2𝑛-dimensional
simplex 𝜎 ⊂ 𝑌, of an element 𝑎𝜎 ∈ E𝜎 such that the boundary cancels on every
2𝑛− 1-dimensional simplex. Here, 𝐸𝜎 is the fiber of E over any point in 𝜎. Since
E has a flat connection, it is possible to find a trivialization of E∣𝜎 such that the
constant sections are flat, so we may interpret the element 𝑎𝜎 as a flat section over
𝜎. Since 𝑌 −𝑍 is a manifold, each 2𝑛−1-dimensional simplex 𝜏 is a face of exactly
two 𝑛-dimensional simplices, say, 𝜎, 𝜎′. The requirement that the boundaries cancel
is the same as saying that, in a flat local trivialization of E on a neighborhood of
𝜏 , the two flat (= constant) sections 𝑎𝜎 and 𝑎𝜎′ agree.

But this is exactly what is given in the proposition. It is possible (Theorem
2.2) to find a (smooth) triangulation of 𝑋 so that 𝑍 and 𝑌 are unions of simplices,
in which case 𝑍 consists entirely of simplices with dimension 2𝑛 − 2 or less. So
all of the 2𝑛-dimensional and 2𝑛 − 1-dimensional simplices of 𝑌 are contained
in 𝑌 − 𝑍 on which the flat section 𝑆 therefore defines a chain whose boundary
vanishes. □



Chapter 3

Review of Intersection Homology
and Cohomology

In this chapter we recall the relation between intersection homology, constructed
using (𝑝, 𝑖)-allowable chains as in [Gre4], and intersection cohomology, constructed
via sheaf theory.

3.1 The sheaf of intersection chains

In this section we suppose 𝑋 is a (piecewise linear or subanalytic) purely 𝑛-
dimensional stratified pseudomanifold ([Gre4, Gre5, Gre6]), but see also Section
3.3. As in Chapter 2, we denote by 𝑅 a regular, commutative, Noetherian ring
(with unit) of finite cohomological dimension; for example, any principal ideal
domain.

Let p : ℕ → ℕ be a perversity, that is, a mapping such that p(0) = p(1) =
p(2) = 0 and p(𝑐) ≤ p(𝑐+ 1) ≤ p(𝑐) + 1 for all 𝑐. We will make use of the following
special perversities:

zero: 0(𝑐) = 0

lower middle: m(𝑐) = ⌊𝑐/2⌋ − 1

upper middle: n(𝑐) = ⌈𝑐/2⌉ − 1

top: t(𝑐) = 𝑐− 2.

Notation. Intersection cohomology with perversity p and coefficients in a local
system E will be denoted 𝐼p𝐻∗(𝑋,E) and it is defined below. We will usually
be concerned with pseudomanifolds 𝑋 for which the intersection cohomology with
perversities m and n coincide, in which case we refer to it as the middle intersection
cohomology, and we write

𝐼𝐻∗(𝑋,E) = 𝐼m𝐻∗(𝑋,E) = 𝐼n𝐻∗(𝑋,E).
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Let E be a local coefficient system (see Section 6.1) of 𝑅 modules on the
nonsingular part 𝑌 ⊂ 𝑋 of 𝑋. Let 𝑖 ≥ 0 be an integer. The pre-sheaf IpC−𝑖(E)
of (subanalytic or piecewise linear) intersection chains assigns to each open set
𝑈 ⊂ 𝑋 the subgroup 𝐼p𝐶𝐵𝑀

𝑖 (𝑈,E) of all (subanalytic or piecewise linear) Borel-
Moore chains 𝜉 in 𝑈 (= chains with closed support in 𝑈) with coefficients in E
which satisfy the following (p, 𝑖)-allowability condition:

dim(𝜉 ∩ 𝑆) ≤ 𝑖− cod(𝑆) + p(cod(𝑆)), (3.1.1)

dim(∂𝜉 ∩ 𝑆) ≤ 𝑖− 1 − cod(𝑆) + p(cod(𝑆)) (3.1.2)

for each singular stratum 𝑆 ⊂ 𝑋. The allowability condition guarantees that all
the 𝑖-dimensional and all the 𝑖− 1-dimensional simplices in 𝜉 are contained in the
nonsingular part 𝑌, where the local system E is defined. This pre-sheaf is in fact a
soft sheaf ([Hab] Section II.5) so for any open set 𝑈 ⊂ 𝑋 the sheaf cohomology of 𝑈
may be obtained as the cohomology of the complex of sections over 𝑈. It is denoted
𝐼p𝐻𝐵𝑀

𝑖 (𝑈,E) or 𝐼p𝐻−𝑖
closed(𝑈,E) and it is referred to as the intersection homology

with closed supports of 𝑈 with coefficients in E. The intersection homology with
compact supports of 𝑈 is the homology of the complex 𝐼p𝐶∗(𝑈,E) of sections
with compact support, that is, the chains 𝜉 in 𝑈 with coefficients in E satisfying
(3.1.1) and (3.1.2) such that ∣𝜉∣ is compact. It is denoted 𝐼p𝐻𝑖(𝑈,E). Clearly
𝐼p𝐻𝑖(𝑋,E) = 𝐼p𝐻𝐵𝑀

𝑖 (𝑋,E) if 𝑋 is compact.

The stalk cohomology of the sheaf IpC∙(E) at a point 𝑥 in some stratum 𝑆
of 𝑋 is given by

𝐻−𝑖
𝑥 (IpC∙(E)) = 𝐼p𝐻𝑖(𝑋,𝑋 − 𝑥,E) =

{
0 if − 𝑖 ≥ 𝑝(𝑐) − 𝑛 + 1

𝐼p𝐻𝑖−𝑠−1(ℓ𝑥,E) if − 𝑖 ≤ 𝑝(𝑐) − 𝑛.

(3.1.3)
Here, 𝑠 = dim(𝑆), 𝑐 = 𝑛 − 𝑠 is the codimension of 𝑆 and ℓ𝑥 is the link of the
stratum 𝑆 at the point 𝑥. The intersection homology is a topological invariant of
(𝑋,E) and it does not depend on a choice of subanalytic or PL structure, or the
choice of stratification.

3.2 The sheaf of intersection cochains

As in the previous section we suppose 𝑋 is a (real) 𝑛-dimensional (PL or subana-
lytic, not necessarily compact) pseudomanifold. If E is a local system of 𝑅 modules
on the nonsingular part 𝑌 of 𝑋 then Deligne [Gre5] has given an alternate con-
struction of the sheaf of intersection cochains as an element of the constructible
derived category 𝐷𝑏

𝑐(𝑋) of sheaves on 𝑋. Given a stratification of 𝑋 let 𝑋𝑘 denote
the closed subset of 𝑋 consisting of all strata of dimension less than or equal to
𝑘. We follow the indexing scheme of [Bo84], starting with the local system E in
degree 0 and setting

IpS∙(E) = 𝜏≤p(𝑛)𝑅𝑖𝑛∗ . . . 𝜏≤p(3)𝑅𝑖3∗𝜏≤p(2)𝑅𝑖2∗(E)
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where the truncation functor 𝜏≤𝑘 kills all stalk cohomology in degrees greater than
𝑘 and where 𝑖𝑘 is the inclusion of 𝑈𝑘 = 𝑋 −𝑋𝑛−𝑘 into 𝑈𝑘+1. The cohomology of
IpS∙(E) is the intersection cohomology of 𝑋,

𝐻 𝑖(𝑋, IpS∙(E)) = 𝐼p𝐻𝑖(𝑋,E).

If 𝑆 ⊂ 𝑋 is a stratum of codimension 𝑐 and if 𝑥 ∈ 𝑆 then the stalk cohomology
𝐻𝑖

𝑥 (IpS∙(E)) at 𝑥 of this intersection cohomology sheaf is

𝐻 𝑖 (𝑗∗𝑥I
pS∙(E)) =

{
0 if 𝑖 > 𝑝(𝑐)

𝐼p𝐻𝑖(ℓ𝑥,E) if 𝑖 ≤ 𝑝(𝑐)
(3.2.1)

where ℓ𝑥 is the link of the stratum 𝑆 at the point 𝑥, cf. Section 2.2 and where
𝑗𝑥 : {𝑥} → 𝑋 denotes the inclusion. The stalk cohomology with compact support
at 𝑥 is

𝐻 𝑖
(
𝑗!𝑥I

pS∙(E)
)

=

{
𝐼p𝐻𝑖−1−𝑛+𝑐(ℓ𝑥,E) if 𝑖 > p(𝑐) + 1 + 𝑛− 𝑐

0 if 𝑖 ≤ p(𝑐) + 1 + 𝑛− 𝑐.
(3.2.2)

Let T∙ be a cohomologically constructible complex of sheaves on 𝑋. This
means that for each 𝑘, the (local) cohomology sheaves of the restriction T∙𝑘 =
T∙∣(𝑋𝑛−𝑘 − 𝑋𝑛−𝑘−1) are finite-dimensional local systems (i.e., locally constant
sheaves). Fix a perversity p. Consider the following possible conditions:

(a) 𝐻𝑚(𝑗∗𝑥T
∙) = 0 for all 𝑚 > p(𝑘), all 𝑥 ∈ 𝑋𝑛−𝑘 −𝑋𝑛−𝑘−1, and all 𝑘.

(b) 𝐻𝑚(𝑗!𝑥T
∙) = 0 for all 𝑚 < p(𝑘) + 𝑛− 𝑘, all 𝑥 ∈ 𝑋𝑛−𝑘 −𝑋𝑛−𝑘−1, and all 𝑘.

The following lemma may be proven using the same argument as in [Gre5] Section
3.5, or using Section 1.3.4 of [Bei]:

Lemma 3.1. Let E be a local system on 𝑌. If T∙ satisfies condition (a) above then
any quasi-isomorphism T∙∣𝑌 → E has a unique extension in 𝐷𝑏

𝑐(𝑋) to a morphism
T∙ → IpS∙(𝑋,E). If T∙ satisfies condition (b) above then any quasi-isomorphism
E → T∙∣𝑌 has a unique extension in 𝐷𝑏

𝑐(𝑋) to a morphism IpS∙(𝑋,E) → T∙.
□

Consequently the quasi-isomorphism of equation (2.5.1) extends (uniquely)
to Poincaré duality quasi-isomorphisms

𝒫 : IpS∙(E⊗𝒪𝑌 ) −→ IpC∙(E)[−𝑛] (3.2.3)

𝒫 : IpS∙(E) −→ IpC∙(𝒪𝑌 ⊗E)[−𝑛] (3.2.4)

which determine isomorphisms

𝐼p𝐻𝑖(𝑋,E⊗𝒪𝑌 ) ∼= 𝐼p𝐻𝐵𝑀
𝑛−𝑖 (𝑋,E)

𝐼p𝐻𝑖(𝑋,E) ∼= 𝐼p𝐻𝐵𝑀
𝑛−𝑖 (𝑋,E⊗𝒪𝑌 )

𝐼p𝐻𝑖
𝑐(𝑋,E⊗𝒪𝑌 ) ∼= 𝐼p𝐻𝑛−𝑖(𝑋,E)

𝐼p𝐻𝑖
𝑐(𝑋,E) ∼= 𝐼p𝐻𝑛−𝑖(𝑋,E⊗𝒪𝑌 ).
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3.3 Homological stratifications

We will eventually be concerned with the Baily-Borel compactification 𝑋 of a
modular variety 𝑌 that is obtained as an arithmetic quotient 𝑌 = Γ∖𝐷 of a sym-
metric domain 𝐷 by an arithmetic group Γ that is not necessarily torsion free.
Such a space has a canonical “stratification” by boundary strata (cf. [BaiB]), but
the strata are not necessarily smooth manifolds; rather they are orbifolds (see Ap-
pendix B), and hence they are rational homology manifolds. Thus one is led to
consider orbifold stratifications and more generally, homological stratifications, in
which each stratum is a homology manifold, along which the space is locally ho-
mologically a product. Homological stratifications were defined and shown to exist
in [Gre5] Section 4.2 where they were used to prove that intersection homology is
a topological invariant. See also [Rou]. The requirements on a stratification vary
with the application, and there are many variants on the notion of a homological
stratification.

Let 𝑋 be an 𝑛-dimensional pseudomanifold of type 𝐹 (= semi-algebraic,
semi-analytic or subanalytic). Let 𝑋𝑛−2 be a closed subset of dimension ≤ 𝑛− 2
such that 𝑋 − 𝑋𝑛−2 is an 𝑅-homology manifold. Let E be a local coefficient
system of 𝑅 modules on 𝑋−𝑋𝑛−2. By assumption, there exists a stratification of
𝑋 such that the largest stratum 𝑌 ⊂ 𝑋 is contained in 𝑋 −𝑋𝑛−2. Therefore the
intersection complex IpS∙(E) is well defined on 𝑋.

Definition 3.3.1. A homological stratification of 𝑋 (depending on 𝑅, p, and E) is
a filtration by closed 𝐹 -subsets

𝑋 = 𝑋𝑛 ⊃ 𝑋𝑛−2 ⊃ 𝑋𝑛−3 ⊃ ⋅ ⋅ ⋅ ⊃ 𝑋−1 = 𝜙 (3.3.1)

such that

(1) each 𝑋𝑗 −𝑋𝑗−1 is a 𝑗-dimensional 𝑅-homology manifold,

(2) the intersection complex IpS∙(E) is cohomologically locally constant (CLC)
on each stratum 𝑋𝑗 − 𝑋𝑗−1 (meaning that each of its cohomology sheaves
are locally constant on each stratum),

(3) for each 𝑗 ≥ 2 the complex 𝑅ℎ𝑗∗IpS∙(E) is cohomologically locally constant
on the stratum 𝑋𝑗 −𝑋𝑗−1.

Here, ℎ𝑗 : 𝑋 −𝑋𝑗−1 → 𝑋 −𝑋𝑗 denotes the inclusion. Similarly let us say that a
filtration (3.3.1) is an 𝑅-orbifold stratification if each 𝑋𝑗−𝑋𝑗−1 is a 𝑗-dimensional
𝑅-orbifold along which 𝑋 is locally topologically trivial in the sense of the Thom-
Mather theorem (2.2) (where ℓ is assumed to have an 𝑅-orbifold stratification
rather than a Whitney stratification).

Proposition 3.2. Let 𝑋 be an 𝐹 -set with a filtration (3.3.1) by closed 𝐹 -subsets. If
this filtration is a Whitney stratification then it is also a ℚ-orbifold stratification
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(with the trivial orbifold structure on each stratum). If it is a 𝑅-orbifold strat-
ification then it is also a 𝑅-homological stratification for any local system E of
𝑅-modules and any perversity p. If it is an 𝑅-homological stratification then there
exists a refinement that is a Whitney stratification. □

In other words,

Whitney =⇒ 𝑅-orbifold =⇒ 𝑅-homological =⇒ Whitney refinement.

Proposition 3.3. Let 𝒮 = {𝑋 = 𝑋𝑛 ⊃ 𝑋𝑛−2 ⊃ ⋅ ⋅ ⋅ ⊃ 𝑋−1 = 𝜙} be a homological
stratification (for 𝑅, p, and E) as defined above. Let

Ip𝒮S
∙
(E) = 𝜏≤p(𝑛)𝑅𝑖𝑛∗ . . . 𝜏≤p(3)𝑅𝑖3∗𝜏≤p(2)𝑅𝑖2∗(E)

be the complex of sheaves obtained from Deligne’s construction with respect to the
homological stratification 𝒮. Let Ip𝒮C

∙
(E) be the complex of sheaves of (Borel-

Moore) chains that satisfy the allowability conditions (3.1.1) with respect to the
homological stratification 𝒮. Then the identity mapping E → E extends, uniquely
in 𝐷𝑏(𝑋), to quasi-isomorphisms

(1) IpS∙(E) → Ip𝒮S
∙
(E) and

(2) IpC∙(E) → Ip𝒮C
∙
(E).

In other words, a homological stratification may be used in place of an honest
stratification for either of these constructions of intersection (co)homology.

Proof. Statement (1) is proven in [Gre5] Section 4.2. Now let us prove statement
(2). Let 𝒮 ′ be an honest stratification that refines the homological stratification 𝒮.
Then every stratum 𝐴′ ∈ 𝒮 ′ is contained in a unique stratum 𝐴 ∈ 𝒮. Let p+ be the
stratum-dependent perversity that assigns to any such stratum 𝐴′ ∈ 𝒮 ′ the number
p+(𝐴′) = p(𝐴) + dim(𝐴) − dim(𝐴′). Let p− be the stratum-dependent perversity
that assigns to any such stratum 𝐴′ ∈ 𝒮 ′ the number p−(𝐴′) = p(𝐴). (Here we
have written p(𝐴) rather than p(cod(𝐴)) for simplicity.) The sheaves Ip𝒮C

∙
(E)

and Ip
+

𝒮′ C∙(E) are identical, because the p+-allowability restrictions (3.1.1) with
respect to strata 𝐴′ ∈ 𝒮 ′ coincide with the p-allowability restrictions with respect
to the corresponding strata 𝐴 ∈ 𝒮. The argument of [Gre5] Section 3.6 implies
that there are unique quasi-isomorphisms

Ip𝒮′S
∙(E⊗𝒪𝑋)[𝑛] ∼= Ip𝒮′C

∙(E) and Ip
+

𝒮′ S
∙(E⊗𝒪𝑋)[𝑛] ∼= Ip

+

𝒮′ C
∙(E).

(Even though the perversity p+ is stratum-dependent, the same proof works.) So

it remains to show that Ip
+

𝒮′ S∙(E⊗𝒪𝑋) and Ip𝒮′S∙(E⊗𝒪𝑋) are canonically quasi-
isomorphic. For notational simplicity we now drop explicit mention of the local
system E⊗𝒪𝑋 .
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For any stratum 𝐴′ ∈ 𝒮 ′ we have p+(𝐴′) ≥ p(𝐴′) ≥ p−(𝐴′). Therefore there
are canonical morphisms

Ip
−
𝒮′ S

∙ → Ip𝒮′S
∙ → Ip

+

𝒮′ S
∙. (3.3.2)

We claim these are quasi-isomorphisms. Suppose by induction that we have proven
that these are quasi-isomorphisms over the open set 𝑋 −𝑋𝑛−𝑐 that consists of all
homological strata of codimension < 𝑐. We wish to conclude that these are also
quasi-isomorphisms over the homological strata of codimension 𝑐. Let 𝐴 ⊃ 𝐴′ be
strata of 𝒮 and 𝒮′ respectively, with codimensions 𝑐 and 𝑐 + 𝑟 respectively. Let
𝑥′ ∈ 𝐴′ and let ℓ′ denote the link of the stratum 𝐴′ at the point 𝑥′. Since the
homological stratum 𝐴 is refined by the stratification 𝒮′ there exists an honest
stratum 𝐴0 ∈ 𝒮 which is open in 𝐴. Let 𝑥 ∈ 𝐴0 be a point, sufficiently close to 𝑥′,
and let ℓ denote the link of the stratum 𝐴0 at the point 𝑥.

Since the homological stratification satisfies hypothesis (3) there is a canon-
ical isomorphism between the stalk cohomology (3.2.1) of the IpS∙ sheaf at the
points 𝑥 and 𝑥′, that is, between

𝐼p𝐻𝑖
𝑥 =

{
0 if 𝑖 > p(𝑐)

𝐼p𝐻𝑖(ℓ) if 𝑖 ≤ p(𝑐)
and 𝐼p𝐻𝑖

𝑥′ =

{
0 if 𝑖 > p(𝑐 + 𝑟)

𝐼p𝐻𝑖(ℓ′) if 𝑖 ≤ p(𝑐 + 𝑟)

Therefore 𝐼p𝐻𝑖(ℓ′) = 0 for p(𝑐) < 𝑖 ≤ p(𝑐 + 𝑟). Moreover, a similar isomorphism
holds for the stalk cohomology with compact supports (3.2.2). This is because, by
hypothesis (3) again, each term in the following isomorphic triangles of sheaves
on 𝑋 −𝑋𝑛−𝑐−1 is CLC:

𝜏≤p(𝑐)𝑅ℎ∗IpS∙ � 𝑅ℎ∗IpS∙ IpS∙ � 𝑅ℎ∗IpS∙

𝜏≥p(𝑐)+1𝑅ℎ∗IpS∙

�

[1]

�

𝑅𝑗∗𝑗!IpS∙

[1]

�

�

Here, ℎ : 𝑋 − 𝑋𝑛−𝑐 → 𝑋 − 𝑋𝑛−𝑐−1 denotes the inclusion and 𝜏≥p(𝑐)+1 is the
functor that kills cohomology in all degrees ≤ p(𝑐), cf. [Gre5] Section 1.14. (The
upper left-hand corners of the two triangles are isomorphic by statement (1) of
Proposition 3.3.) Since the stratum 𝐴 is also a homology manifold, 𝑗!𝑥 = 𝑖∗𝑥𝑗

![𝑛−𝑐]
where 𝑗𝑥 denotes the composition of inclusions

{𝑥} −−−−→
𝑖𝑥

𝐴 −−−−→
𝑗

𝑋 −𝑋𝑛−𝑐.

Hence the cohomology of 𝑗!𝑥I
pS∙ is locally constant as 𝑥 varies in 𝐴. This gives a

canonical isomorphism between (cf. equation (3.2.2)),

𝐻 𝑖
(
𝑗!𝑥I

pS∙
)

=

{
𝐼p𝐻𝑖−1−𝑛+𝑐(ℓ) if 𝑖 > p(𝑐) + 1 + 𝑛− 𝑐

0 if 𝑖 ≤ p(𝑐) + 1 + 𝑛− 𝑐
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and

𝐻𝑖
(
𝑗!𝑥′IpS∙

)
=

{
𝐼p𝐻𝑖−1−𝑛+𝑐+𝑟(ℓ′) if 𝑖 > p(𝑐 + 𝑟) + 1 + 𝑛− 𝑐− 𝑟

0 if 𝑖 ≤ p(𝑐 + 𝑟) + 1 + 𝑛− 𝑐− 𝑟

Therefore

𝐼p𝐻𝑖−1−𝑛+𝑐+𝑟(ℓ′) = 0 for p(𝑐 + 𝑟) + 1 + 𝑛− 𝑐− 𝑟 < 𝑖 ≤ p(𝑐) + 1 + 𝑛− 𝑐.

In summary we conclude that

𝐼p𝐻𝑖(ℓ′) = 0 for p(𝑐) + 1 ≤ 𝑖 ≤ p(𝑐) + 𝑟. (3.3.3)

(If 𝒮 were also an honest stratification, the link ℓ′ would be the 𝑟-fold suspension
of ℓ, and this statement would follow directly.) On the other hand, the stalk
cohomology at the point 𝑥′ ∈ 𝐴′ of the sheaves (3.3.2) is given in the following
table,

Stalk cohomology 𝐻𝑖
𝑥′(IS

∙)

p+ p p−

0 (𝑖 > p(𝑐) + 𝑟)

𝐼p
+

𝐻𝑖(ℓ′) (𝑖 ≤ 𝑝(𝑐) + 𝑟)

0 (𝑖 > p(𝑐 + 𝑟))
𝐼p𝐻𝑖(ℓ′) (𝑖 ≤ p(𝑐 + 𝑟))

0 (𝑖 > p(𝑐))

𝐼p
−
𝐻(ℓ′) (𝑖 ≤ p(𝑐))

We have assumed by induction that 𝐼p
−
𝐻𝑖(ℓ′) ∼= 𝐼p𝐻𝑖(ℓ′) ∼= 𝐼p

+

𝐻𝑖(ℓ′). Then
equation (3.3.3) implies that the morphisms (3.3.2) induce isomorphisms on the
stalk cohomology at the point 𝑥′ ∈ 𝐴′. Since 𝑥′ was arbitrary we conclude that the
morphisms (3.3.2) are quasi-isomorphisms. This completes the proof of Proposi-
tion 3.3. □

3.4 Products in intersection homology and cohomology

As in Section 3.2, let 𝑅 denote a regular Noetherian ring of finite cohomological
dimension. We suppose that 𝑋 is a (not necessarily compact) subanalytic or piece-
wise linear 𝑛-dimensional pseudomanifold with singular set Σ and let 𝑌 = 𝑋 −Σ.
Let

E1 ×E2 → E3 (3.4.1)

be a bilinear pairing of local systems of 𝑅-modules on 𝑌. Suppose p, q are per-
versities such that p + q is also a perversity. The pairing (3.4.1) of local systems
extends (uniquely in 𝐷𝑏

𝑐(𝑋)) to a morphism

IpS∙(E1) ⊗ IqS∙(E2) → Ip+qS
∙
(E3) (3.4.2)

giving a product 𝐼p𝐻𝑖(𝑋,E1) ⊗ 𝐼q𝐻𝑗(𝑋,E2) → 𝐼p+q𝐻𝑖+𝑗(𝑋,E3).
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By an orientation of 𝑋 we mean an orientation of its nonsingular part, 𝑌.
Suppose 𝑋 is orientable and oriented. Then the transverse intersection of chains
([Gre4]) induces, for any open set 𝑈 ⊂ 𝑋, an intersection pairing

𝐼p𝐻𝐵𝑀
𝑖 (𝑈,E1) × 𝐼q𝐻𝐵𝑀

𝑗 (𝑈,E2) → 𝐼p+q𝐻𝐵𝑀
𝑖+𝑗−𝑛(𝑈,E3)

using the fact that orientations of transverse chains 𝜉, 𝜂 determines an orientation
of the intersection ∣𝜉∣ ∩ ∣𝜂∣ in the presence of an orientation of 𝑌. The orientation
of 𝑋 also determines a Poincaré duality morphism 𝒫 , cf. (2.5.1) and (3.2.3), and
the following diagram commutes,

𝐼p𝐻𝑖(𝑋,E1) ⊗ 𝐼q𝐻𝑗(𝑋,E2) −−−−→ 𝐼p+q𝐻𝑖+𝑗(𝑋,E3)

𝒫⊗𝒫
⏐⏐" ⏐⏐"𝒫

𝐼p𝐻𝑛−𝑖(𝑋,E1) ⊗ 𝐼q𝐻𝑛−𝑗(𝑋,E2) −−−−→ 𝐼p+q𝐻𝑛−𝑖−𝑗(𝑋,E3)

(3.4.3)

where the bottom row is the intersection pairing. These pairings and mappings
are independent of the stratification ([Gre5]).

For any perversity r let

𝜖 : 𝐼 r𝐻0(𝑋,𝑅) → 𝐻0(𝑋,𝑅) → 𝑅

denote the augmentation. Suppose E1 × E2 → R is a pairing of local systems of
𝑅-modules (where R denotes the constant local system). If p, q are perversities
such that p+ q is a perversity and if 𝑋 is oriented, then the above products give
rise to pairings on intersection homology and cohomology, which are essentially
three different ways to express the same product:

⟨, ⟩𝐼𝐻∗ : 𝐼p𝐻𝑖(𝑋,E1) × 𝐼q𝐻𝑛−𝑖(𝑋,E2) → 𝑅 (3.4.4)

⟨, ⟩𝐼𝐻∗ : 𝐼p𝐻𝑗(𝑋,E1) × 𝐼q𝐻𝑛−𝑗(𝑋,E2) → 𝑅 (3.4.5)

⟨, ⟩𝐾 : 𝐼p𝐻𝑘(𝑋,E1) × 𝐼q𝐻𝑘(𝑋,E2) → 𝑅 (3.4.6)

defined by ⟨𝑎, 𝑏⟩𝐼𝐻∗ = 𝜖(𝒫(𝑎 ⋅ 𝑏)) in (3.4.4), ⟨𝑎, 𝑏⟩𝐼𝐻∗ = 𝜖(𝑎 ⋅ 𝑏) in (3.4.5), and
⟨𝑎, 𝑏⟩𝐾 = 𝜖(𝒫(𝑎) ⋅ 𝑏) in (3.4.6), where ⋅ denotes the intersection product. These
pairings will be referred to as the cup product pairing, the intersection pairing, and
the Kronecker pairing respectively. They are compatible with the corresponding
products in the (ordinary) homology and cohomology of 𝑌. For example, in the
following diagram,

𝐻𝑘
𝑐 (𝑌 ;E1) ×𝐻𝐵𝑀

𝑘 (𝑌 ;E2) −−−−→
⟨,⟩

𝑅

𝛼1∗

⏐⏐" #⏐⏐𝛽1∗

𝐼p𝐻𝑘(𝑋,E1)×𝐼q𝐻𝑘(𝑋,E2) −−−−→
⟨,⟩𝐾

𝑅

𝛼2∗

⏐⏐" #⏐⏐𝛽2∗

𝐻𝑘(𝑌,E1) × 𝐻𝑘(𝑌,E2) −−−−→
⟨,⟩

𝑅

(3.4.7)
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these “Kronecker products” satisfy

⟨𝛼1∗(𝑥), 𝑦⟩𝐾 = ⟨𝑥, 𝛽1∗(𝑦)⟩ and ⟨𝛼2∗(𝑥′), 𝑦′⟩ = ⟨𝑥′, 𝛽2∗(𝑦′)⟩𝐾 . (3.4.8)

Let 𝔻∙𝑋 denote the dualizing complex on 𝑋. The Poincaré duality theorem ([Gre4,
Gre5]) states:

Theorem 3.4. Assume 𝑅 is a field. Assume also

(1) p and q are complementary perversities (that is, p(𝑐) + q(𝑐) = 𝑐 − 2 for
all 𝑐),

(2) the pairing E1 ×E2 → R is nondegenerate, and

(3) 𝑋 is compact.

Then (3.4.2) becomes a dual pairing, that is, a morphism

IpS∙(E1) ⊗ IqS∙(E2) → 𝔻∙𝑋 [−𝑛] (3.4.9)

such that the induced mapping

Ψ : IpS∙(E1) → RHom∙(IqS∙(E2),𝔻∙𝑋 [−𝑛]) (3.4.10)

is a quasi-isomorphism. Therefore the resulting bilinear forms (3.4.4), (3.4.5), and
(3.4.6) are nondegenerate. □

3.5 Finite mappings

Let 𝑋,𝑋 ′ be purely 𝑛-dimensional oriented subanalytic pseudomanifolds and let 𝑅
be a regular Noetherian ring of finite cohomological dimension. Let 𝑓 : 𝑋 ′ → 𝑋 be
a finite proper surjective subanalytic mapping. Then 𝑋,𝑋 ′ can be Whitney strat-
ified so that 𝑓 takes strata to strata, and 𝑓 is a covering on each stratum. Suppose
such stratifications have been chosen. (For the purposes of this section, 𝑅-orbifold
stratifications of 𝑋,𝑋 ′ would also suffice. However one could always reduce to the
case of Whitney stratifications because the intersection cohomology groups are in-
dependent of the stratification.) Let E be a local coefficient system of 𝑅-modules
on the nonsingular part 𝑌 of 𝑋. Fix a perversity p. It is easy to see that the pull-
back 𝑓−1(∣𝜉∣) of a (p, 𝑖)-allowable (subanalytic) chain 𝜉 ∈ 𝐼p𝐶𝐵𝑀

𝑖 (𝑋,E) is again
(p, 𝑖)-allowable. A section of E over the 𝑖-dimensional simplices (in some triangu-
lation) of 𝜉 gives a section of 𝑓∗(E) over the 𝑖-dimensional simplices of 𝑓−1(∣𝜉∣) so
we obtain a chain 𝑓∗(𝜉) ∈ 𝐼p𝐶𝑖(𝑋

′, 𝑓∗(E)). Similarly, the image 𝑓(∣𝜂∣) of a (p, 𝑖)-
allowable subanalytic chain 𝜂 ∈ 𝐼p𝐶𝑗(𝑋

′, 𝑓∗(E)) is (p, 𝑖)-allowable. Adding the
values of a section over the fibers of 𝑓 gives a chain 𝑓(𝜂) ∈ 𝐼p𝐶𝑗(𝑋,E). Therefore
𝑓 induces mappings

𝐼p𝐻𝑖(𝑋,E)
𝑓∗

−−−−→ 𝐼p𝐻𝑖(𝑋
′, 𝑓∗(E)) −−−−→

𝑓∗
𝐼p𝐻𝑖(𝑋,E). (3.5.1)
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If E1 ×E2 → E3 is a bilinear pairing between local systems on 𝑋, and if p, q are
perversities such that p + q is a perversity, then these mappings are compatible
with the intersection product, via the projection formula:

𝑓∗(𝑓∗(𝑎) ⋅ 𝑏) = 𝑎 ⋅ 𝑓∗(𝑏) ∈ 𝐼p+q𝐻𝑖+𝑗−𝑛(𝑋,E3) (3.5.2)

for all 𝑎 ∈ 𝐼p𝐻𝑖(𝑋
′, 𝑓∗(E1)) and all 𝑏 ∈ 𝐼p𝐻𝑗(𝑋,E2).

3.6 Correspondences

A correspondence (𝑐1, 𝑐2) : 𝑋 ′ ⇉ 𝑋 is a pair of finite proper surjective map-
pings. Given such a correspondence, the pseudomanifolds 𝑋,𝑋 ′ can be stratified
with nonsingular strata 𝑌, 𝑌 ′ respectively, so that the mappings 𝑐𝑖 : 𝑌 ′ → 𝑌 are
(unramified) coverings. If E is a local system on 𝑌 then a lift of E to the corre-
spondence is an isomorphism of local systems, 𝑐∗1(E) ∼= 𝑐∗2(E). Using (3.5.1), such
a lift determines endomorphisms

ℎ = (𝑐2)∗(𝑐1)∗ and 𝑡ℎ = (𝑐1)∗(𝑐2)∗

on 𝐼p𝐻∗(𝑋,E). Notice that if we only assume that 𝑐∗1(E) → 𝑐∗2(E) is a morphism
of local systems, we still obtain the endomorphism ℎ, but not necessarily 𝑡ℎ.

Lemma 3.5. Let (𝑐1, 𝑐2) : 𝑋 ′ ⇉ 𝑋 be a correspondence with ℎ, 𝑡ℎ as above. Let
E1 × E2 → ℚ be a pairing of local systems (of rational vector spaces) on the
nonsingular part 𝑌 ⊂ 𝑋. Suppose we are given lifts of E1 and E2 to the corre-
spondence. Let p, q be perversities such that p+q is a perversity. Then the pairing
(3.4.4) satisfies:

⟨ℎ(𝑎), 𝑏⟩ = ⟨𝑎, 𝑡ℎ(𝑏)⟩ ∈ ℚ

for all 𝑎 ∈ 𝐼p𝐻𝑖(𝑋,E1) and all 𝑏 ∈ 𝐼q𝐻𝑛−𝑖(𝑋,E2).

Proof. Using the projection formula (3.5.2), calculate

⟨ℎ(𝑎), 𝑏⟩ = ⟨𝑐2∗𝑐∗1𝑎, 𝑏⟩
= 𝜖 ((𝑐2∗𝑐∗1𝑎) ⋅ 𝑏)) = 𝜖 (𝑐2∗(𝑐∗1𝑎 ⋅ 𝑐∗2𝑏))
= 𝜖 (𝑐∗1𝑎 ⋅ 𝑐∗2𝑏) = 𝜖 (𝑐1∗(𝑐∗1𝑎 ⋅ 𝑐∗2𝑏))
= 𝜖 (𝑎 ⋅ 𝑐1∗𝑐∗2𝑏) = ⟨𝑎, 𝑡ℎ(𝑏)⟩ □

The mappings ℎ and 𝑡ℎ may also be constructed on intersection cohomol-
ogy using the sheaf theoretic approach. Suppose E is a local system on 𝑌 ⊂ 𝑋
and 𝑐∗1(E) → 𝑐∗2(E) is a morphism of local systems. The complex of sheaves
𝑐∗1 (IpS∙(𝑋,E)) satisfies the support condition (a), and 𝑐!2 (IpS∙(𝑋,E)) satisfies
the cosupport condition (b) of Lemma 3.1, which therefore provides canonical
morphisms

𝑐∗1I
pS∙(E) → IpS∙(𝑐∗1E) → IpS∙(𝑐∗2(E)) → 𝑐!2I

pS∙(E).
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Let 𝑠 : 𝑋 → {𝑝𝑡} be the map to a point. Then 𝑠∗(𝑐1)∗ = 𝑠∗(𝑐2)! since 𝑋 is
compact. We obtain a morphism

𝑅𝑠∗IpS
∙(E) → 𝑅𝑠∗𝑅𝑐1∗𝑐∗1I

pS∙(E) → 𝑅𝑠∗𝑅𝑐1∗𝑐!2I
pS∙(E)

= 𝑅𝑠∗𝑅𝑐2!𝑐
!
2I

pS∙(E) → 𝑅𝑠∗IpS∙(E)

using the adjunction morphisms

A∙ → 𝑅𝑓∗𝑓∗A∙ and 𝑅𝑓!𝑓
!A∙ → A∙

(which exist for any complex of sheaves A∙ on 𝑋). This gives the desired mapping
ℎ = (𝑐2)∗(𝑐1)∗ on intersection cohomology. It is compatible with the isomorphism
𝒫 , meaning that (for all p, 𝑖) the following diagram commutes up to a sign which
is 1 if 𝑐1 and 𝑐2 are both orientation preserving:

𝐼p𝐻𝑖(𝑋,E)
ℎ−−−−→ 𝐼p𝐻𝑖(𝑋,E)

𝒫
⏐⏐" ⏐⏐"𝒫

𝐼p𝐻𝑛−𝑖(𝑋,E) −−−−→
ℎ

𝐼p𝐻𝑛−𝑖(𝑋,E).

(3.6.1)

If 𝑐∗1(E1) → 𝑐∗2(E2) is an isomorphism, then similar remarks apply to 𝑡ℎ. Moreover,
in this case the pairing (3.4.5) satisfies ⟨ℎ(𝑎), 𝑏⟩ = ⟨𝑎, 𝑡ℎ(𝑏)⟩ for all 𝑎 ∈ 𝐼p𝐻𝑖(𝑋,E1)
and all 𝑏 ∈ 𝐼q𝐻𝑛−𝑖(𝑋,E2).





Chapter 4

Review of Arithmetic Quotients

4.1 The setting

Possible references for the geometry described in this section include [BoS, Sa2,
Gre6, Gre3, Gre2]. Let 𝐺 be a connected reductive algebraic group over ℚ, let 𝑆𝐺

be the greatest ℚ-split torus in the center of 𝐺 and let

0𝐺 = ∩𝜒 ker(𝜒2)

be the intersection of the kernels of the squares of the rationally defined characters
𝜒 of 𝐺. Then the group of real points 𝐺(ℝ) splits as a direct product

𝐺(ℝ) = 0𝐺(ℝ) ×𝐴𝐺

where 𝐴𝐺 = 𝑆𝐺(ℝ)0 is the topologically connected component of the group of real
points of 𝑆𝐺. Borel and Serre [BoS] consider the “symmetric space” 𝐺(ℝ)/𝐾1

∞𝐴𝐺

where 𝐾1∞ is a maximal compact subgroup of 𝐺(ℝ). In the case that we are most
interested in, see Section 5.1, there is the annoying problem that the center of 𝐺
contains an ℝ-split torus 𝑆 that is not ℚ-split, and we need to divide by it in order
to get a symmetric space that is a product of copies of ℂ− ℝ.

For this purpose, let 𝑆 be a central subgroup of 𝐺 defined over ℚ that contains
𝑆𝐺. We denote by

𝐴 := 𝑆(ℝ)0

the identity (or neutral) component of 𝑆(ℝ). We are most interested in the case
where 𝑆 is the center of 𝐺 as in Section 5.1. Let 𝐾∞ = 𝐾1∞𝐴. where 𝐾1∞ ⊂ 𝐺(ℝ)
is a maximal compact subgroup corresponding to a Cartan involution 𝜃 of 𝐺. We
refer to 𝐷 = 𝐺(ℝ)/𝐾∞ as the “symmetric space” associated to 𝐺. The choice of
𝐾1∞ corresponds to a choice of basepoint 𝑥0 ∈ 𝐷. Then 𝐾1∞ acts on the tangent
space 𝑇𝑥0𝐷 and a choice of 𝐾1

∞-invariant inner product on 𝑇𝑥0𝐷 gives rise to a
Riemannian metric on 𝐷. Such a metric is referred to as an invariant metric and
in this metric, the manifold 𝐷 is complete.
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A locally symmetric space or arithmetic quotient is the quotient Γ∖𝐷 by
an arithmetic subgroup Γ ⊂ 𝐺(ℚ). It is Hermitian if the symmetric space 𝐷 is
Hermitian, that is, if it carries a 𝐺(ℝ)-invariant complex structure. If Γ is torsion-
free then Γ∖𝐷 is a smooth manifold, otherwise it is an orbifold. By a theorem
[BoHC] of Borel and Harish-Chandra, the volume (in the invariant metric) of Γ∖𝐷
is finite. If 𝐾0 ⊂ 𝐺(𝔸𝑓 ) is a compact open subgroup of the finite adèles, the space

𝑌 = 𝐺(ℚ)∖𝐺(𝔸)/𝐾0𝐾∞

is the disjoint union of finitely many locally symmetric spaces. To describe this,
let 𝑍 ⊆ 𝐺 be the center of 𝐺 and let 𝐺(ℝ)+ ⊆ 𝐺(ℝ) be the subgroup whose
elements map to the identity component of 𝐺/𝑍(ℝ). Assume that 𝑆 = 𝑍. Finally
let 𝐺(ℚ)+ := 𝐺(ℚ) ∩ 𝐺(ℝ)+. Using the strong approximation theorem ([PlaR]
Thm. 7.12) it can be shown that the set 𝐺(ℚ)+∖𝐺(𝔸𝑓 )/𝐾0 is finite. It is possible
to choose finitely many elements 𝑥𝑖 ∈ 𝐺(𝔸𝑓 ) (say, 1 ≤ 𝑖 ≤ 𝑟) which form a
complete set of representatives for the set 𝐺(ℚ)+∖𝐺(𝔸𝑓 )/𝐾0. Then the space 𝑌
is the disjoint union of the locally symmetric spaces Γ𝑖∖𝐷+ where

Γ𝑖 = 𝐺(ℚ)+ ∩ 𝑥𝑖𝐾0𝑥
−1
𝑖 , 1 ≤ 𝑖 ≤ 𝑟,

(compare Section 5 of [Mil]). Here 𝐷+ is the component of 𝐷 containing the
identity.

For the remainder of this chapter we fix an arithmetic group Γ ⊂ 𝐺(ℝ)
and set 𝑋 = Γ∖𝐷. We will be concerned with three compactifications of 𝑋 : the

Borel-Serre compactification 𝑋
BS

(which is a manifold with corners), the reduc-

tive Borel-Serre compactification, 𝑋
RBS

(which is a stratified singular space), and

the Baily-Borel (Satake) compactification 𝑋
BB

(which is a complex projective al-
gebraic variety, usually singular, and is only defined when 𝑋 is Hermitian). These
compactifications are related by canonical stratified mappings

𝑋
BS −−−−→ 𝑋

RBS 𝜇−−−−→ 𝑋
BB

.

4.2 Baily-Borel compactification

Standard references for this section include [AshM] Chapt. III, [Sat] Chapt. II and
[BaiB]. Assume that the “symmetric space” 𝐷 = 𝐺(ℝ)/𝐾∞ is Hermitian (mean-
ing that it admits a 𝐺(ℝ)-invariant complex structure. It may be holomorphically
embedded in Euclidean space ℂ𝑚 as a bounded (open) domain, by the Harish
Chandra embedding ([AshM] p. 170, [Sat] Section II.4). The action of 𝐺(ℝ) ex-
tends to the closure 𝐷. The boundary ∂𝐷 = 𝐷 − 𝐷 is a smooth manifold which
decomposes into a (continuous) disjoint union of boundary components, each of
which is the intersection

𝐹 = 𝐷 ∩𝐻
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with a supporting hyperplane 𝐻. Alternatively, it is possible ([Sat] III.8.13) to
characterize each boundary component as a single holomorphic path component
of ∂𝐷 : two points 𝑥, 𝑦,∈ ∂𝐷 lie in a single boundary component 𝐹 iff they are
both in the image of a holomorphic “path” 𝛼 : Δ → ∂𝐷 (where Δ denotes the
open unit disk). In this case 𝛼(Δ) is completely contained in 𝐹.

The boundary component 𝐹 is a bounded symmetric domain in the small-
est affine space 𝐿 that contains 𝐹. The normalizer 𝑁𝐺(ℝ)𝐹 (consisting of those
group elements which preserve the boundary component 𝐹 ) is a proper parabolic
subgroup of 𝐺(ℝ), and the boundary component 𝐹 is rational if this subgroup is
rationally defined.

If we decompose 𝐺 into its ℚ simple factors, 𝐺 = 𝐺1 × ⋅ ⋅ ⋅ × 𝐺𝑘 then the
symmetric space 𝐷 decomposes similarly, 𝐷 = 𝐷1 × ⋅ ⋅ ⋅ × 𝐷𝑘. Each (rational)
boundary component 𝐹 of 𝐷 is then the product 𝐹 = 𝐹1 × ⋅ ⋅ ⋅ × 𝐹𝑘 where either
𝐹𝑖 = 𝐷𝑖 or 𝐹𝑖 is a proper (rational) boundary component of 𝐷𝑖. The normalizer
of 𝐹 is the product 𝑁𝐺(𝐹 ) = 𝑁𝐺1(𝐹1) × ⋅ ⋅ ⋅ × 𝑁𝐺𝑘

(𝐹𝑘) (writing 𝑁𝐺𝑖(𝐷𝑖) = 𝐺𝑖

whenever necessary). If 𝐺 is ℚ-simple then the normalizer 𝑁𝐺(𝐹 ) is a maximal
(rational) proper parabolic subgroup of 𝐺.

Definition 4.2.1. The Baily-Borel Satake partial compactification 𝐷
BB

is the union
of 𝐷 together with all its rational boundary components, with the Satake topology.

Theorem 4.1 ([BaiB]). The closure 𝐹 of each rational boundary component 𝐹 ⊂
𝐷

BB
is the Baily-Borel-Satake partial compactification 𝐹

BB
of 𝐹. The group 𝐺(ℚ)

acts continuously, by homeomorphisms on the partial compactification 𝐷
BB

. The

quotient 𝑋
BB

= Γ∖𝐷BB
is compact. Moreover, it admits the structure of a com-

plex projective algebraic variety. It has a canonical stratification, with one stratum
𝑋𝐹 = Γ ∩ (𝑁𝐺(ℝ)𝐹 )∖𝐹 for each Γ-equivalence class of rational boundary compo-
nents 𝐹. The closure of 𝑋𝐹 is the Baily-Borel compactification of 𝑋𝐹 .

4.3 𝑳2 differential forms

As in Section 4.2, assume the “symmetric space” 𝐷 = 𝐺(ℝ)/𝐾∞ is Hermitian, so
that 𝑋 = Γ∖𝐷 is a complex algebraic variety. A finite-dimensional representation
of 𝐺 on a complex vector space 𝑉 determines a local system E = 𝑉 ×Γ 𝐷 on
𝑋. A choice of 𝐾1∞ invariant Hermitian form on 𝑉 gives rise to a 𝐺 invariant
Hermitian metric on the local system E. Let Ω∙(2)(𝑋,E) denote the complex of

smooth 𝐿2 differential forms on 𝑋 with coefficients in E, that is, the collection
of all smooth differential forms 𝜔 on the orbifold 𝑋 such that

∫
𝑋
∥𝜔∥2 𝑑vol < ∞

and
∫
𝑋
∥𝑑𝜔∥2 𝑑vol < ∞ (where ∥∥ denotes the pointwise norm determined by

the Hermitian metric, and 𝑑vol denotes the invariant volume form on 𝑋). The
cohomology 𝐻𝑖

(2)(𝑋,E) of this complex is called the 𝐿2 cohomology of 𝑋.
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Now consider the sheaf (or rather, the complex of sheaves) Ω∙(2)(E) of smooth

𝐿2 differential forms on the Baily-Borel compactification 𝑋
BB

. In degree 𝑗 it is

the sheafification of the presheaf whose sections over an open set 𝑈 ⊂ 𝑋
BB

consist
of all smooth differential forms 𝜔 ∈ Ω𝑗(𝑈 ∩𝑋,E) such that∫

𝑈∩𝑋
∥𝜔∥2 𝑑vol < ∞ and

∫
𝑈∩𝑋

∥𝑑𝜔∥2 𝑑vol < ∞.

This sheaf is known ([Zu1]) to be fine and (cohomologically) constructible, meaning
that its stalk cohomology is finite-dimensional and is locally constant along each

stratum of the canonical stratification of 𝑋
BB

. Its restriction to the “nonsingular”
(or orbifold) part, 𝑋, is precisely the complex of sheaves Ω∙(𝑋,E) of all smooth
differential forms on 𝑋. Its vector space of global sections

Γ(𝑋
BB

,Ωj
(2)(E)) = Ω𝑗

(2)(𝑋,E)

coincides with the 𝐿2 differential forms on 𝑋. Hence, its cohomology is the 𝐿2

cohomology, that is,

𝐻𝑗(𝑋
BB

,Ω∙(2)(E)) ∼= 𝐻𝑗
(2)(𝑋,E).

In [Loo] and [SaS1] the following conjecture of S. Zucker was established, in the
case that Γ acts freely on 𝐷.

Theorem 4.2. The identity mapping E → E has a unique extension in 𝐷𝑏(𝑋
BB

)
to a (quasi-) isomorphism

𝒵 : Ω∙(2)(E) → ImS∙(𝑋
BB

,E)

between the sheaf of 𝐿2 differential forms and the intersection complex with middle

perversity m on 𝑋
BB

. It induces a natural isomorphism

𝒵 : 𝐻𝑗
(2)(𝑋,E) ∼= 𝐼m𝐻𝑗(𝑋

BB
,E)

between the 𝐿2 cohomology of 𝑋 and the (middle) intersection cohomology of 𝑋
BB

.

Proof. The general case of Theorem 4.2 can be reduced to the case when Γ acts
freely. For, if the action of Γ on 𝐷 is not free then there exists a subgroup Γ′ ⊂ Γ of
finite index which acts freely. Then the mapping 𝜋 : 𝑋 ′ = Γ′∖𝐷 → 𝑋 is a ramified
covering of degree [Γ : Γ′] which also serves as an orbifold chart (see Appendix

B). It extends to a mapping 𝜋̄ : 𝑋 ′BB → 𝑋
BB

which induces quasi-isomorphisms

𝑅𝜋̄∗(Ω∙(2)(E
′)) → Ω∙(2)(E) and 𝑅𝜋̄∗(ImS∙(𝑋 ′BB,E′)) → ImS∙(𝑋

BB
,E), and the

composition 𝜋̄∗𝜋̄∗ is multiplication by [Γ : Γ′]. □
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The inclusion of complexes of smooth differential forms on the orbifold 𝑋

Ω∙𝑐(𝑋,E) → Ω∙(2)(𝑋,E) → Ω∙(𝑋,E)

induces mappings on the corresponding (de Rham) cohomology groups, and it is
easy to verify that the following diagram commutes:

𝐻𝑗
𝑑𝑅,𝑐(𝑋,E) −−−−→ 𝐻𝑗

(2)(𝑋,E) −−−−→ 𝐻𝑗
𝑑𝑅(𝑋,E)⏐⏐" 𝒵

⏐⏐" ⏐⏐"
𝐻𝑗

𝑐 (𝑋,E) −−−−→ 𝐼m𝐻𝑗(𝑋,E) −−−−→ 𝐻𝑗(𝑋,E)

(4.3.1)

Proposition 4.3. Let
⟨⋅, ⋅⟩ : E1 ×E2 → ℂ (4.3.2)

be a nondegenerate pairing of local systems on 𝑋 that arise from finite-dimensional
representations of 𝐺. Let 𝜔1 ∈ Ω𝑗

(2)(𝑋,E1) and 𝜔2 ∈ Ω𝑛−𝑗
(2) (𝑋,E2) be smooth,

closed, 𝐿2 differential forms on 𝑋, representing cohomology classes

[𝜔1] ∈ 𝐻𝑗
(2)(𝑋,E1) and [𝜔2] ∈ 𝐻𝑛−𝑗

(2) (𝑋,E2)

respectively. Then ∫
𝑋

𝜔1 ∧ 𝜔2 = ⟨𝒵([𝜔1]),𝒵([𝜔2])⟩𝐼𝐻∗ (4.3.3)

where ⟨⋅, ⋅⟩𝐼𝐻∗ denotes the (intersection cohomology) pairing of (3.4.4) and where∫
𝑋 𝜔1 ∧ 𝜔2 is understood to mean that the values of the differential forms 𝜔1, 𝜔2

are multiplied using the pairing ⟨⋅, ⋅⟩.
Proof. If S∙ is a (cohomologically) constructible complex of fine sheaves of complex

vector spaces on 𝑋
BB

then its Borel-Moore-Verdier dual is the complex of sheaves

T∙ whose sections over an open set 𝑈 ⊂ 𝑋
BB

are defined as

Γ(𝑈,T−𝑗) = Homℂ(Γ𝑐(𝑈,S
𝑗),ℂ). (4.3.4)

(cf. [Iv] Section IV.1 or [GelM] Chapt. 4 Section 5.16.) Here Γ𝑐 denotes sections
with compact support. The resulting morphism S∙ ⊗ T∙ → 𝔻∙

𝑋
BB (where 𝔻∙

𝑋
BB

denotes the dualizing complex on 𝑋
BB

) induces a quasi-isomorphism

T∙ → RHom(S∙,𝔻∙
𝑋

BB).

Let us apply this to the case when S∙ = Ω∙(2)(E1) is the sheaf of 𝐿2 differential

forms on 𝑋
BB

. Let T∙ be the resulting (4.3.4) dual sheaf. The pairing (4.3.2) gives
rise to a morphism of sheaves, Φ : Ω∙(2)(E2) → T∙ which is given on sections over

𝑈 ⊂ 𝑋
BB

,
Φ𝑈 : Γ(𝑈,Ω∙(2)(E2)) → Homℂ(Γ𝑐(𝑈,Ω

∙
(2)(E1)),ℂ)
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by Φ𝑈 (𝜔)(𝜂) =
∫
𝑈∩𝑌 𝜔 ∧ 𝜂 ∈ ℂ. It suffices to show that the following diagram (of

quasi-isomorphisms) commutes in 𝐷𝑏𝑋
BB

,

Ω∙(2)(E2) −−−−→
Φ

RHom(Ω∙(2)(E1),𝔻∙
𝑋

BB [−𝑛])

𝒵
⏐⏐" #⏐⏐𝒵

ImS∙(E2)
Ψ−−−−→ RHom(ImS∙(E1),𝔻∙

𝑋
BB [−𝑛])

where Ψ is given by (3.4.10).

Theorem 4.2 says that the vertical arrows are isomorphisms, so Lemma 3.1
may be applied, giving that the horizontal morphisms are uniquely determined by

their restrictions to 𝑋 ⊂ 𝑋
BB

. Thus, in order to show this diagram commutes,
it suffices to check that it commutes when all these sheaves are restricted to 𝑋.
This reduces the question to the classical situation: each of these complexes, when
restricted to 𝑋 is quasi-isomorphic to a local system. For any 𝑦 ∈ 𝑋 let 𝑈𝑦 be
a neighborhood of 𝑦 which is diffeomorphic to an open 𝑛-ball. Then the result
follows from the commutativity of the following diagram.

𝐻0(𝑈𝑦,E1) −−−−→ Hom(𝐻𝑛
𝑐 (𝑈𝑦,E2),ℂ)

∼=
⏐⏐" #⏐⏐∼=

(E1)𝑦 −−−−→ Hom((E2)𝑦 ,ℂ) □

4.4 Invariant differential forms

As in the preceding section assume that 𝑋 = Γ∖𝐺(ℝ)/𝐾∞ is a Hermitian lo-
cally symmetric space. Let E be a local system on 𝑋 corresponding to a finite-
dimensional representation 𝐺ℝ → 𝐺𝐿(𝑉 ) on some finite-dimensional complex vec-
tor space 𝑉. Let us say that a smooth differential form 𝜔 ∈ Ω𝑗(𝑋,E) is invariant
if it pulls up to a (left) 𝐺ℝ-invariant differential form on 𝐷. Let Ω∙inv(𝑋,E) denote
the complex of smooth invariant differential forms with coefficients in E, and let
𝐻𝑗
inv(𝑋,E) denote its cohomology. If 𝜔 is such an invariant form then ∥𝜔∥ is con-

stant on 𝑋 so
∫
𝑋 ∥𝜔∥2 𝑑vol < ∞ and the same holds for 𝑑𝜔. Hence, the inclusion

of the invariant differential forms into the complex of 𝐿2 differential forms induces
a canonical homomorphism

𝐻𝑗
inv(𝑋,E) → 𝐼m𝐻𝑗(𝑋

BB
,E). (4.4.1)

Each invariant differential form on 𝑋 is determined by its value at the basepoint
in 𝐷, hence as an element of

⋀𝑗
(𝔤ℝ/𝔨, 𝑉 ). So the invariant cohomology 𝐻𝑗

inv(𝑋,E)
is just the relative Lie algebra cohomology 𝐻𝑗(𝔤ℝ,𝐾

1
∞;𝑉 ), which is known to be

a direct summand of the 𝐿2 cohomology ([Schwe]). It follows that the homomor-
phism (4.4.1) is injective.
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4.5 Hecke correspondences for discrete groups

Hecke correspondences are treated from the adèlic point of view in Section 7.6. In
this section we do not necessarily assume that 𝐷 = 𝐺(ℝ)/𝐾∞ is Hermitian. Let
Γ1,Γ2 ⊂ 𝐺(ℚ) be commensurable arithmetic subgroups with corresponding locally
symmetric spaces 𝑋𝑖 = Γ𝑖∖𝐷. Each 𝑔 ∈ 𝐺(ℚ) determines a Hecke correspondence

𝑋12
(𝑐1,𝑐2)−−−−→ 𝑋1 ×𝑋2 (4.5.1)

where 𝑐𝑖 : 𝑋12 → 𝑋𝑖 (𝑖 = 1, 2) are finite coverings and are defined as follows. Set

Γ12 = Γ1 ∩ 𝑔−1Γ2𝑔

and 𝑋12 = Γ12∖𝐷. Then

𝑐1(Γ12𝑥𝐾∞) = Γ1𝑥𝐾∞ and 𝑐2(Γ12𝑥𝐾∞) = Γ2𝑔𝑥𝐾∞

which are easily seen to be well defined for any 𝑥 ∈ 𝐺(ℝ). The degree of 𝑐1 is
[Γ1 : Γ12] which is finite, by [Bo69] Section 7.13. In fact, a decomposition into right
cosets Γ1 =

∐𝑚
𝑖=1 Γ12ℎ𝑖 of elements ℎ𝑖 ∈ Γ1 gives rise to a decomposition into right

cosets Γ2𝑔Γ1 =
∐𝑚

𝑖=1 Γ2𝑔ℎ𝑖 and conversely. Similarly, deg(𝑐2) = [𝑔−1Γ2𝑔 : Γ12] =
[Γ2 : 𝑔Γ12𝑔

−1], because a decomposition 𝑔−1Γ2𝑔 =
∐𝑟

𝑗=1 𝑘𝑗Γ12 is equivalent to the

decomposition Γ2𝑔Γ1 =
∐𝑟

𝑗=1 𝑔𝑘𝑗Γ1.

Up to isomorphism of correspondences, the Hecke correspondence (4.5.1)
depends only on the double coset Γ2𝑔Γ1 ⊂ 𝐺(ℚ). If (𝑠1, 𝑡1) : 𝑌1 ⇉ 𝑋 and (𝑠2, 𝑡2) :
𝑌2 ⇉ 𝑋 are two correspondences, their composition is the correspondence 𝑌3
defined to be the fiber product,

𝑌3

𝑌1

�

𝑌2

�

𝑋

𝑠1

�

𝑋

𝑠2

�

𝑡1�

𝑋

𝑡2�

(4.5.2)

that is, 𝑌3 = {(𝑦1, 𝑦2) ∈ 𝑌1 × 𝑌2∣ 𝑡1(𝑦1) = 𝑠2(𝑦2)} . As in [Shim1] Section 3.1 the
multiplication law, which can be identified with composition of correspondences,
determines an associative product

𝑅(Γ1,Γ2) ×𝑅(Γ2,Γ3) → 𝑅(Γ1,Γ3)

where
𝑅(Γ𝑎,Γ𝑏) = ℤ [Γ𝑎∖𝐺(ℚ)/Γ𝑏]

is the group of finite formal linear combinations of double cosets. In particular,
the group 𝑅(Γ,Γ) obtains the structure of an algebra, the Hecke algebra of Γ.
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It is easy to check that the mapping 𝒵 of Theorem 4.2 is Hecke-equivariant
in the following sense: If (𝑐1, 𝑐2) : 𝑋12 → 𝑋1 ×𝑋2 is a Hecke correspondence and
if 𝜔 ∈ Ω𝑗

(2)(𝑋2,E) then 𝑐∗2(𝜔) is an 𝐿2 form on 𝑋12 and (𝑐1)∗𝑐∗2(𝜔) (obtained by

summing over the finitely many points in each fiber of 𝑐1) is an 𝐿2 form on 𝑋1
whose associated cohomology class [(𝑐1)∗𝑐∗2𝜔] ∈ 𝐻𝑗

(2)(𝑋1,E) satisfies

𝒵 ([(𝑐1)∗𝑐∗2𝜔]) = (𝑐1)∗𝑐∗2(𝒵([𝜔])). (4.5.3)

and ∫
𝑐2∗𝑐∗1(𝑍)

𝜔 =

∫
𝑍

(𝑐1)∗𝑐∗2𝜔 (4.5.4)

whenever 𝑍 ⊂ 𝑋 is a subanalytic cycle such that
∫
𝑍 𝜔 < ∞.

4.6 Mappings induced by a Hecke correspondence

The Hecke correspondence (4.5.1) has unique continuous extensions

𝑋
BB

12

(𝑐1,𝑐2)−−−−→ 𝑋
BB

1 ×𝑋
BB

2 and 𝑋
RBS

12

(𝑐1,𝑐2)−−−−→ 𝑋
RBS

1 ×𝑋
RBS

2

(the first of which is only defined when 𝐷 is Hermitian), and in each case (BB or
RBS) the resulting mappings 𝑐𝑖 : 𝑋12 → 𝑋𝑖 are finite. In the Hermitian case, these

mappings commute with the projection 𝜇 : 𝑋
RBS → 𝑋

BB
of equation (4.8.1).

Let 𝜆 : 𝐺 → GL(𝑉 ) be a finite-dimensional irreducible representation on
some complex vector space 𝑉. Then 𝜆 gives rise to local systems E1,E2,E12 on
𝑋1, 𝑋2, 𝑋12 respectively.

It is easy to see that the action of 𝐺(ℝ) on 𝑉 determines canonical isomor-
phisms of local systems, 𝑐∗2(E2) → E12 → 𝑐∗1(E1) on 𝑋12. So we have a lift of
the local system to the correspondence and by Section 3.6 this induces homomor-
phisms

(𝑐1)∗𝑐∗2 : 𝐼p𝐻𝑗(𝑋
BB

2 ,E) → 𝐼p𝐻𝑗(𝑋
BB

1 ,E) (4.6.1)

and

(𝑐1)∗𝑐∗2 : 𝐼p𝐻𝑗(𝑋
RBS

2 ,E) → 𝐼p𝐻𝑗(𝑋
RBS

1 ,E) (4.6.2)

on intersection homology of any perversity p. In the case of the BB compactifi-
cation it is easy to see that equations (4.6.1) and (4.5.3) are compatible with the
Poincaré duality isomorphism (3.2.3) and (3.2.4).
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4.7 The reductive Borel-Serre compactification

In this section we do not necessarily assume that 𝐷 = 𝐺(ℝ)/𝐾∞ is Hermitian.
Let 𝑃 be a rational parabolic subgroup of 𝐺. Let 𝑈𝑃 be its unipotent radical and
𝜈𝑃 : 𝑃 → 𝐿𝑃 be the projection to the Levi quotient. Then 𝐿𝑃 is rationally defined.
As in Section 4.1 we have a canonical decomposition 𝐿𝑃 (ℝ) = 𝑀𝑃 (ℝ)𝐴𝑃 where
𝑀𝑃 (ℝ) = 0𝐿𝑃 (ℝ).

There is a unique 𝜃 stable lift ([BoS] Prop. 1.8), 𝐿𝑃 (𝑥0) ⊂ 𝑃 of 𝐿𝑃 to 𝑃
(where 𝜃 is the Cartan involution corresponding to the basepoint 𝑥0 ∈ 𝐷). So we
obtain the Langlands decomposition

𝑃 (ℝ) = 𝑈𝑃 (ℝ)𝐴𝑃𝑀𝑃 (ℝ). (4.7.1)

The intersection 𝐾𝑃 = 𝐾1
∞ ∩ 𝑃 (ℝ) is completely contained in 𝑀𝑃 (ℝ). It follows

from the Iwasawa decomposition that 𝑃 (ℝ) acts transitively on 𝐷 with isotropy
group 𝐾𝑃,∞ = 𝐾𝑃𝐴. Define the geodesic action [BoS] of 𝐴𝑃𝐴 on 𝐷 = 𝑃 (ℝ)/𝐾𝑃,∞
by (𝑔𝐾𝑃,∞) ⋅𝑎 = 𝑔𝑎𝐾𝑃,∞ for 𝑔 ∈ 𝑃 (ℝ) and 𝑎 ∈ 𝐴𝑃𝐴. This action (from the right)
is well defined since 𝐴𝑃𝐴 commutes with 𝐾𝑃 ⊂ 𝑀𝑃 (ℝ). The group 𝐴𝐺 ⊂ 𝐴𝑃 acts
trivially, and the quotient

𝐴′𝑃 = 𝐴𝑃𝐴/𝐴

acts freely on 𝐷 with orbits that are totally geodesic submanifolds of 𝐷 (with
respect to any invariant Riemannian metric). The geodesic action is independent
of the choice of basepoint 𝑥0 ∈ 𝐷. The (Borel-Serre) boundary component is the
quotient

𝑒𝑃 = 𝐷/𝐴𝑃 = 𝐷/𝐴′𝑃 .

The Borel-Serre partial compactification 𝐷
BS

is the disjoint union of 𝐷 to-
gether with the boundary components 𝑒𝑃 as 𝑃 ranges over all rational parabolic
subgroups, with the Satake topology which essentially adds a point at infinity to

each 𝐴𝑃 -geodesic orbit. This topology is arranged so that Γ acts properly on 𝐷
BS

and the quotient 𝑋
BS

= Γ∖𝐷BS is the Borel-Serre compactification of 𝑋. The quo-
tient under Γ makes identifications within each boundary component and it also
identifies boundary components 𝑒𝑃 and 𝑒𝑄 whenever 𝑃 and 𝑄 are Γ-conjugate.

The compactification 𝑋
BS

is a finite-dimensional orbifold with boundary, whose
boundary has been (homologically) stratified into “corners” which are themselves
orbifolds (or manifolds, when Γ is neat); see [BoS, Gre2].

Using the Levi decomposition 𝑃 = 𝑈𝑃𝐿𝑃 we may write

𝐷 = 𝑈𝑃 (ℝ)𝐿𝑃 (ℝ)𝐴/𝐾𝑃𝐴.

The group 𝐾𝑃 and the geodesic action of the group 𝐴′𝑃 = 𝐴𝑃𝐴/𝐴 act (from the
right) only on the factor 𝐿𝑃 . So we obtain a diffeomorphism

𝑒𝑃 ∼= 𝑈𝑃 (ℝ) × (𝐿𝑃 (ℝ)𝐴/𝐾𝑃𝐴𝑃𝐴) = 𝑈𝑃 ×𝐷𝑃 (4.7.2)

where 𝐷𝑃 is the reductive Borel-Serre boundary component 𝐿𝑃 (ℝ)/𝐾𝑃𝐴𝑃 .
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Let Γ𝑃 = Γ ∩ 𝑃 (ℝ) and Γ𝐿 = 𝜈𝑃 (Γ𝑃 ) ⊂ 𝐿𝑃 (ℚ). Define the reductive Borel-
Serre stratum

𝑋𝑃 = Γ𝐿∖𝐷𝑃 = Γ𝐿∖𝐿𝑃 (ℝ)/𝐾𝑃𝐴𝑃 (4.7.3)

where Γ𝐿 = 𝜈𝑃 (Γ𝑃 ) ⊂ 𝐿𝑃 (ℝ)) = 𝑀𝑃 (ℝ)𝐴𝑃 . Then the Borel-Serre stratum 𝑌𝑃 is
a fiber bundle over the reductive Borel-Serre stratum 𝑋𝑃 ,

𝑌𝑃 = Γ𝑃 ∖𝑒𝑃 = Γ𝑃 ∖𝑃 (ℝ)𝐴/𝐾𝑃𝐴 = Γ𝑃 ∖𝑃 (ℝ)/𝐾𝑃𝐴𝑃 → 𝑋𝑃 = Γ𝐿∖𝐷𝑃

whose fiber is the compact nilmanifold 𝑁𝑃 = Γ𝑈∖𝑈𝑃 (ℝ).

Define the reductive Borel-Serre partial compactification 𝐷
RBS

(resp. the

reductive Borel-Serre compactification 𝑋
RBS

) to be the quotient of 𝐷
BS

(resp. of

𝑋
BS

) which is obtained by collapsing each 𝑒𝑃 to 𝐷𝑃 (resp. each 𝑌𝑃 to 𝑋𝑃 ).

Theorem 4.4 ([Zu1, Section 4.2, p. 190], [Gre3, Section 8.10]). The group Γ acts

on 𝐷
RBS

with compact quotient Γ∖𝐷RBS
= 𝑋

RBS
. The boundary strata form a

regular stratification of 𝑋
RBS

and the stratum

𝑋𝑃 = Γ𝐿∖𝑀𝑃 (ℝ)/𝐾𝑃 = Γ𝐿∖𝐿𝑃 (ℝ)/𝐾𝑃𝐴𝑃

is a locally symmetric space corresponding to the reductive group 𝐿𝑃 . Its closure

𝑋𝑃 in 𝑋
RBS

is the reductive Borel-Serre compactification of 𝑋𝑃 .

The reductive Borel-Serre compactification 𝑋
RBS

may have strata of odd
codimension so there are two “middle” perversities: the lower middle, m, with
m(𝑐) = ⌊𝑐/2⌋ − 1 and the upper middle n, with n(𝑐) = ⌈𝑐/2⌉ − 1.

4.8 Saper’s theorem

Suppose 𝐷 = 𝐺(ℝ)/𝐾∞ is Hermitian, let Γ ⊂ 𝐺(ℚ) be an arithmetic subgroup
and 𝑋 = Γ∖𝐷. In [Zu2] and [Gre3] it is proven that the identity mapping 𝑋 → 𝑋
has a unique continuous extension

𝜇 : 𝑋
RBS → 𝑋

BB
. (4.8.1)

The mapping 𝜇 takes strata to strata. It can be explicitly described, see [Gre3]
Section 22 or [Gre2] Section 5, but we will not need to make use of the finer
properties of 𝜇. We will make use of the following result of L. Saper [Sa1].

Theorem 4.5. Let E be the local system on 𝑋 corresponding to a finite-dimen-

sional (complex) represntation of 𝐺. Let ImS∙(𝑋
RBS

,E), InS∙(𝑋
RBS

,E) and

ImS∙(𝑋
BB

,E) denote the complex of sheaves of intersection cochains on 𝑋
RBS
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(with upper and lower middle perversity) and on 𝑋
BB

. Then the mapping 𝜇 in-
duces quasi-isomorphisms

𝑅𝜇∗InS
∙(𝑋

RBS
;E) ∼= ImS∙(𝑋

RBS
;E) ∼= 𝑅𝜇∗InS

∙(𝑋
RBS

;E) (4.8.2)

that is the identity E → E on 𝑋.

Theorem 4.5 is described as Conjecture 4.1 in [Rap]. It was proven in the
ℚ-rank one case in the appendix [SaS2] to [Rap], and in general in [Sa1].

4.9 Modular cycles

Let 𝐿/𝐹 be a quadratic extension of number fields. Let 𝐺0 be a reductive algebraic
group defined over ℚ of semisimple rank ≥ 1 and suppose that 𝐺0 is split at all
the real places of 𝐹. Define

𝐻 = Res𝐹/ℚ𝐺0 ↪→ 𝐺 = Res𝐿/ℚ𝐺0.

Let 𝐷=𝐺(ℝ)/𝐾∞ where 𝐾∞=𝐾1∞𝐴 as in Section 4.1 and let 𝐷𝐻 =𝐻(ℝ)/𝐾𝐻,∞
where 𝐾𝐻,∞ = 𝐾∞ ∩𝐻(ℝ). Then the embedding of symmetric spaces 𝐷𝐻 → 𝐷
induces an embedding locally symmetric spaces

𝑋𝐻 = Γ𝐻∖𝐷𝐻 ↪→ 𝑋 = Γ∖𝐷 (4.9.1)

where Γ ⊂ 𝐺(ℚ) is arithmetic and Γ𝐻 = Γ ∩𝐻(ℚ).

Theorem 4.6. Suppose the symmetric space 𝐷 is Hermitian, of real dimension 𝑟.
Let E be the local system on 𝑋 corresponding to a finite-dimensional representation
of 𝐺(ℝ) on some complex vector space 𝑉. Let 𝑆 be a flat section of E∣(𝑋𝐻 −𝑊 )
where 𝑊 is a (possibly empty) proper subvariety of 𝑋𝐻 . Then the compactification

𝑋
BB

𝐻 ⊂ 𝑋
BB

defines a class

[𝑋
BB

𝐻 ] ∈ 𝐼m𝐻𝑟(𝑋
BB

,E)

in the (middle) intersection homology of the Baily-Borel compactification 𝑋
BB

.

Proof. The embedding (4.9.1) has a unique continuous extensions

𝑋
RBS

𝐻 → 𝑋
RBS

and 𝑋
BB

𝐻 → 𝑋
BB

.

The flat section 𝑆 determines a “fundamental” homology class [𝑋𝐻 , 𝑆] ∈ 𝐻𝐵𝑀
𝑟 (𝑋 :

E) by Proposition 2.5. In fact this lifts canonically to a homology class

[𝑋
RBS

𝐻 ] ∈ 𝐻𝑟(𝑋
RBS

;E)
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where 𝑟 = dimℝ(𝐷). This is because each singular stratum (corresponding to a

proper parabolic subgroup 𝑃𝐻 = 𝒰𝑃𝐻𝐴𝑃𝐻𝑀𝑃𝐻 ) of 𝑋
RBS

𝐻 has (real) dimension

𝑟 − dimℝ(𝐴′𝑃𝐻 ) − dimℝ(𝒰𝑃𝐻 (ℝ)) ≤ 𝑟 − 2.

We claim that this cycle satisfies the allowability conditions for upper middle

intersection homology 𝐼n𝐻𝑟(𝑋
RBS

,E), that is, n(𝑐) = ⌈𝑐/2⌉ − 1.

The parabolic subgroup 𝑃𝐻 ⊂ 𝐻 arises from some parabolic subgroup 𝑃0 ⊂
𝐺0 by restriction of scalars. Consequently the corresponding boundary stratum

(let us call it 𝑍𝐻) of 𝑋
RBS

𝐻 lies in the boundary stratum (call it 𝑍) of 𝑋
RBS

that
is associated to the parabolic subgroup 𝑃 = Res𝐿/𝐹𝑃𝐻 ⊂ 𝐺. The allowability
condition (3.1.1) requires that

dim(𝑍𝐻) ≤ dim(𝑋𝐻) − codim𝑋(𝑍) + ⌈codim𝑋(𝑍)/2⌉ − 1

(using real dimensions and codimensions throughout), or 𝑐 + 1 ≤ 𝑐𝐻 + ⌈𝑐/2⌉ where

𝑐 = codim𝑋(𝑍) = dim(𝐴′𝑃 ) + dim(𝒰𝑃 (ℝ))

𝑐𝐻 = codim𝑋𝐻 (𝑍𝐻) = dim(𝐴′𝑃𝐻 ) + dim(𝒰𝑃𝐻 (ℝ))

= dim(𝐴′𝑃 ) + 1
2 dim(𝒰𝑃 (ℝ)).

Thus, the allowability condition comes down to 1 ≤ ⌈𝑎′/2⌉ , which always holds.
The conclusion of Theorem 4.6 now follows from Saper’s canonical isomorphism
(4.8.2), viz.,

𝐼n𝐻𝑟(𝑋
RBS

,E) ∼= 𝐼m𝐻𝑟(𝑋
BB

,E). □

We remark that flat sections arise naturally from invariant one-dimensional
subspaces of 𝑉 as described in Section 6.2.3 and 6.4.2. The following additional
fact is an immediate consequence of (4.6.1).

Scholium 4.7. Consider a Hecke correspondence (𝑐1, 𝑐2) : 𝑋
BB

12 → 𝑋
BB

1 ×𝑋
BB

2 that
arises from commensurable arithmetic subgroups Γ1,Γ2 ⊂ 𝐺(ℚ) and an element
𝑔 ∈ 𝐺(ℚ). In other words, 𝑋𝑖 = Γ𝑖∖𝐷 (𝑖 = 1, 2) and 𝑋12 = Γ12∖𝐷 where Γ12 =
Γ1 ∩ 𝑔−1Γ2𝑔. Then

𝑋 ′BB

𝐻 = 𝑐2𝑐
−1
1

(
𝑋

BB

𝐻

)
is also a modular cycle and its intersection homology class satisfies

[𝑋 ′BB

𝐻 ] = (𝑐2)∗𝑐∗1
(

[𝑋
BB

𝐻 ]
)
∈ 𝐼m𝐻𝑟(𝑋

BB

2 ,E).
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4.10 Integration

In Section 8.6 and Section 9.3 we will integrate a differential form over a modular
cycle. Because of the Zucker conjecture (Theorem 4.2) one might expect that,

given a closed 𝐿2 differential form 𝜔 and given an algebraic cycle 𝑍 ⊂ 𝑋
𝐵𝐵

that represents a middle intersection homology class, the integral
∫
𝑍
𝜔 should be

well defined, finite, and should equal the Kronecker product ⟨𝒵[𝜔], [𝑍]⟩𝐾 of the
corresponding intersection (co)homology classes. See [Ch1, Ch2] for a setting in
which these desiderata are realized. Unfortunately this is usually false: the integral
may fail to converge and even if it does converge it may fail to equal this Kronecker
product. Nevertheless in our situation the differential form 𝜔 arises from a rapidly
decreasing modular form, and the cycle 𝑍 has finite volume. These ingredients turn
out to be sufficient to guarantee that the integral is finite and that it coincides
with the Kronecker product, as we now explain. We continue with the notation of
the previous section, but in the particular case that 𝐺0 = GL2, with

𝐻 = Res𝐹/ℚGL2 ⊂ 𝐺 = Res𝐿/ℚGL2

and with the resulting inclusion of modular varieties 𝑋𝐻 ⊂ 𝑋.

A choice of a 𝐺(ℝ)-invariant Riemannian metric on 𝐷 = 𝐺(ℝ)/𝐾∞ induces
an 𝐻(ℝ)-invariant metric on 𝐷𝐻 so we obtain compatible metrics on 𝑋 and 𝑋𝐻

with finite volume, as well as pointwise inner products on differential forms on 𝑋
and 𝑋𝐻 .

Let E1,E2 be local systems on 𝑋 that arise from representations of 𝐺(ℝ) on
finite-dimensional complex vector spaces 𝐸1, 𝐸2 respectively. Choose 𝐾1

∞-invariant
Hermitian inner products on 𝐸1, 𝐸2 and choose a 𝐾1∞-invariant Hermitian form
𝜙 : 𝐸1 × 𝐸2 → ℂ. These choices give rise to 𝐺(ℝ)-invariant norms on E1,E2

and a 𝐺(ℝ)-invariant product 𝜙 : E1 × E2 → ℂ. In order to agree with the
notation of Section 8.6 and Section 9.3 let us write 𝑍 = 𝑋𝐻 for the modular cycle.
A differential form 𝜔 ∈ Ω𝑟(𝑍,E1) is bounded if there exists 𝑀 > 0 such that
∣𝜔(𝑥)∣ ≤ 𝑀 for all 𝑥 ∈ 𝑍. Similarly if 𝑠 is a section over 𝑍 of E2 then we say that
𝜙(𝜔, 𝑠) is bounded if there exists 𝑀 > 0 such that ∣𝜙𝑥(𝜔(𝑥), 𝑠(𝑥))∣ < 𝑀 for all
𝑥 ∈ 𝑍.

Let 𝑠 be a flat section of E2∣(𝑍 − 𝑊 ) where 𝑊 ⊂ 𝑍 is a (possibly empty)
proper subvariety. By Proposition 2.5 the pair (𝑍, 𝑠) determines a Borel-Moore
homology class in 𝑋 which, by Theorem 4.6 lifts to an intersection homology class

[𝑍] = [𝑍, 𝑠] ∈ 𝐼𝐻𝑟(𝑋
𝐵𝐵

,E2).

Proposition 4.8. Assume there exists a character 𝜒 of 𝐻(ℝ) such that ∣𝑠(ℎ.𝑥)∣ ≤
∣𝜒(ℎ)∣∣𝑠(𝑥)∣ for all ℎ ∈ 𝐻(ℝ)1. Let 𝜔 ∈ Ω𝑟(𝑋,E1) be a smooth, closed differential
form that is bounded. Then 𝜔 is also square summable, and by Theorem 4.2, it

represents an intersection cohomology class 𝒵([𝜔]) ∈ 𝐼𝐻𝑟(𝑋
𝐵𝐵

,E1). Assume that

1See, for example Sections 6.2.3 and 6.4.2.
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the product 𝜙(𝜔, 𝑠) ∈ Ω𝑟(𝑋 ;ℂ) is bounded2. Then the integral of 𝜔 over 𝑍 is finite
and is equal to the Kronecker product (see (3.4.8)) of the intersection (co)homology
classes: ∫

𝑍

𝜔 :=

∫
𝑍

𝜙(𝜔, 𝑠) = ⟨𝒵([𝜔]), [𝑍]⟩𝐾 < ∞.

Proof. The volume vol(𝑍) is finite by [BoHC], hence if 𝜔 is bounded then it is also
square summable. Moreover, the integral is finite since it is bounded by 𝑀vol(𝑍)
where 𝑀 is a bound for ∣𝜙(𝜔, 𝑠)∣.

The Baily-Borel compactification of 𝑋 (resp. of 𝑋𝐻) consists of adding
finitely many cusps. A neighborhood of such a cusp is associated to a (maximal
proper) rational parabolic subgroup 𝑃 with 𝑃 (ℝ) = 𝑈𝑃 (ℝ)𝐴𝑃𝑀𝑃 (ℝ) as described
in equation (4.7.1), and such a neighborhood is diffeomorphic to the double coset
space Γ𝑃 ∖𝑃 (ℝ)/𝐾𝑃𝐴𝐺 where Γ𝑃 = Γ ∩ 𝑃 (ℝ) and 𝐾𝑃 = 𝐾∞ ∩ 𝑃 (ℝ). Recall
(Section 4.7) that right multiplication by the one-dimensional real split torus 𝐴′𝑃
defines the geodesic flow which moves points towards and away from the cusp. Fix
a nontrivial character 𝜓𝑃 : 𝐴′𝑃 → ℝ>0 and let 𝐴′𝑃 (≥ 𝑡), 𝐴′𝑃 (𝑡), 𝐴′𝑃 ([𝑠, 𝑡]) etc. de-
note 𝜓−1(𝑡,∞), 𝜓−1(𝑡), 𝜓−1([𝑠, 𝑡]) respectively. The character 𝜓𝑃 can be chosen so
that 𝐴′𝑃 (𝑡) moves points towards the cusp as 𝑡 → +∞. Then a (punctured) neigh-
borhood of the cusp in 𝑋 (resp. in 𝑋𝐻) is diffeomorphic to 𝐿 × 𝐴′𝑃 (≥ 1) (resp.
𝐿𝐻×𝐴′𝑃 (≥ 1)) where 𝐿 (resp. 𝐿𝐻) is the link of the cusp point in 𝑋 (resp. in 𝑋𝐻).
The character 𝜓𝑃 passes to a (real) analytic mapping Γ𝑃 ∖𝐷 → ℝ>0 which, for
𝑡 ≥ 1 is a fiber bundle whose fiber is 𝜓−1𝑃 (𝑡) = 𝐿𝑡 = 𝐴′𝑃 (𝑡)𝐿. In other words, the
fiber is obtained from the link 𝐿 = 𝜓−1𝑃 (1) by flowing under the geodesic action
for time 𝑡.

The middle-dimensional intersection homology 𝐼m𝐻𝑟(𝑋,E2) is the image of
(compactly supported) homology 𝐻𝑟(𝑋,E2), so the class [𝑍] lifts to 𝐻𝑟(𝑋,E2).
This is equivalent to saying that the homology class [𝐿𝐻 ] ∈ 𝐻𝑟−1(𝐿,E2) vanishes.
Hence there is a subanalytic chain (even a real semi-analytic chain) 𝑅 in 𝐶𝑟(𝐿,E2)
such that ∂𝑅 = 𝐿𝐻 . (So the chain 𝑅 consists of a subanalytic subset ∣𝑅∣ of 𝐿
together with a section of E2 over ∣𝑅∣.) For each 𝑛 = 1, 2, . . . we may construct
a new cycle 𝑍𝑛 from 𝑍 by “truncating” at each of the cusps, and “capping” the
resulting boundaries using the chain 𝑅. If there is a single cusp then

𝑍𝑛 = 𝜓−1𝑃 (0, 𝑛] + 𝑅𝑛

where 𝑅𝑛 = 𝐴′𝑃 (𝑛).𝑅.

For each 𝑛, the Borel-Moore homology class represented by 𝑍𝑛 coincides with
that of 𝑍. Since 𝑍𝑛 has compact support, by (3.4.8) we have:∫

𝑍𝑛

𝜔 = ⟨[𝜔], [𝑍𝑛]⟩ = ⟨𝒵([𝜔]), [𝑍]⟩𝐾

where the right side denotes the Kronecker product between 𝐻𝑟(𝑋,E1) and
𝐻𝑟(𝑋,E2), and between 𝐼𝐻𝑟(𝑋,E1) and 𝐼𝐻𝑟(𝑋,E2) that is induced from 𝜙 :

2This condition holds if 𝜔 is rapidly decreasing.
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Figure 4.1: The mapping 𝜓𝑃

E1 ×E2 → ℂ. By [Fed2] Theorem 3.4.8, and Section 4.2.28; see also [Fed3, Fed1,
Hardt2, Hardt1] the chain 𝑅 has finite volume so the above integral converges.
Moreover,

𝑍𝑛+1 = 𝑍𝑛 −𝑅𝑛 + 𝐴′𝑃 ([𝑛, 𝑛 + 1]).𝐿 + 𝑅𝑛+1 = 𝑍𝑛 + ∂(𝐴′𝑃 ([𝑛, 𝑛 + 1]).𝑅).

It follows from Stokes’ theorem that∫
𝑍𝑛

𝜔 =

∫
𝑍𝑛+1

𝜔

is independent of 𝑛. This in itself does not guarantee that
∫
𝑍𝑛

𝜔 =
∫
𝑍
𝜔 because

these differ by
∫
𝑅𝑛

𝜔 (which is also independent of 𝑛). However, it is known that

in a neighborhood of a cusp the invariant metric is a warped product ([Zu1], [Mu]
Section 6) which implies that vol(𝑅𝑛) → 0. Since the differential form 𝜔 is bounded
this implies that

∫
𝑍𝑛

𝜔 −→ ∫
𝑍
𝜔. □

We remark that the Baily-Borel compactification 𝑍
𝐵𝐵

is a complex projective
algebraic variety and the metric induced from an embedding in projective space
(with its Fubini-Study metric) is not complete but it has finite volume. In fact,

like any complex analytic variety, the variety 𝑍
𝐵𝐵

is locally and globally area
minimizing (for a precise statement see [Stz, Theorem A p. 9]). If 𝛼 denotes the
Kähler form on projective space then, when restricted to 𝑍, the differential form
𝛼𝑟 becomes a volume form. These and similar results, due to Federer [Fed2, Fed3,
Fed1], Bishop [Bis] and Stoll [Sto], are beautifully described in [Stz]. However, the
natural metric on the modular variety 𝑍 = 𝑋𝐻 is complete, and in this case, the
finite volume statement is a consequence of the structure of a fundamental domain
for Γ𝐻 .





Chapter 5

Generalities on Hilbert Modular
Forms and Varieties

In this chapter we collect some known facts on Hilbert modular forms and varieties,
mostly for the purpose of fixing our notation. These concepts will be used in
Chapter 7, where we will recall the description of the intersection cohomology of
Hilbert modular varieties in terms of Hilbert modular forms.

The motivation, details, and explanations for much of this chapter and the
next are described in Chapter 6 (on automorphic vector bundles) and Appendix
D (on Fourier expansions). We first deal with Hilbert modular varieties and how
one passes from their adèlic realization as a finite level Shimura variety to their
classical complex analytic realization and vice-versa. In Section 5.3, we discuss
conventions concerning the weights which, on the one hand, parametrize spaces of
automorphic forms (Section 5.4) and on the other hand, parametrize local systems
(Chapter 7, Section 6.6).

We define Hilbert modular forms in Section 5.4. Our approach to Hilbert
modular forms is adèlic. A review of the adèles is provided in Appendix C. It
is most natural to introduce Hecke operators from this viewpoint (see Section
5.6). We then review various constructions related to these automorphic forms. In
Section 5.7 we fix a normalization of the Petersson inner product which will be used
in Chapter 7. Specifically, Theorem 7.11 gives the relation between the Petersson
inner product of two cusp forms and the intersection pairing of the intersection
cohomology classes they define. Fourier expansions of Hilbert modular forms are
recalled in Section 5.9 with details in Appendix D. We will not require Fourier
series until Chapters 8 and 11, where they will be required to state and prove
our main theorems. Twisting of modular forms is discussed in Section 5.11 but it
comes up again in Section 9.4.

Finally, in Section 5.12, we discuss some 𝐿-functions attached to Hilbert
modular forms that appear later in Chapter 9. The content of this chapter is
largely drawn from the work of H. Hida in [Hid3], [Hid5], and [Hid7]. In Section
5.13, we indicate how to relate Hida’s notation in these papers to ours.

     
 J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 

nd Quadratic Base Change, Progress in Mathematics 298, 
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Throughout this chapter, 𝐿 will denote a totally real number field with [𝐿 :
ℚ] = 𝑛 and ring of integers 𝒪𝐿. Denote by Σ(𝐿) the set of embeddings 𝜎 : 𝐿 ↪→ ℝ
which we identify with the set of real places of 𝐿. Let 𝐺 be the reductive algebraic
ℚ-group

𝐺 := Res𝐿/ℚ(GL2).

Then 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿) and 𝐺(𝔸) ∼= GL2(𝔸𝐿). Elements 𝑏 ∈ 𝔸×𝐿 may be
identified with diagonal matrices

(
𝑏 0
0 𝑏

) ∈ 𝐺(𝔸).

5.1 Hilbert modular Shimura varieties

In this section we set notation for the finite-level Shimura varieties associated to
𝐺. We start by fixing the homomorphism

𝕊(ℝ) := Resℂ/ℝ(𝔾𝑚)(ℝ) −→ 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿) (5.1.1)

𝑥 + 𝑖𝑦 �−→ (( 𝑥 𝑦
−𝑦 𝑥

)
, . . . ,

( 𝑥 𝑦
−𝑦 𝑥

))
.

There is an identification of the 𝐺(ℝ)-conjugacy class of this homomorphism with
the symmetric space 𝐷 := 𝐺(ℝ)/𝐾∞, where 𝐾∞ = 𝐾𝐿,∞ is the stabilizer of the
image of (5.1.1). Explicitly, 𝐾∞ is the subgroup{(( 𝑥1 𝑦1

−𝑦1 𝑥1

)
, . . . ,

( 𝑥𝑛 𝑦𝑛
−𝑦𝑛 𝑥𝑛

))
: 𝑥2𝑗 + 𝑦2𝑗 > 0

} ∼= (ℂ×)Σ(𝐿) (5.1.2)

of 𝐺(ℝ)0 (the identity component of 𝐺(ℝ)). It contains the maximal compact
connected subgroup

𝐾1
∞ := {𝑔 ∈ 𝐾∞ : det(𝑔𝜎) = 1 for all 𝜎 ∈ Σ(𝐿)} ∼= SO2(ℝ)Σ(𝐿). (5.1.3)

If the field 𝐿 varies, we may add the subscript 𝐿, e.g., 𝐾𝐿,∞. With the exception
of Appendix A and Appendix E we will reserve the undecorated symbol 𝐾 for a
compact open subgroup of 𝐺(𝔸𝑓 ).

The theory of Shimura varieties [De] provides 𝐷 with the structure of a
complex manifold in a canonical manner. In our case, the complex structure is
given by

𝐷 = 𝐺(ℝ)/𝐾∞ ←→ (ℂ− ℝ)Σ(𝐿) (5.1.4)

(ℎ1, . . . , ℎ𝑛) �−→ (ℎ1𝑖, . . . , ℎ𝑛𝑖),

where, if ℎ𝑗 is the image of
(
𝑎 𝑏
𝑐 𝑑

) ∈ GL2(ℝ) in the quotient, we set ℎ𝑗𝑧 = 𝑎𝑧+𝑏
𝑐𝑧+𝑑 .

Viewing 𝐷 as a 𝐺(ℝ)-conjugacy class of homomorphisms 𝕊(ℝ) → 𝐺(ℝ), it
can be shown that (𝐺,𝐷) is a Shimura datum. We now review and set notation
for the finite-level Shimura varieties attached to (𝐺,𝐷). For each compact open
subgroup 𝐾 ⊆ 𝐺(𝔸𝑓 ), let

𝑌𝐾 := Sh𝐾(𝐺,𝐷) : = 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾 (5.1.5)

= 𝐺(ℚ)∖ (𝐷 ×𝐺(𝔸𝑓 )/𝐾)
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be the Hilbert modular Shimura variety associated to 𝐾 and let 𝑋𝐾 be its Bailey-
Borel (Satake) compactification. We loosely refer to 𝑌𝐾 or 𝑋𝐾 as a Hilbert mod-
ular variety. In either case it consists of finitely many connected components, each
of which is a locally symmetric space associated to 𝐺 as in Chapter 4. To make
this explicit, let 𝑇 := Res𝐿/ℚ(𝔾𝑚). Then the determinant det : 𝐺 → 𝑇 induces a
continuous map

det : 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾 −→ 𝑇 (ℚ)∖𝑇 (𝔸)/det(𝐾∞𝐾). (5.1.6)

The set on the right has finitely many elements, say ℎ = ℎ(𝐾).

For 1 ≤ 𝑗 ≤ ℎ(𝐾) choose 𝑡𝑗 = 𝑡𝑗(𝐾) ∈ 𝐺(𝔸𝑓 ) such that det(𝑡1), . . . , det(𝑡ℎ)
form a complete set of coset representatives for the right-hand side of (5.1.6).
Without loss of generality we may assume that

∙ We have 𝑡𝑗 =
(
det(𝑡𝑗) 0
0 1

)
.

∙ The fractional ideal [det(𝑡𝑗)] associated to the finite part of the idèle det(𝑡𝑗)
is integral.

Let 𝐺(ℚ)+ be the group of rational points in the identity component of 𝐺(ℝ).
The strong approximation theorem says that

𝐺(𝔸) =

ℎ(𝐾)∪
𝑗=1

𝐺(ℚ)+𝑡𝑗𝐺(ℝ)0𝐾

and it implies that there is an identification (see Section 4.1),∪ℎ
𝑗=1 Γ𝑗(𝐾)∖𝔥Σ(𝐿) =−−−−→ 𝑌𝐾 = 𝐺(ℚ)∖𝐷 ×𝐺(𝔸𝑓 )/𝐾, (5.1.7)

where 𝔥 is the upper half-plane and

Γ𝑗(𝐾) := 𝐺(ℚ)+ ∩ 𝑡𝑗𝐾𝑡−1𝑗 𝐺(ℝ) inside 𝐺(𝔸) (5.1.8)

= 𝐺(ℚ)+ ∩ 𝑡𝑗𝐾𝑡−1𝑗 inside 𝐺(𝔸𝑓 ).

The map (5.1.7) is given explicitly on the 𝑗th component by

Γ𝑗(𝐾)𝑧 �−→ 𝐺(ℚ).(𝑧, 𝑡𝑗).𝐾

where we regard 𝔥Σ(𝐿) = 𝐺(ℝ)0/𝐾∞ = 𝐺(ℝ)0/𝐴𝐺𝐾
1
∞ as a subspace of 𝐷 =

𝐺(ℝ)/𝐾∞. Here, as in Chapter 4, 𝐴𝐺 is the identity component of the real points
of the maximal ℚ-split torus in the center of 𝐺. The mapping (5.1.7) is a home-
omorphism if 𝔥 and 𝐺(𝔸) are given their standard topologies (see [Mil, Lemma
5.13]).



60 Chapter 5. Generalities on Hilbert Modular Forms and Varieties

5.2 Hecke congruence groups

In this book we will be interested in a particular family of compact open subgroups
of 𝐺(𝔸𝑓 ), chosen so as to make the Fourier series manageable. Fix an ideal 𝔠 ⊂ 𝒪𝐿.
In analogy with the classical elliptic modular case, denote the standard congruence
subgroup of integral matrices of “Hecke type” by

𝐾0(𝔠) :=

{
𝑢 ∈ 𝐺(ℤ̂) : 𝑢 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠𝒪𝐿

}
. (5.2.1)

Here ℤ̂ =
∏

𝑝<∞ ℤ𝑝, so 𝐺(ℤ̂) = GL2(𝒪𝐿). If 𝛾 ∈ 𝐺(ℤ̂) then so is 𝛾−1, and

det(𝛾) ∈ 𝒪×𝐿 . Set

𝑌0(𝔠) := 𝑌𝐾0(𝔠) and 𝑋0(𝔠) := 𝑋𝐾0(𝔠).

The number of connected components ℎ = ℎ(𝐾0(𝔠)) of 𝑌0(𝔠) turns out to be
the narrow class number of 𝐿, and it is independent of 𝔠. In fact,

det(𝐾∞𝐾0(𝔠)) = 𝔸+𝐿,∞𝒪̂×𝐿
where 𝔸+𝐿,∞ =

∏
𝑣∈Σ(𝐿) 𝐿

>0
𝑣

∼= (ℝ>0)Σ(𝐿) so the right-hand side of (5.1.6) is the

narrow class group, see (C.3.1).

Fix a collection of elements 𝑡𝑗 = 𝑡𝑗(𝔠) ∈ 𝐺(𝔸𝑓 ) as in(5.1.6)–(5.1.7). We may
assume that

det(𝑡𝑗)𝑣 = 1 if 𝑣∣∞ or 𝑣(𝔠) ≥ 1

(because 𝐺(ℚ) permutes the connected components of 𝐷 and elements 𝑡 ∈ 𝐺(ℚ)
may be found so as to have any chosen pattern of signs sgn(det(𝑡))𝑣 at the infinite
places 𝑣). Then 𝑌0(𝔠) is the disjoint union of the locally symmetric spaces

𝑌 𝑗
0 (𝔠) := Γ𝑗

0(𝔠)∖𝔥𝑛 where Γ𝑗
0(𝔠) := Γ𝑗(𝐾0(𝔠)). (5.2.2)

We note that Γ𝑗
0(𝔠) is the set of matrices

(
𝑎 𝑏
𝑐 𝑑

) ∈ GL2(𝐿) such that

𝑎, 𝑑 ∈ 𝒪𝐿, 𝑏 ∈ [det(𝑡𝑗)], 𝑐 ∈ 𝔠[det(𝑡𝑗)]
−1, 𝑎𝑑− 𝑏𝑐 ∈ 𝒪×𝐿,+

where 𝒪×𝐿,+ is the group of totally positive units of 𝒪𝐿.

If 𝐿 = ℚ and if 𝑁 is a positive integer then ℎ = 1 and 𝑌0(𝑁) := 𝑌 10 (𝑁ℤ) =
Γ10(𝑁)∖𝔥 is the classical open modular curve of level 𝑁, and Γ10(𝑁) is the classical
congruence subgroup.

The group 𝐾0(𝔠) may have torsion but it contains torsion-free normal sub-
groups of finite index. In particular, there exists 𝔮 ⊂ 𝒪𝐿 such that if 𝑛 is sufficiently
large, then

𝐾 f𝑟 := 𝐾0(𝔠) ∩
{
𝛾 ∈ 𝐺(ℤ̂) : 𝛾 ≡ 𝐼 (mod 𝔮𝑛)

}
(5.2.3)
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is such a subgroup, cf. [Gh, Section 3.1]. If 𝐾 f𝑟 ⊴ 𝐾0(𝔠) is a torsion-free, finite
index normal subgroup then

𝑌 f𝑟0 (𝔠) := 𝐺(ℚ)∖𝐺(𝔸)/𝐾 f𝑟𝐾∞ → 𝑌0(𝔠)

is a resolution of singularities, so it is an orbifold chart, see Appendix B. In this
way, the Hilbert modular variety 𝑌0(𝔠) receives the structure of an orbifold, and its
Baily-Borel compactification 𝑋0(𝔠) (which is obtained by attaching finitely many
cusps) admits an orbifold stratification whose largest stratum is 𝑌0(𝔠) and whose
singular strata are the cusps.

5.3 Weights

As explained in Section 6.3, a rationally defined irreducible representation 𝑉 of the
algebraic group 𝐺 on a complex vector space gives rise to a local coefficient system
𝒱 on the Hilbert modular variety 𝑌0(𝔠). Differential forms with coefficients in 𝒱
correspond to Hilbert modular forms of a certain “weight,” which is determined by
the highest “weight” of 𝑉. Efforts to formalize these comments are complicated by
the existence of torsion in the corresponding arithmetic groups Γ𝑗

0(𝔠), and by the
difference in the two meanings of “weight”. In this section we review the solution
to this problem, as described by Hida (see [Hid7]). The further goal of relating the
Fourier coefficients of a newform to its Hecke eigenvalues adds another level of com-
plexity to the combinatorics involving weights, which we address in Section 5.4.

Let 𝑉 denote ℂ2 with the standard representation of GL2(ℂ) and let 𝑉 ∨

be the dual vector space on which GL2(ℂ) acts by the contragredient represen-
tation, that is, (𝑔.𝜆)(𝑥) = 𝜆(𝑔−1.𝑥) for all 𝜆 ∈ 𝑉 ∨ and 𝑥 ∈ 𝑉. Then ∧2𝑉 is the
one-dimensional representation on which GL2(ℂ) acts by the determinant, so we
denote it by det. Each irreducible algebraic representation of GL2(ℂ) is isomorphic
to Sym𝑘𝑉 ⊗det⊗𝑚 for some 𝑘 ∈ ℤ≥0 and some 𝑚 ∈ 1

2ℤ, see Section 6.5. Let us refer

to this as the representation with weight (𝑘,𝑚). Let 𝜅 = (𝑘,𝑚) ∈ ℤ
Σ(𝐿)
≥0 ×(12ℤ)Σ(𝐿).

By forming the tensor product of the representations with weights (𝑘𝜎,𝑚𝜎) (for
𝜎 ∈ Σ(𝐿)) we obtain a representation (described in more detail in Section 7.1 and
Section 6.6),

𝐿(𝜅,ℂ) =
⊗

𝜎∈Σ(𝐿)
(

Sym𝑘𝜎𝑉 ∨𝜎 ⊗ det−𝑚𝜎
𝜎

)
of the group 𝐺(ℝ) ∼= (GL2(ℝ))

Σ(𝐿)
. This representation may not be algebraic, but

a twist of it by a half-integral power of the determinant is algebraic. By a slight
abuse of terminology, we refer to this as the representation with highest weight 𝜅.

Define 𝒳 (𝐿) ⊂ ℤ
Σ(𝐿)
≥0 × (12ℤ)Σ(𝐿) to be the subset of weights (𝑘,𝑚) such that

𝑘 + 2𝑚 ∈ ℤ1 (5.3.1)

where 1 := (1, . . . , 1). In Lemma 5.1 we record the well-known fact that if 𝜅 ∈
(ℤ≥0)Σ(𝐿) × (12ℤ)Σ(𝐿) then spaces of modular forms of weight 𝜅 are nonzero only



62 Chapter 5. Generalities on Hilbert Modular Forms and Varieties

if 𝜅 ∈ 𝒳 (𝐿). The same argument can be used to show that if 𝜅 ∈ (ℤ≥0)Σ(𝐿) ×
(12ℤ)Σ(𝐿) then (a suitable twist of) 𝐿(𝜅,ℂ) gives rise to a local system only if
𝜅 ∈ 𝒳 (𝐿) (compare Proposition 6.3). After Lemma 5.1 below, we will always
assume that 𝜅 satisfies this condition.

In Section 5.4 we discuss two weight conventions for spaces of Hilbert mod-
ular cusp forms (with nebentypus 𝜒), which we denote by

𝑆𝜅(𝐾0(𝔠), 𝜒) and 𝑆coh𝜅 (𝐾0(𝔠), 𝜒).

By a standard construction which we recall in Section 7.2, an element

𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒∣ ⋅ ∣−𝑘−2𝑚
𝔸𝐸

)

gives a differential form with values in ℒ(𝜅,ℂ), the local system over 𝑌0(𝔠) cor-
responding to the representation 𝐿(𝜅,ℂ). This makes our normalization of the
weight of a Hilbert modular form seem natural when working with cohomology
with respect to a local system.

5.4 Hilbert modular forms

In this section we define certain spaces of automorphic forms on 𝐺. Assume the
notation of the previous section. Denote the standard generators of sl2(ℝ) ⊗ℂ as
follows:

𝑋 :=
1

2

(
1 𝑖
𝑖 −1

)
𝑌 :=

1

2

(
1 −𝑖
−𝑖 −1

)
𝐻 :=

(
0 −𝑖
𝑖 0

)
.

The Casimir operator for sl2(ℝ) is

𝐶 := 𝑋𝑌 + 𝑌 𝑋 +
𝐻2

2
. (5.4.1)

Denote by 𝐶𝜎 the Casimir operator corresponding to the complexification of the
𝜎th factor of

𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿)

for 𝜎 ∈ Σ(𝐿). Let 𝐺(ℝ)0 denote the connected component of the identity in 𝐺(ℝ).

For 𝑏 ∈ 𝔸𝐿 or 𝑏 ∈ 𝔸×𝐿 , denote by 𝑏∞ = (𝑏𝜎1 , . . . , 𝑏𝜎𝑛) (resp. 𝑏0) the projec-
tion to the archimedean subgroup 𝔸𝐿∞ or 𝔸×𝐿∞ (resp. non-archimedean subgroup
𝔸𝐿𝑓 or 𝔸×𝐿𝑓). Analogously, for 𝛼 ∈ 𝐺(𝔸), let 𝛼∞ (resp. 𝛼0) be the projection to
the archimedean subgroup 𝐺(ℝ) (resp. non-archimedean subgroup 𝐺(𝔸𝑓 )). For
𝑘 ∈ ℤΣ(𝐿) define

𝑏𝑘∞ :=
∏

𝜎∈Σ(𝐿)
𝑏𝑘𝜎𝜎 ∈ ℝ.
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Fix 𝜅 = (𝑘,𝑚) ∈ (ℤ≥0)Σ(𝐿) × (12ℤ)Σ(𝐿). Moreover, fix an ideal 𝔠 ⊂ 𝒪𝐿 and a

(continuous) quasicharacter 𝜒 = 𝜒0𝜒∞ : 𝐿×∖𝔸×𝐿 → ℂ× of conductor dividing 𝔠,
such that

𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚
∞ for all 𝑏 ∈ 𝔸×𝐿 . (5.4.2)

In Lemma 5.2 it is explained that we obtain characters 𝜒0 =
∏

𝑣<∞ 𝜒𝑣 and
𝜒∨0 =

∏
𝑣<∞ 𝜒∨𝑣 on 𝐾0(𝔠) by setting, for each place 𝑣 < ∞,

𝜒𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑑𝑣) if 𝔭𝑣∣𝔠
1 otherwise

and

𝜒∨𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑎𝑣) if 𝔭𝑣∣𝔠
1 otherwise

where 𝔭𝑣 is the prime ideal corresponding to the place 𝑣.

The space of weight 𝜅 cusp forms of nebentypus (or central character) 𝜒 on
𝐺, of level 𝐾0(𝔠), is the space

𝑆𝜅(𝐾0(𝔠), 𝜒) (5.4.3)

of functions 𝑓 : 𝐺(𝔸) → ℂ with 𝑓(𝛼∞𝛼0) smooth as a function of 𝛼∞ ∈ 𝐺(ℝ) for
all 𝛼0 ∈ 𝐺(𝔸𝑓 ) satisfying the following conditions:

(1) If 𝜎 ∈ Σ(𝐿) then 𝐶𝜎𝑓(𝛼) =
(
𝑘2
𝜎

2 + 𝑘𝜎

)
𝑓(𝛼) for all 𝛼 = 𝛼∞𝛼0 ∈ 𝐺(𝔸).

(2) If 𝑏 ∈ 𝔸×𝐿 and 𝛾 ∈ 𝐺(ℚ), we have 𝑓(𝛾𝛼𝑏) = 𝜒(𝑏)𝑓(𝛼).

(3) If 𝑢 = 𝑢1∞𝑢0 ∈ 𝐾1∞𝐾0(𝔠), then

𝑓(𝛼𝑢) = 𝜒0(𝑢0)𝑓(𝛼)
∏

𝜎∈Σ(𝐿)
𝑒𝑖(𝑘𝜎+2)𝜃𝜎

where
𝑢1∞ =

((
cos 𝜃𝜎 sin 𝜃𝜎
− sin 𝜃𝜎 cos 𝜃𝜎

))
𝜎∈Σ(𝐿)

(4) The function 𝑓 is cuspidal; i.e.,∫
𝑈(ℚ)∖𝑈(𝔸)

𝑓(𝑢𝛼)𝑑𝑢 = 0

for all 𝛼 ∈ 𝐺(𝔸), where 𝑈(𝐴) := {( 1 𝑥
0 1 ) : 𝑥 ∈ 𝐿⊗ℚ 𝐴} for a ℚ-algebra 𝐴.

Remarks. If 𝔠′ ⊂ 𝔠 then 𝑆𝜅(𝐾0(𝔠), 𝜒) ⊂ 𝑆𝜅(𝐾0(𝔠
′), 𝜒). Condition (2) implies that

𝑓
((

𝑏∞ 0
0 𝑏∞

)
𝛼
)

= 𝑏−𝑘−2𝑚
∞ 𝑓(𝛼)

for any 𝑏∞ ∈ 𝔸𝐿∞. Condition (1) implies that 𝑓 is 𝒵(𝔤ℂ)-finite, where 𝒵(𝔤ℂ) is
the center of the universal enveloping algebra of the complexification of the Lie
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algebra 𝔤 of 𝐺(ℝ). In condition (3) the exponent (𝑘𝜎 + 2)𝜃𝜎 appears, rather than
the more natural 𝑘𝜎𝜃𝜎 because the modular forms defined here will eventually be
multiplied by 𝑑𝑧 to give differential forms. As explained in Section 6.10, this shifts
the weight by 2.

As described in [Hid7] (3.5), the function 𝑓 corresponds to a “classical”
Hilbert modular form on a product of upper halfplanes. Let 𝑧0 := i =

(√−1,

. . . ,
√−1

) ∈ 𝔥Σ(𝐿). For any 𝑧 ∈ 𝔥Σ(𝐿), pick 𝛼𝑧 ∈ 𝐺(ℝ)0 such that 𝛼𝑧𝑧0 = 𝑧, for
example ( 𝑦 𝑥

0 1 ) ⋅ i = 𝑧 = 𝑥 + i𝑦 (the implied action of 𝛼𝑧 is by Möbius transfor-
mation). With 𝑡𝑗 ∈ 𝐺(𝔸𝑓 ) (with 1 ≤ 𝑗 ≤ ℎ = ℎ(𝐾0(𝔠)) so that 𝑗 indexes the
connected components of 𝑌0(𝔠)) as in equation (5.1.8), conditions (2) and (3) then
imply that the expression

𝐹𝑗(𝑧) := det(𝛼𝑧)𝑚−1𝑗(𝛼𝑧 , 𝑧0)
𝑘+21𝑓(𝑡𝑗𝛼𝑧) (5.4.4)

does not depend on the choice of 𝛼𝑧 , and hence defines a function on 𝔥Σ(𝐿) which
satisfies

𝐹𝑗(𝛾𝑧) = det(𝛾)𝑚−1𝑗(𝛾, 𝑧)𝑘+21𝜒0(𝑡
−1
𝑗 𝛾𝑡𝑗)𝐹𝑗(𝑧)

for all 𝛾 ∈ Γ𝑗
0(𝔠), see also Proposition 6.4. (To see this, use

𝑓(𝛾∞𝛼𝑧𝑡𝑗) = 𝑓(𝛾−1𝑓 𝛼𝑧𝑡𝑗) = 𝑓(𝛼𝑧𝛾
−1
𝑓 𝑡𝑗)

where 𝛾 = (𝛾𝑓 , 𝛾∞) is diagonally embedded in 𝐺(𝔸).) Here, as in (6.7.2) and
(6.6.1) the automorphy factor

𝑗(𝛼, 𝑧)𝑘 :=
∏

𝜎∈Σ(𝐿)
𝑗(𝜎(𝛼), 𝑧𝜎)𝑘𝜎

is defined by 𝑗
((

𝑎 𝑏
𝑐 𝑑

)
, 𝑧

)
:= (𝑐𝑧 + 𝑑), see Chapter 6. Then, assuming conditions

(2–4) for 𝑓, the holomorphicity of 𝐹𝑖(𝑧) for all 1 ≤ 𝑖 ≤ ℎ(𝐾0(𝔠)) is equivalent to
condition (1) for 𝑓 (see [Hid7, Section 2.4 p. 460]).

In order to incorporate Eisenstein series we need to consider a larger class
of automorphic forms. Recall the definition of 𝑡𝑗 = 𝑡𝑗(𝔠) in (5.2.2). The space of
weight 𝜅 Hilbert modular forms of nebentypus 𝜒 on 𝐺 of level 𝐾0(𝔠) is the space

𝑀𝜅(𝐾0(𝔠), 𝜒)

of functions 𝑓 : 𝐺(𝔸) → ℂ with 𝑓(𝛼∞𝛼0) smooth as a function of 𝛼∞ ∈ 𝐺(ℝ) for
all 𝛼0 ∈ 𝐺(𝔸𝑓 ) satisfying (1–3) above and the following weakening of (4):

(4′) If 𝑦1∞ > 𝐶, then
∣∣∣𝑦𝑘/2∞ 𝑓

(
𝑡𝑗𝛾𝑦

− 1
2 (1)∞ ( 𝑦∞ 𝑥∞

0 1 )
)∣∣∣ ≤ 𝐵𝑦𝐴1

∞
for all 1 ≤ 𝑗 ≤ ℎ, 𝛾 ∈ Res𝐿/ℚ(SL2)(ℚ) ⊆ 𝐺(ℚ), 𝑦 ∈ 𝔸×𝐿 , and 𝑥 ∈ 𝔸𝐿,

where 𝐵,𝐶 ∈ ℝ>0, 𝑡, 𝐴 ∈ ℝ
Σ(𝐿)
>0 , and 𝐴,𝐵,𝐶 are independent of 𝑦 and 𝑥. A

function 𝑓 : 𝐺(𝔸) → ℂ satisfying (5.4) is said to be weakly increasing. Recall the
following result [Hid9, Section 2.3.2] of Hida:
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Lemma 5.1. Let 𝜅 ∈ (ℤ≥0)Σ(𝐿) × (12ℤ)Σ(𝐿). The space 𝑀𝜅(𝐾0(𝔠), 𝜒) is zero if
𝜅 ∕∈ 𝒳 (𝐿).

Proof. Assume there exists a non-zero element 𝑓 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒). By condition
(2) in the definition of 𝑀𝜅(𝐾0(𝔠), 𝜒), we have

𝜒(𝑏0)𝑏
−𝑘−2𝑚
∞ = 1

for all 𝑏 ∈ 𝒪×𝐿 (which we consider as an element of 𝔸×𝐿 via the diagonal embed-
ding). The restriction 𝜒∣𝒪×

𝐿
is of finite order, say 𝑗. By raising this equation to the

power 𝑗 we conclude that ∏
𝜎∈Σ(𝐿)

𝜎(𝑏)−𝑗(𝑘𝜎+2𝑚𝜎) = 1 (5.4.5)

for all 𝑏 ∈ 𝒪×𝐿 . Dirichlet’s unit theoremsays that the vectors

{(log(𝜎1(𝑏)), . . . , log(𝜎𝑟(𝑏)))}𝑏∈𝒪×
𝐿

form an 𝑟 − 1-dimensional lattice in the trace-zero hyperplane{
(𝑥1, . . . , 𝑥𝑟) ∈ ℝ𝑟 :

∑
𝑥𝑖 = 0

}
(where 𝑟 = ∣Σ(𝐿)∣). Combining this with (5.4.5) implies that 𝑗(𝑘 + 2𝑚) ∈ ℤ1 but
𝑘 and 2𝑚 are integral by assumption, so 𝑘 + 2𝑚 ∈ ℤ1. □

Because of Lemma 5.1 we will henceforth assume that 𝜅 ∈ 𝒳 (𝐿).

5.5 Cohomological normalization

We now recall another normalization from [Hid7] for the weight of a Hilbert
modular form which will be useful in Chapter 6. Let 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) (resp.
𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒)) be the space of functions 𝑓 : 𝐺(𝔸) → ℂ with 𝑓(𝛼∞𝛼0) smooth
as a function of 𝛼∞ ∈ 𝐺(ℝ) for all 𝛼0 ∈ 𝐺(𝔸𝑓 ) satisfying conditions (1) and (4)
(resp. (4’)) and the following modification of conditions (2) and (3):

(2coh) If 𝑏 ∈ 𝔸×𝐿 and 𝛾 ∈ 𝐺(ℚ), we have 𝑓(𝛾𝛼𝑏) = 𝜒(𝑏)−1𝑓(𝛼).

(3coh) If 𝑢 = 𝑢1∞𝑢0 ∈ 𝐾1
∞𝐾0(𝔠), then

𝑓(𝛼𝑢) = 𝜒0(𝑢
−𝜄
0 )𝑓(𝛼)

∏
𝜎∈Σ(𝐿)

𝑒𝑖(𝑘𝜎+2)𝜃𝜎

where

𝑢1∞ =
((

cos(𝜃𝜎) sin(𝜃𝜎)
− sin(𝜃𝜎) cos(𝜃𝜎)

))
𝜎∈Σ(𝐿)

.
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There are natural isomorphisms

𝑀𝜅(𝐾0(𝔠), 𝜒) −̃→ 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒)

𝑆𝜅(𝐾0(𝔠), 𝜒) −̃→ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) (5.5.1)

𝑓 �−→ 𝑓−𝜄

where 𝑓−𝜄(𝑥) := 𝑓(𝑥−𝜄). Here 𝜄 is the main involution of GL2, so 𝑥𝜄 := det(𝑥)𝑥−1

and 𝑥−𝜄 := det(𝑥)−1𝑥.

Remark. The reason for introducing two normalizations for the weight of a modu-
lar form is that it is more natural to consider the Fourier expansions of an element
of 𝑆𝜅(𝐾0(𝔠), 𝜒) (see [Hid3] and Section 5.9) and it is more natural to associate
differential forms and cohomology classes to elements of 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) (see Sec-
tion 7.2). This explains the superscript “𝑐𝑜ℎ.” We will comment more on this in
Section 5.13 below.

5.6 Hecke operators

Let 𝔠 ⊂ 𝒪𝐿 be an ideal and let 𝜒 = 𝜒0𝜒∞ : 𝐿×∖𝔸×𝐿 → ℂ× be a Hecke charac-
ter whose conductor divides 𝔠, see Appendix C.3. In this section we recall (from
[Shim1, p. 51]) the definition of the Hecke operators associated to the spaces of
automorphic forms 𝑀𝜅(𝐾0(𝔠), 𝜒) and 𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒). Let 𝑅(𝔠) be the following
semigroup of matrices:

𝐺(𝔸𝑓 ) ∩
{
𝑥 ∈ 𝑀2(𝒪̂𝐿) : 𝑥 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠𝒪𝐿 and 𝑑𝑣 ∈ 𝒪×𝑣 whenever 𝔭𝑣∣𝔠

}
.

Here, 𝔭𝑣 is the prime ideal associated to the place 𝑣 < ∞. For each place 𝑣 < ∞
with corresponding prime ideal 𝔭𝑣 set

𝜒𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑑𝑣) if 𝔭𝑣∣𝔠
1 otherwise.

(5.6.1)

𝜒∨𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑎𝑣) if 𝔭𝑣∣𝔠
1 otherwise.

(5.6.2)

In this way the character 𝜒0 determines functions 𝜒0, 𝜒
∨
0 : 𝑅(𝔠) → ℂ× by setting

𝜒0 =
∏

𝑣<∞ 𝜒𝑣 and 𝜒∨𝑣 =
∏

𝑣<∞ 𝜒∨𝑣 . These become characters of 𝐾0(𝔠) :

Lemma 5.2. The group 𝐾0(𝔠) is contained in 𝑅(𝔠). If 𝑥, 𝑥′ ∈ 𝑅(𝔠) and 𝑢0 ∈ 𝐾0(𝔠)
then

𝜒0(𝑥𝑥
′) = 𝜒0(𝑥)𝜒0(𝑥

′) and 𝜒∨0 (𝑢0)
−1 = 𝜒0(𝑢

−𝜄
0 ). (5.6.3)

where 𝑢−𝜄
0 denotes the main involution, cf. Section 5.5.
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Proof. Let 𝔭𝑣∣𝔠. If 𝑥 ∈ 𝐾0(𝔠) then 𝑎𝑣, 𝑑𝑣 ∈ 𝒪×𝑣 are invertible hence 𝐾0(𝔠) ⊂ 𝑅(𝔠).
If 𝑥, 𝑥′ ∈ 𝑅(𝔠) then 𝑑𝑣, 𝑑

′
𝑣 ∈ 𝒪×𝑣 are invertible and

𝜒𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

)(
𝑎′𝑣 𝑏′𝑣
𝑐′𝑣 𝑑′𝑣

))
= 𝜒𝑣

(
𝑑𝑣𝑑

′
𝑣

(
1 + 𝑐𝑣

𝑏′𝑣
𝑑𝑣𝑑′𝑣

))
= 𝜒𝑣(𝑑𝑣)𝜒𝑣(𝑑′𝑣).

(5.6.4)
which shows that 𝜒0(𝑥𝑥

′) = 𝜒0(𝑥)𝜒0(𝑥
′). Equation (5.6.3) follows. □

The Hecke algebra 𝕋𝔠 is the algebra of formal ℤ-linear sums of double cosets

[𝐾0(𝔠)𝑥𝐾0(𝔠)]

with 𝑥 ∈ 𝑅(𝔠). The multiplication in 𝕋𝔠 is reviewed in Section 7.6 along with the
geometric meaning of the Hecke algebra.

Any such double coset can be decomposed as a disjoint union of left cosets

𝐾0(𝔠)𝑥𝐾0(𝔠) =
∐
𝑖

𝑥𝑖𝐾0(𝔠)

for suitable 𝑥𝑖 = 𝑘𝑖𝑥 ∈ 𝑅(𝔠) ⊂ 𝐺(𝔸𝑓 ), where 𝑘𝑖 ∈ 𝐾0(𝔠). We remark that 𝑘𝑖𝑥 �→ 𝑘𝑖
determines a one to one correspondence

𝐾0(𝔠)𝑥𝐾0(𝔠)/𝐾0(𝔠) ↔ 𝐾0(𝔠)/
(
𝐾0(𝔠) ∩ 𝑥𝐾0(𝔠)𝑥

−1) ,
see Section 7.6. The action of 𝕋𝔠 on 𝑀𝜅(𝐾0(𝔠), 𝜒) is then defined by

(𝑓 ∣𝐾0(𝔠)𝑥𝐾0(𝔠)) (𝑔) :=
∑
𝑖

𝜒0(𝑥𝑖)
−1𝑓(𝑔𝑥𝑖).

and the action of 𝕋𝔠 on 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒) is defined by

(𝑓 ∣𝐾0(𝔠)𝑥𝐾0(𝔠)) (𝑔) :=
∑
𝑖

𝜒0(𝑥𝑖)
−1𝑓(𝑔𝑥−𝜄

𝑖 ), (5.6.5)

Remark. These normalizations of the Hecke action are chosen so that the isomor-
phism (5.5.1) induced by the main involution

𝑀𝜅(𝐾0(𝔠), 𝜒) ∼= 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒)

is Hecke equivariant. As a space of functions, 𝑀(𝑘,𝑚)(𝐾0(𝔠), 𝜒) is equal to

𝑀 coh
(𝑘,−𝑚−𝑘)(𝐾0(𝔠), 𝜒

−1),

but this identification of function spaces is not an isomorphism of Hecke modules.

For every ideal 𝔫 ⊂ 𝒪𝐿 set

𝑇𝔠(𝔫) :=
∑

[det(𝑥)0]=𝔫

[𝐾0(𝔠)𝑥𝐾0(𝔠)]. (5.6.6)
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Here the sum is over a set of representatives for the set of double cosets
𝐾0(𝔠)𝑥𝐾0(𝔠) such that 𝑥 ∈ 𝑅(𝔠) and 𝔫 = [det(𝑥)0] is the ideal associated to the
finite idèle det(𝑥)0. Further, for a prime 𝔭 ⊂ 𝒪𝐿 with 𝔭 ∤ 𝔠, let 𝜛𝔭 ∈ 𝒪𝐿,𝔭 be
a uniformizer. Considering 𝜛𝔭 as an element of 𝔸×𝐿𝑓 via the canonical inclusion

𝐿×𝔭 ↪→ 𝔸×𝐿𝑓 , set

𝑇𝔠(𝔭
𝑘, 𝔭𝑘) := 𝐾0(𝔠)

(
𝜛𝑘

𝔭 0

0 𝜛𝑘
𝔭

)
𝐾0(𝔠) (5.6.7)

for 𝑘 ≥ 0. If 𝔭∣𝔠, we simply set 𝑇𝔠(𝔭
𝑘, 𝔭𝑘) = 0 for 𝑘 ≥ 0. Define 𝑇𝔠(𝔫, 𝔫) in general by

multiplicativity. The Hecke operators satisfy the following identity (see [Shim4]):

𝑇𝔠(𝔪)𝑇𝔠(𝔫) =
∑

𝔪+𝔫⊆𝔞

N𝐿/ℚ(𝔞)𝑇𝔠(𝔞, 𝔞)𝑇𝔠(𝔞
−2𝔪𝔫). (5.6.8)

If 𝔠′ ⊂ 𝔠 then we obtain a canonical homomorphism 𝕋𝔠′ → 𝕋𝔠 which takes 𝑇𝔠′(𝔫)
to 𝑇𝔠(𝔫).

For our later convenience, if 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is an eigenform for 𝑇𝔠(𝔫) we
let 𝜆𝑓 (𝔫) be its 𝔫th Hecke-eigenvalue:

𝑓 ∣𝑇𝔠(𝔫) = 𝜆𝑓 (𝔫)𝑓. (5.6.9)

5.7 The Petersson inner product

In this section, we fix a normalization of the Petersson inner product. Let 𝐺 =
Res𝐿/ℚ(GL2) as in the previous sections, and take

𝑌𝐾 = 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾

with 𝐾∞ = 𝐾1∞.ℝ
Σ(𝐿)
+ as in equation (5.1.3) and 𝐾 ⊆ 𝐺(𝔸𝑓 ) a compact open

subgroup. We refer to Appendix C.1 where various Haar measures and normaliza-
tions are described. Let 𝑑𝜇∞ be the Haar measure on 𝐾1

∞ (which is a product of
circles) giving it total volume 1, and let

𝑑𝑥

𝑥
:=

∏
𝜎∈Σ(𝐿)

𝑑𝑥𝜎
𝑥𝜎

be the Haar measure on the multiplicative group ℝ
Σ(𝐿)
>0 . Let 𝑑𝜇0 be the Haar mea-

sure on the compact open group 𝐾 giving it total volume 1. This gives a measure
𝑑𝜇0𝑑𝜇∞𝑑𝑥/𝑥 on 𝐾𝐾∞. By Appendix C.1 we obtain a 𝐺(𝔸)-invariant measure
𝑑𝜇𝐺(𝔸𝐹 )/𝐾∞𝐾 on 𝐺(𝔸)/𝐾∞𝐾. The discrete countable group 𝐺(ℚ) acts almost
freely on 𝐺(𝔸)/𝐾∞𝐾 so we obtain a measure 𝑑𝜇𝐾 on 𝑌𝐾 , which we refer to as
the canonical measure. In other words, 𝑑𝜇𝐾 is the restriction of 𝑑𝜇𝐺(𝔸)/𝐾∞𝐾 to a
fundamental domain for 𝐺(ℚ). In the special case 𝐾 = 𝐾0(𝔠) we let

𝑑𝜇𝔠 := 𝑑𝜇𝐾0(𝔠). (5.7.1)

It can be explicitly described as follows.
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The above normalizations determine a measure on the symmetric space 𝐷 =
𝐺(ℝ)/𝐾∞ ∼= (ℂ−ℝ)Σ(𝐿) which coincides with the 𝐺(ℝ)-invariant differential form∏

𝜎∈Σ(𝐿)

𝑑𝑥𝜎 ∧ 𝑑𝑦𝜎
∣𝑦𝜎∣2 = (−2𝑖)−𝑛

∏
𝜎∈Σ(𝐿)

𝑑𝑧𝜎 ∧ 𝑑𝑧𝜎
∣𝑦𝜎∣2 (5.7.2)

(where 𝑧𝜎 = 𝑥𝜎 + 𝑖𝑦𝜎). Since it is 𝐺(ℝ)-invariant, it is the pullback of a differential
form, which we denote by

𝜔 =
𝑑𝑥 ∧ 𝑑𝑦

∣𝑦∣2
on 𝑌𝐾 . The normalization of 𝑑𝜇0 (at the finite places) amounts to assigning the
counting measure on the individual components of 𝑌𝐾 . Consequently if 𝑓 : 𝑌𝐾 → ℂ
is a measurable function then∫

𝑌𝐾

𝑓𝑑𝜇𝐾 =
∑
𝑗

∫
𝑌 𝑗
𝐾

𝑓 ∣𝑌 𝑗
𝐾

𝑑𝑥 ∧ 𝑑𝑦

∣𝑦∣2 . (5.7.3)

where

𝑌 𝑗
𝐾 := Γ𝑗(𝐾)∖𝔥Σ(𝐿).

The canonical measure on 𝑌𝐾 can also be described in a way that facilities
application of the Rankin-Selberg method (to be used in Section 10.2) as follows.
Let 𝐵′ ⊂ 𝐺 be the algebraic group whose points in a commutative ℚ-algebra 𝐴
are given by

𝐵′(𝐴) :=
{

( 𝑎 𝑏
0 1 ) : 𝑎 ∈ (𝐿⊗ℚ 𝐴)× and 𝑏 ∈ 𝐿⊗ℚ 𝐴

}
.

(The group 𝐵′ is not unimodular.) Then 𝐵′(ℝ) acts transitively on 𝐷 with

( 𝑦 𝑥
0 1 ) ⋅ i = 𝑥 + i𝑦 =

∏
𝜎

(𝑥𝜎 + 𝑖𝑦𝜎).

Left Haar measure on 𝐵′(𝔸) is given by

𝑑𝜇𝐵′ (( 𝑦 𝑥
0 1 )) = ∣𝑦∣−1𝔸𝐿

𝑑𝑥𝑑×𝑦

where 𝑑𝑥 := 𝑑𝑥∞𝑑𝑥0 and 𝑑×𝑦 := 𝑑×𝑦∞𝑑×𝑦0 are the measures defined in Appendix
C.1 on 𝔸𝐿∞, 𝔸𝐿𝑓 , 𝔸×𝐿∞ and 𝔸×𝐿𝑓 respectively. In other words,

∙ The additive measure 𝑑𝑥 = 𝑑𝑥∞ is Lebesgue measure on ℝΣ(𝐿).

∙ The additive measure 𝑑𝑥0 is the measure on 𝔸𝐿𝑓 such that
∫
𝒪𝐿 𝑑𝑥0 = 1.

∙ The multiplicative measure 𝑑×𝑦∞ is given by ∣𝑦−1∞ ∣𝑑𝑦∞.

∙ The multiplicative measure 𝑑×𝑦0 is the measure on 𝔸×𝐿𝑓 such that∫
𝒪̂×
𝐿
𝑑×𝑦0 = 1.
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Here 𝒪̂𝐿 := 𝒪𝐿 ⊗ ℤ̂. In view of the fact that

𝐵′(ℝ)𝐾1
∞ = 𝐺(ℝ)/ℝ

Σ(𝐿)
+

and1

𝐺(𝔸)/(ℝ+)Σ(𝐿) = 𝐺(ℚ)𝐵′(𝔸)𝐾1
∞𝐾,

the product 𝑑𝜇𝐵′𝑑𝜇∞𝑑𝜇0 induces a measure on 𝑌𝐾 via a choice of fundamental
domain for the action of 𝐺(ℚ). One checks the following lemma:

Lemma 5.3. The measure defined in this way coincides with the canonical measure
𝑑𝜇𝐾 on 𝑌𝐾 . □

Definition 5.4. For 𝜅 ∈ 𝒳 (𝐿), a quasicharacter 𝜒 satisfying 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚∞
and 𝑓, 𝑔 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒), we set

(𝑓, 𝑔)𝑃 :=

∫
𝑌0(𝔠)

𝑔(𝛼)𝑓(𝛼)∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼), (5.7.4)

whenever this integral is well defined. Here 𝜎 is any element of Σ(𝐿) (note 𝑘𝜎+2𝑚𝜎

is independent of this choice because 𝜅 ∈ 𝒳 (𝐿)).

Remark. The cuspidality condition (4) in the definition of 𝑆𝜅(𝐾0(𝔠), 𝜒) implies
that a cusp form is rapidly decreasing [Harish, Section 4]. This implies in turn
that the integral defining (𝑓, 𝑔)𝑃 is absolutely convergent whenever at least one of
𝑓 or 𝑔 is a cusp form.

Using the main involution this gives an inner product (𝑓, 𝑔)coh𝑃 := (𝑓−𝜄, 𝑔−𝜄)𝑃
for any 𝑓, 𝑔 ∈ 𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒).

Lemma 5.5. For any 𝑓, 𝑔 ∈ 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒),

(𝑓, 𝑔)coh𝑃 =

∫
𝑌0(𝔠)

𝑔(𝛼)𝑓(𝛼)∣det(𝛼)∣−𝑘𝜎−2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼).

Proof. Since 𝑓−𝜄, 𝑔−𝜄 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) we have:

(𝑓−𝜄, 𝑔−𝜄)𝑃 =

∫
𝑌0(𝔠)

𝑔

(
𝛼

det(𝛼)

)
𝑓

(
𝛼

det(𝛼)

)
∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼)

=

∫
𝑌0(𝔠)

𝜒(det(𝛼))𝜒(det(𝛼))𝑔(𝛼)𝑓(𝛼)∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼)

=

∫
𝑌0(𝔠)

𝑔(𝛼)𝑓(𝛼)∣det(𝛼)∣−𝑘𝜎−2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼)

because ∣𝜒(det(𝛼))∣2 = ∣det(𝛼)∣−2𝑘𝜎−4𝑚𝜎

𝔸𝐿
, see equation C.3.2. □

1See [Hid5, Section 4].
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We recall that Hecke operators indexed by ideals coprime to the level are
self-adjoint with respect to the Petersson inner product, at least up to a scalar:

Lemma 5.6. If 𝑓, 𝑔 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) and 𝔫 + 𝔠 = 𝒪𝐸 then one has

(𝑓 ∣𝑇𝔠(𝔫), 𝑔)𝑃 = 𝜒∣ ⋅ ∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
(𝔫)(𝑓, 𝑔∣𝑇𝔠(𝔫))𝑃 .

Here 𝜒(𝔫) := 𝜒(𝑛0) where 𝑛 ∈ 𝔸×𝐿 is any idèle that is 1 at the places dividing ∞
and 𝔠 with [𝑛0] = 𝔫.

Proof. Let 𝑥 ∈ 𝑅0(𝔠). Then using the fact that 𝜇𝔠 was constructed from a Haar
measure together with the invariance properties of 𝑔 we obtain∫

𝑌0(𝔠)

𝑔(𝛼)𝑓(𝛼𝑥)∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼) (5.7.5)

=

∫
𝑌0(𝔠)

𝑔(𝛼𝑥−1)𝑓(𝛼)∣det(𝛼𝑥−1)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼)

= 𝜒∣ ⋅ ∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
(det(𝑥)−1)

∫
𝑌0(𝔠)

𝑔(𝛼𝑥𝜄)𝑓(𝛼)∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼)

= 𝜒∣ ⋅ ∣𝑘𝜎+2𝑚𝜎(det(𝑥))

∫
𝑌0(𝔠)

𝑔(𝛼𝑥𝜄)𝑓(𝛼)∣det(𝛼)∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
𝑑𝜇𝔠(𝛼).

Here in the last line we have used the fact that 𝜒∣ ⋅ ∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
(det(𝑥)−1) =

𝜒∣ ⋅ ∣𝑘𝜎+2𝑚𝜎

𝔸𝐿
(det(𝑥)) by our assumption on the shape of 𝜒∞.

Now assume that 𝔫 + 𝔠 = 𝒪𝐸 and choose 𝑥𝑖 ∈ 𝑅0(𝔠) such that (𝑥𝑖)𝑣 = ( 1 00 1 )
for 𝑣∣𝔠 and

(𝑓 ∣𝑇𝔠(𝔫))(𝛼) =
∑
𝑖

𝑓(𝛼𝑥𝑖).

(see Section 5.6). From the definition of 𝑇𝔠(𝔫) and our choice of 𝑥𝑖 one can check
that

(𝑓 ∣𝑇𝔠(𝔫))(𝛼) =
∑
𝑖

𝑓(𝛼𝑥𝜄𝑖)

as well. Combining this with (5.7.5) completes the proof. □

5.8 Newforms

The space of modular forms for the full modular group SL2(ℤ) admits a basis of
simultaneous eigenforms for all Hecke operators 𝑇𝑝 with the property that distinct
elements in the basis have distinct sets of eigenvalues. The standard 𝐿 function for
each such eigenform admits an Euler product. A.O. Atkin and J. Lehner discovered
[Atk] (see also [Li]) that these results can be extended to the Hecke congruence
groups Γ0(𝑁) provided one restricts consideration to the subspace spanned by
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newforms. The analogous results continue to hold in the Hilbert modular case, as
we now describe.

If 𝔠′∣𝔠 are ideals in 𝒪𝐿 then the natural map 𝜋 : 𝑌0(𝔠) → 𝑌0(𝔠
′) is finite and

pulling back modular forms gives

𝜋∗ : 𝑆𝜅(𝐾0(𝔠
′), 𝜒) → 𝑆𝜅(𝐾0(𝔠), 𝜒)

where 𝜋∗(𝑓)(𝑥) = 𝑓(𝑥). More generally, let 𝑑 ∈ 𝒪𝐿 and suppose that 𝑑𝔠′∣𝔠. If
𝑓 ∈ 𝑆𝜅(𝐾0(𝔠

′), 𝜒) then the function 𝑔(𝑥) := 𝑓
(
𝑥
(
𝑑−1

1

))
is in 𝑆𝜅(𝐾0(𝔠), 𝜒). The

vector space spanned by the images of all such mappings (for 𝑑𝔠′∣𝔠) is called the old
space. Its orthogonal complement (with respect to the Petersson inner product) is
the new space 𝑆new𝜅 (𝐾0(𝔠), 𝜒). If 𝔠′∣𝔠 then automorphic forms can also be pushed
forward using the “trace” mapping

𝜋∗ : 𝑆𝜅(𝐾0(𝔠), 𝜒) −→ 𝑆𝜅(𝐾0(𝔠
′), 𝜒)

𝑓 �−→
∑

𝑥𝐾0(𝔠)∈𝐾0(𝔠′)/𝐾0(𝔠)

𝜒0(𝑥)−1𝑓(⋅𝑥).

Then 𝑆new𝜅 (𝐾0(𝔠), 𝜒) is equal to the intersections of the kernels of all such trace
maps as 𝔠′ varies over the divisors of 𝔠 (see [La] Thm. 2.2 for the elliptic mod-
ular case). A newform is an element 𝑓 ∈ 𝑆new(𝐾0(𝔠), 𝜒) that is a simultaneous
eigenfunction of 𝑇𝔠(𝔭) for almost all primes 𝔭.

Theorem 5.7 (see [Miy, Cas, Di]). The space 𝑆new𝜅 (𝐾0(𝔠), 𝜒) of newforms has a
basis consisting of automorphic forms that are simultaneous eigenfunctions of all
Hecke operators. Moreover the eigenvalues have multiplicity one in the following
sense: if 𝑓, 𝑔 ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) and 𝜆𝑓 (𝔭) = 𝜆𝑔(𝔭) for almost all prime ideals 𝔭
then 𝑓 = 𝑐𝑔 for some constant 𝑐 ∈ ℂ×. Conversely, if 𝑓, 𝑔 ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) are si-
multaneous eigenfunctions for 𝑇𝔠(𝔭) for almost all prime ideals 𝔭 and if 𝑓 ∕= 𝑐𝑔 for
any 𝑐 ∈ ℂ× then 𝑓, 𝑔 are orthogonal with respect to the Petersson inner product:
(𝑓, 𝑔)𝑃 = 0.

The last statement in the theorem follows from the first and the spectral
theorem because each Hecke operator 𝑇𝔠(𝔫) with 𝔠 + 𝔫 = 𝒪𝐸 is normal, that is, it
commutes with its adjoint with respect to the Petersson product (see Lemma 5.6).
Theorem 5.7 implies that the standard 𝐿-function of any newform has an Euler
product, cf. Lemma 5.12.

5.9 Fourier series

For details on this section, see Appendix D. Let 𝜅 = (𝑘,𝑚) ∈ (ℚ × ℚ)Σ(𝐿). For
each 𝜎 ∈ Σ(𝐿), let 𝑊𝑚𝜎 be the local archimedean Whittaker function

𝑊𝑚𝜎 : ℝ× −→ ℂ

𝑦𝜎 �−→ ∣𝑦𝜎∣−𝑚𝜎𝑒−2𝜋∣𝑦𝜎∣.
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For 𝑥 ∈ 𝔸𝐿 and 𝑦 ∈ 𝔸×𝐿 , define

𝑞𝜅(𝑥, 𝑦) = 𝑞𝜅(𝑥, 𝑦∞) := 𝑒𝐿(𝑥)
∏

𝜎∈Σ(𝐿)
𝑊𝑚𝜎 (𝑦𝜎), (5.9.1)

where 𝑒𝐿(⋅) is the additive character of 𝔸𝐿/𝐿 normalized as in Appendix C; it
satisfies 𝑒𝐿(𝑥∞) = 𝑒2𝜋𝑖Tr𝐿/ℚ(𝑥∞).

Let ℐ𝐿 denote the set of fractional ideals of 𝒪𝐿, and let 𝑦 = 𝑦0𝑦∞ ∈ 𝔸×𝐿,+,

the set of idèles 𝑏 ∈ 𝔸×𝐿 with 𝑏𝜎 > 0 for all 𝜎 ∈ Σ(𝐿). Let 𝒟𝐿/ℚ be the different
(see Section C.2). Assume that 𝜅 ∈ 𝒳 (𝐿).

Theorem 5.8. Let ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) be a Hilbert modular form. Then ℎ admits a
Fourier series,

ℎ

((
𝑦 𝑥
0 1

))
= ∣𝑦∣𝔸𝐿

⎛⎜⎝𝑐(𝑦) +
∑
𝜉∈𝐿×
𝜉≫0

𝑏(𝜉𝑦0)𝑞𝜅(𝜉𝑥, 𝜉𝑦∞)

⎞⎟⎠ , (5.9.2)

valid for all 𝑥 ∈ 𝔸𝐿 and all 𝑦 = 𝑦0𝑦∞ ∈ 𝔸×𝐿 such that 𝑦𝜎 > 0 for all 𝜎 ∈
Σ(𝐿). Moreover, each coefficient 𝑏(𝜉𝑦0) ∈ ℂ depends only on the fractional ideal
[𝜉𝑦0]𝒟𝐿/ℚ ∈ ℐ𝐿 and it vanishes unless this ideal is integral.

Addendum. The constant term 𝑐(𝑦) vanishes if ℎ is a cusp form or if 𝑘 /∈ ℤ1 or
if the ideal [𝑦0]𝒟𝐿/ℚ is not integral. Otherwise it is a sum,

𝑐(𝑦) = 𝑐0(𝑦0)∣𝑦−𝑚
∞ ∣ + 𝑐1(𝑦0)∣𝑦−𝑘−1−𝑚

∞ ∣ (5.9.3)

of two terms. Here, 𝑐0(𝑦0) and 𝑐1(𝑦0) only depend on the (fractional) ideal
[𝑦0]𝒟𝐿/ℚ. If the functions 𝐹𝑖(𝑧) of (5.4.4) on 𝔥Σ(𝐿) (corresponding to ℎ) are holo-
morphic, then 𝑐1(⋅) = 0.

In what follows we will express these coefficients 𝑏, 𝑐0, 𝑐1 slightly differently,
defining 𝑎(⋅, ⋅), 𝑎0(⋅, ⋅) and 𝑎1(⋅, ⋅) (respectively) to be the corresponding functions

ℐ𝐿 ×𝑀𝜅(𝐾0(𝔠), 𝜒) → ℂ

defined by

𝑎(𝜉𝑦𝒟𝐿/ℚ, ℎ) : = 𝑏(𝜉𝑦0)

𝑎0(𝑦𝒟𝐿/ℚ, ℎ) : = 𝑏0(𝑦0)

𝑎1(𝑦𝒟𝐿/ℚ, ℎ) : = 𝑏1(𝑦0).

Thus the fourier coefficients 𝑎(𝔪, ℎ), 𝑎0(𝔪, ℎ), and 𝑎1(𝔪, ℎ) vanish on non-integral
ideals 𝔪. In summary, if ℎ ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a cusp form, we have:

ℎ

((
𝑦 𝑥
0 1

))
= ∣𝑦∣𝔸𝐿

∑
𝜉∈𝐿×
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, ℎ)𝑞𝜅(𝜉𝑥, 𝜉𝑦)
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If 𝔪 = [𝜉𝑦0]𝒟𝐿/ℚ is integral, we refer to 𝑎(𝔪, ℎ) as the 𝔪th Fourier coefficient of
ℎ. The leading coefficient is 𝑎(𝒪𝐿, ℎ) (which occurs in the sum when 𝜉 = 1), and
the cusp form ℎ is said to be normalized if 𝑎(𝒪𝐿, ℎ) = 1,

The Fourier expansion is an essential tool for what follows; indeed, it is built
into the statement of Theorems 1.1 and 1.2. For a proof of the existence of the
Fourier expansion that relies on the “classical viewpoint” of Hilbert modular forms
as differential forms on 𝔥Σ(𝐿), see [Hid5, Theorem 1.1], and for an adelic proof, see
[Weil], [Hid7, Section 6]. For the convenience of the reader, we will give a proof
relying on the basic theory of Whittaker models in Appendix D.

The relationship between the Fourier coefficients of a cusp form 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒)
and that of its Hecke-translates can be written down explicitly, (see [Hid7, Corol-
lary 6.2]):

𝑎(𝔪, 𝑓 ∣𝑇𝔠(𝔫)) =
∑

𝔟⊇𝔪+𝔫
𝔟+𝔠=𝒪𝐿

N𝐿/ℚ(𝔟)𝜒(𝔟)𝑎(𝔪𝔫/𝔟2, 𝑓) (5.9.4)

where 𝜒(𝔟) := 𝜒(𝑏) where 𝑏 ∈ 𝔸×𝐿 is an element such that:

∙ The component 𝑏𝑣 = 1 if 𝑣 ∈ Σ(𝐿) or if 𝔭𝑣∣𝔠
∙ The ideal [𝑏0] = 𝔟.

(Recall that 𝔭𝑣 is the prime ideal corresponding to the place 𝑣 and that [𝑏0] is the
fractional ideal corresponding to the idèle 𝑏0.) From (5.6.8) and (5.9.4) one can
deduce that if 𝑓 is a simultaneous eigenform for all Hecke operators normalized
so that 𝑎(𝒪𝐿, 𝑓) = 1, then the Fourier coefficients of 𝑓 coincide with its Hecke
eigenvalues,

𝑎(𝔪, 𝑓) = 𝜆𝑓 (𝔪) (5.9.5)

(see [Hid7, p. 477]). With this in mind define

𝐿(𝑓, 𝑠) :=
∑

𝔪⊂𝒪𝐿
𝑎(𝔪, 𝑓)N𝐿/ℚ(𝔪)−1/2−𝑠 (5.9.6)

for any 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒). The function 𝐿(𝑓, 𝑠) admits an Euler product (see equa-
tion (5.11.1)) if and only if 𝑓 is a simultaneous eigenform for all Hecke operators.

5.10 Killing Fourier coefficients

The lemmas in this section will be used in Section 8.3 and Section 11.1. The first
lemma says that we may kill the Fourier coefficients corresponding to an ideal 𝔟 and
still obtain a modular form, albeit with level a smaller ideal than the original form.

Lemma 5.9. Suppose that 𝑓 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) and let 𝔟 ⊂ 𝒪𝐿 be an ideal. Define

𝑎(𝔪, 𝑓𝔟) =

{
𝑎(𝔪, 𝑓) if 𝔟 + 𝔪 = 𝒪𝐿

0 otherwise.
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Then the Fourier series 𝑓𝔟 (( 𝑦 𝑥
0 1 )) defined by

∣𝑦∣𝔸𝐿
(
𝑎0(𝑦𝒟𝐿/ℚ, 𝑓)∣𝑦−𝑚

∞ ∣ + 𝑎1(𝑦𝒟𝐿/ℚ, 𝑓)∣𝑦−𝑘−1−𝑚
∞ ∣

+
∑
𝜉∈𝐿×
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑓
𝔟)𝑞𝜅(𝜉𝑥, 𝜉𝑦)

)

is an element of 𝑀𝜅(𝐾0(𝔠
∏

𝔭∣𝔟 𝔭), 𝜒).

Proof. It suffices to show, for any prime 𝔭 ⊂ 𝒪𝐿, that 𝑓𝔭𝑟 ∈ 𝑀𝜅(𝐾0(𝔠𝔭), 𝜒). An
inductive argument then finishes the proof.

By considering Fourier series using (5.9.4), we see that

𝑓𝔭𝑟 = 𝑓𝔭 = 𝑓(𝛼) − ∣N𝐿/ℚ(𝔭)∣−1𝑓 ∣𝑇𝔠𝔭(𝔭)
(
𝛼
(

𝜛−1
𝔭 0

0 1

))
.

Here we denote by 𝜛𝔭 an idèle that is a uniformizer for the maximal ideal of 𝒪𝐿,𝔭

at the place associated to 𝔭 and is 1 at every other place. It is then easy to see
that 𝑓𝔭𝑟 ∈ 𝑀𝜅(𝐾0(𝔠𝔭), 𝜒). □

The connected components of the Hilbert modular variety 𝑌0(𝔠) are mapped
bijectively via the determinant to the elements of 𝑇 (ℚ)∖𝑇 (𝔸)/det(𝐾∞𝐾0(𝔠)) (see
Section 5.1). Such a connected component is therefore determined by an element
𝔞 ∈ 𝑇 (𝔸). If 𝑓 is a modular form and if 𝑌1 is a connected component of 𝑌0(𝔠) we
may define a new modular form, 𝜋𝔞(𝑓) which coincides with 𝑓 on 𝑌1 and which
vanishes on all the other connected components of 𝑌0(𝔠). The following lemma
describes this “restriction” operation in terms of Fourier coefficients.

Lemma 5.10. Suppose that 𝑓 ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) and let 𝔞 ∈ 𝔸×𝐿 = 𝑇 (𝔸). Define

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝜋𝔞𝑓)

:=

{
𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑓) if 𝔞 ∼ 𝜉𝑦𝒟𝐿/ℚ in 𝑇 (ℚ)∖𝑇 (𝔸)/det(𝐺(ℝ)0𝐾0(𝔠))

0 otherwise,

𝑎𝑖(𝑦𝒟𝐿/ℚ, 𝜋𝔞𝑓)

:=

{
𝑎𝑖(𝑦𝒟𝐿/ℚ, 𝑓) if 𝔞 ∼ 𝑦𝒟𝐿/ℚ in 𝑇 (ℚ)∖𝑇 (𝔸)/det(𝐺(ℝ)0𝐾0(𝔠))

0 otherwise,

for 𝑖 ∈ {0, 1} (see (5.1.6)). Then the Fourier series 𝜋𝔞𝑓 (( 𝑦 𝑥
0 1 )) defined by

∣𝑦∣𝔸𝐿
(
𝑎0(𝑦𝒟𝐿/ℚ, 𝜋𝔞𝑓)∣𝑦−𝑚

∞ ∣ + 𝑎1(𝑦𝒟𝐿/ℚ, 𝜋𝔞𝑓)∣𝑦−𝑘−1−𝑚
∞ ∣

+
∑
𝜉∈𝐿×
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝜋𝔞𝑓)𝑞𝜅(𝜉𝑥, 𝜉𝑦)

)

is a Hilbert modular form.
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Proof. The function 𝜋𝔞𝑓 : 𝐺(𝔸) → ℂ is defined so that

𝜋𝔞𝑓(𝑔) =

{
𝑓(𝑔) if det(𝑔) ∈

(
𝑇 (ℚ)𝔞𝒟−1𝐿/𝐸det(𝐺(ℝ)0𝐾0(𝔠))

)
0 otherwise.

Lemma 5.10 now follows directly from the definition of 𝑀𝜅(𝐾0(𝔠), 𝜒). □

5.11 Twisting

At the expense of raising the level, it is possible to “twist” a modular form 𝑓 by a
Hecke character 𝜂, and to obtain2 a new modular form 𝑓 ⊗𝜂 such that the Fourier
coefficient 𝑎(𝔪, 𝑓 ⊗ 𝜂) of 𝑓 ⊗ 𝜂 is 𝜂(𝔪)𝑎(𝔪, 𝑓). This relation is usually expressed in
terms of the L-function of 𝑓 ⊗ 𝜂, see equation (5.11.1). See also Section 9.4 where
the twisting operation is interpreted geometrically.

Let 𝜂 : 𝐿×∖𝔸×𝐿 → ℂ× a finite-order Hecke character. For any ideal 𝔫 define
𝜂(𝔫) := 𝜂(𝑛̃) where 𝑛̃ ∈ 𝔸×𝐿 is an element such that 𝑛̃𝑣 = 1 if 𝑣∣∞ or if 𝔭𝑣∣𝔠𝔟 and
[𝑛̃0] = 𝔫 (that is, we define the value of 𝜂 on ideals as we defined the value of 𝜒
on ideals after equation (5.9.4) above). The following Proposition of [Hid5, §7.F]
gives the precise properties of twisting.

Proposition 5.11. Fix a finite-order Hecke character 𝜂 as above. Let 𝔟 be an ideal
divisible by the conductor 𝔣(𝜂) of the Dirichlet character associated to 𝜂, and let
𝑤 ∈ 1

2ℤ. Let 𝑓 ∈ 𝑀(𝑘,𝑚)(𝐾0(𝔠), 𝜒) be a modular form with weight 𝜅 = (𝑘,𝑚) and
with Fourier coefficients 𝑎(𝔪, 𝑓). Then there exists a modular form

𝑓 ⊗ 𝜂∣ ⋅ ∣𝑤𝔸𝐿 ∈ 𝑀(𝑘,𝑚−𝑤1)(𝐾0(𝔠𝔟
2), 𝜒𝜂2∣ ⋅ ∣2𝑤𝔸𝐿)

whose Fourier coefficients are given by

𝑎(𝔪, 𝑓 ⊗ 𝜂∣ ⋅ ∣𝑤𝔸𝐿) : =

{
𝜂(𝔪)∣N𝐿/ℚ(𝔪)∣𝑤𝑎(𝔪, 𝑓) if 𝔪 + 𝔟 = 𝒪𝐿

0 otherwise.

and for 𝑖 = 0, 1,

𝑎𝑖(𝔪, 𝑓 ⊗ 𝜂∣ ⋅ ∣𝑤𝔸𝐿) : =

{
𝜂(𝔪)∣N𝐿/ℚ(𝔪)∣𝑤𝑎𝑖(𝔪, 𝑓) if 𝔣(𝜂) = 𝒪𝐿,

0 otherwise
.

At the level of automorphic representations this corresponds to the fact that twist-
ing a representation of GL2 by a character 𝜂 multiplies its central character by
the square of 𝜂. Assuming Proposition 5.11 for the moment, we set notation for
the Euler products of the twists 𝑓 ⊗ 𝜂.

2See [Kobl, Prop. 17 §III.3] for the classical case: Let 𝜒, 𝜂 be Dirichlet characters modulo 𝑀,𝑁
respectively. If 𝑓 is a modular form of weight 𝑘, level 𝑁 and Dirichlet character 𝜒, with Fourier
expansion 𝑓(𝑧) =

∑
𝑛≥0 𝑎𝑛 exp(2𝜋𝑖𝑛𝑧) then 𝑓 ⊗ 𝜂(𝑧) :=

∑
𝑛≥0 𝜂(𝑛)𝑎𝑛 exp(2𝜋𝑖𝑛𝑧) is a modular

form of weight 𝑘, level 𝑀𝑁2 and character 𝜒𝜂2.
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Lemma 5.12. Fix a finite-order Hecke character 𝜂 as above. (We allow the possibil-
ity that 𝜂 is the trivial character.) Let 𝑓 ∈ 𝑀(𝑘,𝑚)(𝐾0(𝔠), 𝜒) be a newform. Then
𝑓 ⊗ 𝜂 is a simultaneous eigenform3 for all Hecke operators and its 𝐿-function
admits an Euler product as a product over prime ideals 𝔭,

𝐿(𝑓 ⊗ 𝜂, 𝑠) :=
∏

𝔭⊂𝒪𝐿
𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) (5.11.1)

where 𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) is equal to⎧⎨⎩
(
1 − 𝜆𝑓 (𝔭)𝜂(𝔭)N𝐿/ℚ(𝔭)−1/2−𝑠 + 𝜒(𝔭)𝜂(𝔭)2N𝐿/ℚ(𝔭)−2𝑠

)−1
if 𝔭 ∤ 𝔠 and 𝔭 ∤ 𝔟(

1 − 𝜆𝑓 (𝔭)𝜂(𝔭)N𝐿/ℚ(𝔭)−1/2−𝑠
)−1

if 𝔭 ∣ 𝔠 and 𝔭 ∤ 𝔟

1 otherwise.

Notice that the definition of the local Euler factor 𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) depends on
𝔟, the modulus of the Dirichlet character we associated to 𝜂. The following proof
of Proposition 5.11 is taken from [Hid5, Section 7.F]).

Proof of Proposition 5.11. Assume first that 𝜂 is trivial and 𝔟 = 𝒪𝐿. Then it is
easy to check that we may set

𝑓 ⊗ ∣ ⋅ ∣𝑤(𝑔) := ∣N𝐿/ℚ(𝒟𝐿/ℚ)∣𝑤∣det(𝑔)∣𝑤𝔸𝐿𝑓(𝑔). (5.11.2)

Now assume that 𝑤 = 0. Then, in view of Lemma 5.9 we may assume that
𝔟 is the conductor of the Dirichlet character associated to 𝜂. If 𝔟 = 𝒪𝐿, then it is
not hard to check that we may set

𝑓 ⊗ 𝜂(𝑔) := 𝜂(𝛿)𝜂(det(𝑔))𝑓(𝑔),

where 𝛿 ∈ 𝔸×𝐿𝑓 is a finite idèle such that [𝛿] = 𝒟𝐿/ℚ.

Suppose that 𝔟 ∕= 𝒪𝐿. Let 𝑏 be a finite idèle with [𝑏] = 𝔟. As in [Ram3, (5.5)]

and [MurR, §2.3], define the fractional ideal Υ = 𝑏−1𝒪̂𝐿 of
∏

𝔭𝑣∣𝔟 𝐿𝑣×
∏

𝔭𝑣 ∤𝔟
𝒪𝑣 by

Υ =

⎧⎨⎩𝑡 = (𝑡𝑣) ∈
∏
𝔭𝑣∣𝔟

𝐿𝑣 ×
∏
𝔭𝑣∤𝔟

𝒪𝑣 : ord𝑣(𝑡𝑣) ≥ −ord𝑣(𝑏) whenever 𝔭𝑣 ∣ 𝔟
⎫⎬⎭ .

Let Υ̃ ↔ 𝑏−1𝒪̂𝐿/𝒪̂𝐿 be a set of representatives for Υ modulo 𝒪𝐿 :=
∏

𝑣 𝒪𝑣. Ele-

ments of Υ̃ are quotients 𝑥/𝑏 with 𝑥 ∈ 𝒪̂𝐿 and we consider the subset Υ̃× consisting

of quotients 𝑥/𝑏 where 𝑥 ∈ 𝒪̂×𝐿 . Denote by 𝜂𝔟 : Υ̃ → ℂ the map defined by setting

𝜂𝔟(𝑡) =

{
𝜂(𝑡) if 𝑡 ∈ Υ̃×

0 otherwise.

3but it is not necessarily a newform
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The mapping 𝜂𝔟 is well defined, for if 𝑥/𝑏 ∈ 𝑏−1𝒪̂×𝐿 and if 𝑦 ∈ 𝒪̂𝐿, then

𝜂𝔟

(𝑥

𝑏
+ 𝑏

𝑦

𝑏

)
= 𝜂𝔟

(𝑥

𝑏

(
1 + 𝑏

𝑦

𝑥

))
= 𝜂𝔟

(𝑥

𝑏

)
by the assumption on the conductor of 𝜂 and the fact that 𝑥 is a unit. For each
𝑡 ∈ Υ̃, define 𝑢(𝑡) ∈ 𝐺(𝔸) by

𝑢(𝑡)𝑣 =

{(
1 𝑡𝑣
0 1

)
if 𝑣 ∤ ∞ and ord𝑣(𝛽) ≥ 1

( 1 00 1 ) otherwise.

Finally, for 𝑔 ∈ 𝐺(𝔸) define

ℎ(𝑔) := 𝜂(det(𝑔))
∑

𝑡∈Υ̃ 𝜂𝔟(𝑡)𝑓 (𝑔𝑢(𝑡)) . (5.11.3)

We claim that:

(a) ℎ ∈ 𝑀𝜅(𝐾0(𝔠𝔟
2), 𝜒𝜂2) and

(b) the function
𝑓 ⊗ 𝜂 := 𝐺(𝜂−1)−1ℎ (5.11.4)

has the desired Fourier expansion, where 𝐺(𝜂−1) is the Gauss sum

𝐺(𝜂−1) :=
∑

𝑡∈Υ̃ 𝜂(𝛿−1)𝜂𝔟(𝑡)𝑒𝐿(𝛿−1𝑡) (5.11.5)

with 𝛿 ∈ 𝔸×𝐿𝑓 a finite idèle such that [𝛿] = 𝒟𝐿/ℚ.

For part (a), let 𝑤 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠𝔟
2). We need to check that

ℎ(𝑔𝑤) = 𝜒0(𝑤)𝜂20(𝑤)ℎ(𝑔) = 𝜒(𝑑)𝜂2(𝑑)ℎ(𝑔).

Define 𝑊 ∈ 𝐺(𝔸) so that 𝑊𝑣 = 𝑤𝑣 if 𝔭𝑣 ∤ 𝔟 and

𝑤𝑣.𝑢(𝑡𝑣).𝑊−1
𝑣 =

(
1 𝑎𝑣𝑑

−1
𝑣 𝑡𝑣

0 1

)
if 𝔭𝑣∣𝔟

which gives

𝑊 =

(
𝑎− 𝑎𝑐𝑡

𝑑 𝑏 − 𝑎𝑐𝑡2

𝑑
𝑐 𝑑 + 𝑐𝑡

)
= 𝑤 +

(
−𝑎𝑐𝑡

𝑑 −𝑎𝑐𝑡2

𝑑
0 𝑐𝑡

)
.

The assumptions on ord𝑣(𝑡) plus the assumption that 𝑤 ∈ 𝐾0(𝔠𝔟
2) guarantee that

𝑐𝑡 and 𝑐𝑡2 are integral, from which it follows that 𝑊 ∈ 𝐾0(𝔠). Consequently

ℎ(𝑔𝑤) = 𝜂(det(𝑤))𝜂(det(𝑔))
∑
𝑡∈Υ̃×

𝜂(𝑡)𝑓(𝑔𝑤𝑢(𝑡)𝑊−1)𝜒0(𝑊 )

= 𝜂(𝑎𝔟𝑑𝔟)𝜂(det(𝑔))
∑
𝑡∈Υ̃×

𝜂(𝑡)𝑓(𝑔𝑢(𝑎𝑑−1𝑡))𝜒(𝑑)

= 𝜂(𝑎𝔟𝑑𝔟)𝜂(det(𝑔))
∑
𝑠∈Υ̃×

𝜂(𝑎−1𝔟 𝑑𝔟𝑠)𝑓(𝑔𝑢(𝑠))𝜒(𝑑𝔟) = 𝜂(𝑑𝔟)2𝜒(𝑑𝔟)ℎ(𝑔)

which proves the claim. Here 𝑥𝔟 is the projection of 𝑥 ∈ 𝔸𝐿𝑓 to
∏

𝔭𝑣∣𝔟 𝐹𝑣.
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For part (b) we must determine the Fourier coefficients of 𝑓⊗𝜂 := 𝐺(𝜂−1)−1ℎ.
Let 𝑦𝔟 = (𝑦𝔟,𝑣) be an idèle with 𝑦𝔟,𝑣 = 𝑦𝑣 if the finite place 𝑣 divides 𝔟 and 𝑦𝔟,𝑣 = 1
otherwise. It suffices to show that for any 𝑦 ∈ 𝔸×𝐿𝑓 the Fourier coefficients of ℎ are
given by

𝑎(𝑦, ℎ) =

{
𝐺(𝜂−1)𝜂(𝑦𝑦−1𝔟 )𝑎(𝑦, 𝑓) if 𝑦𝔟 ∈ ⊗𝔭𝑣∣𝔟𝒪×𝐿,𝑣

0 otherwise
(5.11.6)

𝑎𝑖(𝑦, ℎ) = 0

for 𝑖 ∈ {0, 1}. To obtain the Fourier expansion of ℎ we start with the Fourier
expansion of 𝑓 and substitute it into equation (5.11.3). If 𝑔 = ( 𝑦 𝑥

0 1 ) then

𝑓(𝑔𝑢(𝑡)) = ∣𝑦∣𝔸𝐿
(
𝑎0(𝑦𝒟𝐿/ℚ, 𝑓)∣𝑦−𝑚

∞ ∣ + 𝑎1(𝑦𝒟𝐿/ℚ, 𝑓)∣𝑦−𝑚
∞ ∣

+
∑
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑓)𝑞𝜅(𝜉𝑥 + 𝜉𝑦𝑡, 𝜉𝑦)

)

so that 𝑎𝑖(𝑦, ℎ) = 0 for all 𝑦 and 𝑖 ∈ {0, 1} and

𝑎(𝜉𝑦𝒟𝐿/ℚ, ℎ) = 𝜂(𝑦)
∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑎(𝜉𝑦𝒟𝐿/ℚ)𝑒𝐿(𝜉𝑦𝑡).

Changing variables and using the 𝐿×-invariance of 𝜂 we obtain

𝑎(𝑦, ℎ) = 𝜂(𝜉−1𝑦𝛿−1)
∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑎(𝑦, 𝑓)𝑒𝐿(𝑦𝑡𝛿−1)

=

⎛⎝𝜂(𝑦𝛿−1)
∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑒𝐿(𝑦𝑡𝛿−1)

⎞⎠ 𝑎(𝑦, 𝑓)

Suppose that 𝑦𝔟 ∈ ⊗𝔭𝑣∣𝔟𝒪×𝐿𝑣 . Then {𝑦𝔟𝑡 : 𝑡 ∈ Υ̃} is a minimal set of representatives
for Υ, and hence

𝜂(𝑦𝛿−1)
∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑒𝐿(𝑦𝑡𝛿−1) = 𝐺(𝜂−1)𝜂(𝑦𝑦−1𝔟 )

if 𝑦 ∈ 𝒪̂𝐿 − 0 and 𝑦𝔟 ∈ ⊗𝔭𝑣∣𝔟𝒪×𝐿𝑣 . Thus the claim (5.11.6) and hence the propo-

sition follows in this case. Suppose on the other hand that 𝑦𝔟 ∕∈ ⊗𝔭𝑣∣𝔟𝒪×𝐿𝑣 . In this
case we show that ∑

𝑡∈Υ̃
𝜂𝔟(𝑡)𝑒𝐿(𝑦𝑡𝛿−1) (5.11.7)

is equal to zero which will complete the proof of (5.11.6) and hence complete the
proof of the proposition.
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The expression (5.11.7) admits a factorization into a product indexed by the
primes dividing 𝔟. Using this factorization (which we will not make precise) one
uses the Chinese remainder theorem to reduce our claim that (5.11.7) is zero to
the special case where 𝔟 = 𝔭𝑖, 𝑖 > 0 is divisible by a single prime 𝔭 of 𝒪𝐿 and hence
𝑦𝔟 = 𝔭𝑗 for some 𝑗 > 0. We henceforth assume that we are in this special case.

Let 𝑏 ∈ 𝒪𝐿 be an idèle whose associated ideal is 𝔟, thus [𝑏] = 𝔟 = 𝔭𝑖. Let

Υ̃1, Υ̃0 ⊆ Υ̃

be sets of representatives for 𝑦−1𝔟 𝒪̂𝐿/𝒪̂𝐿 and 𝑏−1𝒪̂𝐿/𝑦
−1
𝔟 𝒪̂𝐿, respectively.

If 𝑦𝔟𝒪̂𝐿 ⊆ 𝑏𝒪̂𝐿 then we take Υ̃ to be {0}. We then have that∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑒𝐿(𝑦𝔟𝑡𝛿
−1) =

∑
𝑡0∈Υ̃0

∑
𝑡1∈Υ̃1

𝜂𝔟(𝑡0 + 𝑡1)𝑒𝐿(𝑦𝔟(𝑡0 + 𝑡1)𝛿
−1) (5.11.8)

=
∑

𝑡0∈Υ̃0

∑
𝑡1∈Υ̃1

𝜂𝔟(𝑡0 + 𝑡1)𝑒𝐿(𝑦𝔟𝑡0𝛿
−1)

=
∑

𝑡0∈Υ̃0

𝑒𝐿(𝑦𝔟𝑡0𝛿
−1)

∑
𝑡1∈Υ̃1

𝜂𝔟(𝑡0 + 𝑡1).

At this point we note that if 𝑦𝔟𝒪̂𝐿 ⊆ 𝑏𝒪̂𝐿 (i.e., 𝑗 ≥ 𝑖) then we may take Υ̃0 = {0}.
Thus in this case the sum (5.11.8) vanishes by orthogonality of characters and
hence (5.11.7) vanishes as well.

We henceforth assume that

𝑦𝔟𝒪̂𝐿 ⊋ 𝑏𝒪̂𝐿; (5.11.9)

i.e., 𝑗 < 𝑖. By definition of 𝜂𝔟, in order for the summand indexed by 𝑡0 in the sum
(5.11.8) to be nonzero, we must have 𝑡0 ∈ 𝑏−1𝒪̂×𝐿 . Moreover, if 𝑡0 ∈ 𝑏−1𝒪×𝐿 , then

𝑡0 + 𝑡1 ∈ 𝑏−1𝒪̂×𝐿 for all 𝑡1 ∈ 𝑦−1𝔟 𝒪𝐿𝑣/𝒪𝐿𝑣 . Therefore to show that the sum above
is nonzero it suffices to show that∑

𝑡1∈Υ̃1

𝜂𝔟(𝑡0 + 𝑡1) (5.11.10)

is zero for all 𝑡0 ∈ 𝑏−1𝒪×𝐿 . Write 𝑡0 = 𝑎0

𝑏 . Then the sum in (5.11.10) above is equal
to 𝜂(𝑏−1) times∑

𝑚∈𝒪𝐿/𝑦𝔟𝒪𝐿
𝜂(𝑎0 + 𝑚𝑏𝑦−1𝔟 ) = ∣𝑦𝔟𝒪𝐿/𝑏𝒪̂𝐿∣−1

∑
𝑚∈𝒪̂𝐿/𝑏𝒪𝐿

𝜂(𝑎0 + 𝑚(𝑏𝑦−1𝔟 ))

(5.11.11)

= ∣𝔭𝑗𝒪𝐿/𝔭
𝑖𝒪̂𝐿∣−1

∑
𝑚∈𝒪̂𝐿/𝔭𝑖𝒪̂𝐿

𝜂(𝑎0 + 𝑚(𝔭𝑖−𝑗)) =: 𝑆.
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Here the equality is due to the fact that 𝜂 is trivial on 1 + 𝑏𝒪̂𝐿. We now follow
the discussion after equation (3.9) of Chapter 3 in [Iwan]. Let 𝑏1 be a generator
for the ideal

𝑏(𝑦−1𝔟 𝑏𝒪̂𝐿 + 𝑏𝒪̂𝐿)((𝑦−1𝔟 𝑏)2𝒪𝐿 + 𝑏𝒪̂𝐿)−1 = 𝔭𝑖+𝑖−𝑗−min(2(𝑖−𝑗),𝑖)

The expression 𝑆 above has the property that 𝜂(1 + 𝑏1𝑥)𝑆 = 𝑆 for any 𝑥 ∈ 𝒪𝐿. It

follows that either 𝑆 = 0 or 𝑏1𝒪̂𝐿 = 𝑏𝒪̂𝐿, the conductor of 𝜂. If the latter holds,
we deduce that 𝑏𝒪̂𝐿 ⊇ 𝑏1𝒪̂𝐿, contrary to our assumption (5.11.9). Thus 𝑆 = 0,
which implies (5.11.10) is zero. Since 𝑡0 was arbitrary, this implies that (5.11.8)
and hence (5.11.7) is zero, which completes the proof of the proposition. □

Cohomological normalization. The same procedure may be used to construct twists
of modular forms 𝑓 ∈ 𝑀 coh

𝜅 rather than 𝑀𝜅 :

Definition 5.13. If 𝑓 ∈ 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒) define 𝑓 ⊗ 𝜂 ∈ 𝑀 coh

𝜅 (𝐾0(𝔠𝔟
2), 𝜒𝜂2) by

(𝑓 ⊗ 𝜂)
−𝜄

:= 𝑓−𝜄 ⊗ 𝜂

Lemma 5.14. If 𝑓 ∈ 𝑀 coh
𝜅 (𝐾0(𝔠), 𝜒) and if 𝜂 is a Hecke character as above, then

𝑓 ⊗ 𝜂 = 𝐺(𝜂−1)−1ℎ

where ℎ is given by the following modification of equation (5.11.3):

ℎ(𝑔) = 𝜂(det𝑔)−1
∑
𝑡∈Υ̃

𝜂𝔟(𝑡)𝑓(𝑔𝑢(𝑡)). (5.11.12)

□

5.12 𝑳-functions

In this section we define the various 𝐿-functions attached to automorphic forms
on GL2. The 𝐿-functions that arise from the periods we will later consider are
imprimitive (i.e., they do not coincide with the associated “canonical” Langlands
𝐿-functions at all places). We will normalize everything so that the local 𝐿-factors
are the same as the canonical Langlands 𝐿-factors at all unramified places. We
warn the reader that the automorphic representation 𝜋(𝑓) attached to a simultane-
ous eigenform 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is in general not unitary. Rather, the automorphic
representation

𝜋(𝑓)∣ ⋅ ∣𝑤𝔸𝐿
is unitary, where 𝑤 = (𝑘𝜎 + 2𝑚𝜎)/2 (which is independent of 𝜎). Throughout this
chapter, for any 𝐿-function

𝐿(𝑠) =
∑

𝔫⊂𝒪𝐿
𝑎(𝔫)N𝐿/ℚ(𝔫)−𝑠
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and any ideal 𝔠 ⊂ 𝒪𝐿, write

𝐿𝔠(𝑠) : = 𝑎(𝒪𝐿) +
∑

𝔫=
∏

𝔭∣𝔠 𝔭𝑖(𝔭)

𝑎(𝔫)N𝐿/ℚ(𝔫)−𝑠

𝐿𝔠(𝑠) : =
∑

𝔫+𝔠=𝒪𝐿
𝑎(𝔫)N𝐿/ℚ(𝔫)−𝑠.

Moreover, 𝐿∗,𝔠(𝑠) = “Gamma factors”×𝐿𝔠(𝑠) will denote the product of the par-
tial 𝐿-function with its Gamma factors.

To ease notation we write 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and write [𝑘 + 2𝑚] for the
integer 𝑘𝜎 + 2𝑚𝜎, which is independent of 𝜎 ∈ Σ(𝐿). If 𝜒 (resp. 𝜋) is an character
(resp. automorphic representation) we write 𝔣(𝜒) (resp. 𝔣(𝜋)) for its conductor,
considered as an ideal of 𝒪𝐿.

5.12.1 The standard 𝑳-function

For any cusp form 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) the standard 𝐿-function is defined in equation
(5.9.6) which we reproduce here:

𝐿(𝑓, 𝑠) :=
∑

𝔪⊂𝒪𝐿
𝑎(𝔪, 𝑓)N𝐿/ℚ(𝔪)−1/2−𝑠.

If 𝑓 is an eigenfunction of all Hecke operators then for any Hecke character 𝜂,
the twist 𝑓 ⊗ 𝜂 is also an eigenfunction of all Hecke operators and its 𝐿-function
admits an Euler product over prime ideals:

𝐿(𝑓 ⊗ 𝜂, 𝑠) :=
∏
𝔭

𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠)

where (see equation (5.11.1)) 𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) equals⎧⎨⎩
(
1 − 𝜆𝑓 (𝔭)𝜂(𝔭)N𝐿/ℚ(𝔭)−1/2−𝑠 + 𝜒(𝔭)𝜂(𝔭)2N𝐿/ℚ(𝔭)−2𝑠

)−1
if 𝔭 ∤ 𝔠(

1 − 𝜆𝑓 (𝔭)𝜂(𝔭)N𝐿/ℚ(𝔭)−1/2−𝑠
)−1

if 𝔭 ∣ 𝔠 and 𝔭 ∤ 𝔣(𝜂)

1 otherwise.

For each prime 𝔭 ⊂ 𝒪𝐿 choose, once and for all, 𝛼1,𝔭(𝑓), 𝛼2,𝔭(𝑓) ∈ ℂ such that

𝐿𝔭(𝑓, 𝑠) = (1 − 𝛼1,𝔭(𝑓)N𝐿/ℚ(𝔭)−𝑠)(1 − 𝛼2,𝔭(𝑓)N𝐿/ℚ(𝔭)−𝑠).

Let 𝜋(𝑓) be the cuspidal automorphic representation generated by 𝑓 . Let 𝔣(𝜋(𝑓))
and 𝔣(𝜂) denote the corresponding conductors. At a finite place 𝑣(𝔭) associated to
a prime 𝔭 ∤ 𝔣(𝜋(𝑓))𝔣(𝜂), we have that

𝜋(𝑓)𝑣(𝔭) ⊗ 𝜂𝑣(𝔭)
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is in the (unramified) principal series, with Satake parameters 𝜂(𝔭)𝛼1,𝔭(𝑓) and
𝜂(𝔭)𝛼2,𝔭(𝑓). It follows that

𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) := 𝐿(𝜋(𝑓)𝑣(𝔭) ⊗ 𝜂𝑣(𝔭), 𝑠)

=
(
1 − 𝜂(𝔭)𝛼1,𝔭(𝑓)N𝐿/ℚ(𝔭)−𝑠

)−1 (
1 − 𝜂(𝔭)𝛼2,𝔭(𝑓)N𝐿/ℚ(𝔭)−𝑠

)−1
for 𝔭 ∤ 𝔠𝔣(𝜂) (see Theorem E.4).

The automorphic representation 𝜋(𝑓)∣ ⋅ ∣[𝑘+2𝑚]/2𝔸𝐿
is unitary. Applying Theo-

rem 5.3 of [JaS1], this implies that the partial Euler product

𝐿𝔣(𝜋(𝑓))𝔣(𝜃)(𝑓 ⊗ 𝜂, 𝑠)

is absolutely convergent for Re(𝑠) ≥ 1 − [𝑘 + 2𝑚]/2. Actually, more is true:

Lemma 5.15. If 𝑓 ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) is a newform, then the Dirichlet series defin-
ing 𝐿(𝑓 ⊗ 𝜂, 𝑠) is absolutely convergent for Re(𝑠) ≥ 1 − [𝑘 + 2𝑚]/2.

Proof. In view of the previous paragraph, it suffices to show that 𝐿𝔭(𝑓⊗𝜂, 𝑠) is ab-
solutely convergent for 𝔭 ∣ 𝔣(𝜂)𝔣(𝜋(𝑓)) for Re(𝑠) ≥ 1−[𝑘+2𝑚]/2. To see this, we ap-
ply [She, Theorem 3.3] (a generalization of some results of Atkin-Lehner-Li theory
to the Hilbert modular case) to conclude that ∣𝑎(𝑓, 𝔭)∣ ≤ N𝐿/ℚ(𝔭)−1/2+[𝑘+2𝑚]/2+1.
This implies the desired convergence. □

5.12.2 Rankin-Selberg 𝑳-functions

Let 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) and 𝑔 ∈ 𝑆𝜅(𝐾0(𝔠
′), 𝜒′) be simultaneous eigenforms for all

Hecke operators. The Rankin-Selberg 𝐿-function attached to 𝑓 and 𝑔 is defined by

𝐿(𝑓 × 𝑔, 𝑠) := 𝐿𝔠𝔠′(𝜒𝜒′, 2𝑠)
∑

𝔫⊂𝒪𝐿
𝑎(𝔫, 𝑓)𝑎(𝔫, 𝑔)N𝐿/ℚ(𝔫)−1−𝑠.

The partial 𝐿-functions 𝐿𝔠𝔠′(𝑓×𝑔, 𝑠) admit the following Euler product expansion:

𝐿𝔠𝔠′(𝑓 × 𝑔, 𝑠) =
∏

prime ideals 𝔭⊂𝒪𝐿
𝔭∤𝔠𝔠′

𝐿𝔭(𝑓 × 𝑔, 𝑠),

where

𝐿𝔭(𝑓 × 𝑔, 𝑠) =
2∏

𝑖=1

2∏
𝑗=1

(1 − 𝛼𝑖,𝔭(𝑓)𝛼𝑗,𝔭(𝑔)N𝐿/ℚ(𝔭)−𝑠)−1.

(see [HidT, (7.7)]).

It follows in particular that 𝐿𝔭(𝑓×𝑔, 𝑠) = 𝐿(𝜋𝑣(𝑓)⊠𝜋𝑣(𝑔), 𝑠) for finite places

𝑣 ∤ 𝔠𝔠′. Thus the partial Euler product 𝐿𝔠𝔠′(𝑓 × 𝑔, 𝑠) is absolutely convergent for
Re(𝑠) > 1 − [𝑘 + 2𝑚] [JaS1, Theorem 5.3]. Moreover, 𝐿𝔠𝔠′(𝑓 × 𝑔, 𝑠) has a pole
at 𝑠 = 1 − [𝑘 + 2𝑚] if and only if the automorphic representations 𝜋(𝑓) and
𝜋(𝑔) spanned by 𝑓 and 𝑔 satisfy 𝜋(𝑓) ∼= 𝜋(𝑔)∨∣ ⋅ ∣−[𝑘+2𝑚], where 𝜋(𝑔)∨ is the
contragredient of 𝜋(𝑔). The pole, if it exists, is simple (see [JaS2, Proposition 3.6]).
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5.12.3 Adjoint 𝑳-functions

We now recall the adjoint 𝐿-functions attached to an eigenform 𝑓 ∈𝑆new𝜅 (𝐾0(𝔠),𝜒).
For a unitary Hecke character 𝜙 : 𝐿×∖𝔸×𝐿 → ℂ×, set

𝐿(Ad(𝑓) ⊗ 𝜙, 𝑠) :=
∏

𝔭∤𝔣(𝜙)

𝐿𝔭(Ad(𝑓) ⊗ 𝜙, 𝑠),

where 𝔣(𝜙) is the conductor of 𝜙 and where 𝐿𝔭(Ad(𝑓) ⊗ 𝜙, 𝑠)−1 is defined to be

(1 − 𝜙(𝔭)N𝐿/ℚ(𝔭)−𝑠)(1 − 𝜙(𝔭)
𝛼1,𝔭(𝑓)

𝛼2,𝔭(𝑓)
N𝐿/ℚ(𝔭)−𝑠)(1 − 𝜙(𝔭)

𝛼2,𝔭(𝑓)

𝛼1,𝔭(𝑓)
N𝐿/ℚ(𝔭)−𝑠)

if 𝔭 ∤ 𝔠 and, in the ramified cases, we set 𝐿𝔭(Ad(𝑓) ⊗ 𝜙, 𝑠)−1 equal to⎧⎨⎩
1 − 𝜙(𝔭)N𝐿/ℚ(𝔭)−𝑠 if 𝔭 ∤ 𝔣(𝜙) and 𝜋(𝑓)𝑣(𝔭) is principal and minimal

1 − 𝜙(𝔭)N𝐿/ℚ(𝔭)−1−𝑠 if 𝔭 ∤ 𝔣(𝜙) and 𝜋(𝑓)𝑣(𝔭) is special and minimal

1 otherwise

(see [HidT, Section 7] and the corrections in [Gh, Section 5.1]). Following [HidT],
we say that an admissible representation 𝜋 of GL2(𝐿𝑣) is minimal if 𝔣(𝜋) ⊇ 𝔣(𝜋⊗𝜉)
for all quasicharacters 𝜉 : 𝐿×𝑣 → ℂ×. We note that if 𝜋(𝑓) = ⊗′𝑣𝜋(𝑓)𝑣 is the cus-
pidal automorphic representation attached to 𝑓 and 𝔭 ∤ 𝔠, then

𝐿𝔭(Ad(𝑓), 𝑠) = 𝐿(Ad(𝜋(𝑓)𝑣(𝔭)), 𝑠)

where 𝑣(𝔭) is the place associated to 𝔭.

For 𝜎 ∈ Σ(𝐿) define 𝐿𝜎(Ad(𝑓) ⊗ 𝜙, 𝑠) to be the following Γ factor:

(2𝜋)−(𝑠+𝑘𝜎+1)Γ(𝑠 + 𝑘𝜎 + 1)𝜋−(𝑠+1)/2Γ((𝑠 + 1)/2).

For any ideal 𝔠′ ⊂ 𝒪𝐿 let

𝐿∗,𝔠
′
(Ad(𝑓) ⊗ 𝜙, 𝑠) := 𝐿𝔠′(Ad(𝑓) ⊗ 𝜙, 𝑠)

∏
𝜎∈Σ(𝐿)

𝐿𝜎(Ad(𝑓) ⊗ 𝜙, 𝑠)

be the completed 𝐿-function. In the case that 𝔠′ = 𝒪𝐿, write

𝐿∗(Ad(𝑓) ⊗ 𝜙, 𝑠) = 𝐿∗,𝒪𝐿(Ad(𝑓) ⊗ 𝜙, 𝑠).

The following theorem, Theorem 7.1 of [HidT] (see also [Hid5, (7.2c)]), will be
crucial in the proof of Theorem 10.1 below:

Theorem 5.16 (Hida-Tilouine). If 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a newform, then

(𝑓, 𝑓)𝑃 = 𝑑
[𝑘+2𝑚]+2
𝐿/ℚ N𝐿/ℚ(𝔠)2−{𝑘+21}+1𝐿∗(Ad(𝑓), 1),

where {𝑘 + 21} :=
∑

𝜎∈Σ(𝐿) 𝑘𝜎 + 2.
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Here (𝑓, 𝑔)𝑃 is the Petersson inner product, normalized as in Section 5.7. For our
later convenience, if 𝜙 : 𝐿×∖𝔸×𝐿 → ℂ× is a character, let

𝐿𝔠𝔣(𝜃)(Sym2(𝑓) ⊗ 𝜙, 𝑠) :=
∏

𝔭∤𝔠𝔣(𝜃)

𝐿𝔭(Sym2(𝑓) ⊗ 𝜙, 𝑠),

where 𝐿𝔭(Sym2(𝑓) ⊗ 𝜙, 𝑠) is the local Euler factor given by

(1−𝜙(𝔭)𝜒(𝔭)N𝐿/ℚ(𝔭)−𝑠)(1−𝜙(𝔭)𝛼1,𝔭(𝑓)2N𝐿/ℚ(𝔭)−𝑠)(1−𝜙(𝔭)𝛼2,𝔭(𝑓)2N𝐿/ℚ(𝔭)−𝑠)

One checks immediately that

𝐿𝔭(Sym2(𝑓) ⊗ (𝜒)−1, 𝑠) = 𝐿𝔭(Ad(𝑓), 𝑠) (5.12.1)

if 𝜒 and 𝑓 are unramified at 𝔭.

5.12.4 Asai 𝑳-functions

Let 𝐿/𝐸 be a quadratic extension of totally real number fields and let ⟨𝜍⟩ =
Gal(𝐿/𝐸). Using class field theory, identify ⟨𝜂⟩ = Gal(𝐿/𝐸)∧ with a Hecke charac-
ter 𝜂 : 𝐸×∖𝔸×𝐸 → ℂ× trivial at the infinite places, see Section 8.1. Let 𝜅 = (𝑘,𝑚) ∈
𝒳 (𝐸) be a weight, and define 𝜅̂ = (𝑘, 𝑚̂) ∈ 𝒳 (𝐿) by declaring that 𝑘𝜎 = 𝑘𝜎 (resp.
𝑚̂𝜎 = 𝑚𝜎) if 𝜎 : 𝐿 ↪→ ℝ extends 𝜎 : 𝐸 ↪→ ℝ. Let 𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× be a
quasicharacter satisfying 𝜒𝐸∞(𝑏∞) = 𝑏−𝑘−2𝑚

∞ for 𝑏 ∈ 𝔸×𝐸 , and set 𝜒 := 𝜒𝐸 ∘N𝐿/𝐸.

For any 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒) and any quasicharacter 𝜙 : 𝐿×∖𝔸×𝐿 → ℂ×, the Asai
𝐿-function 𝐿(As(𝑓 ⊗ 𝜙), 𝑠) attached to 𝑓 and 𝜙 is defined to be the following sum
over ideals 𝔫 ⊂ 𝒪𝐸 ,

𝐿(𝔣(𝜙)𝔠)∩𝒪𝐸((𝜙2𝜒)∣𝐸 , 2𝑠)
∑

𝔫+𝔣(𝜙)=𝒪𝐸
𝜙(𝔫𝒪𝐿)𝑎(𝔫𝒪𝐿, 𝑓)N𝐸/ℚ(𝔫)−1−𝑠,

where (𝜙2𝜒)∣𝐸 denotes the restriction of 𝜙2𝜒 to 𝔸×𝐸 (see [Ram2] for a nice discus-
sion of this 𝐿-function). The associated partial 𝐿-function admits an Euler product

𝐿(𝔣(𝜙)𝔠)∩𝒪𝐸(As(𝑓 ⊗ 𝜙), 𝑠) =
∏

𝔭∤(𝔠∩𝒪𝐸)
𝐿𝔭(As(𝑓 ⊗ 𝜙), 𝑠)

where, if 𝔭 ∤ 𝑑𝐿/𝐸((𝔣(𝜃)𝔠) ∩ 𝒪𝐸), we have that 𝐿𝔭(As(𝑓 ⊗ 𝜙), 𝑠)−1 is equal to

2∏
𝑖=1

2∏
𝑗=1

(
1 − 𝜙(𝔭)𝛼𝑖,𝔓(𝑓)𝛼𝑗,𝔓(𝑓)N𝐸/ℚ(𝔭)−𝑠

)
if 𝔭 = 𝔓𝔓 splits, and(

1 − 𝜙(𝔭)𝛼1,𝔭(𝑓)N𝐸/ℚ(𝔭)−𝑠
) (

1 − 𝜙(𝔭)𝛼2,𝔭(𝑓)N𝐸/ℚ(𝔭)−𝑠
)

× (
1 − 𝜙(𝔭)2𝜒(𝔭)N𝐸/ℚ(𝔭)−2𝑠

)
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if 𝔭 is inert (see [HarL, Section 2]). Here we have abused notation and set 𝜙(𝔭) :=
𝜙(𝔭𝒪𝐿) and 𝜒(𝔭) := 𝜒(𝔭𝒪𝐿).

Suppose that 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) is a newform. Then there is another new-
form 𝑓 𝜍 ∈ 𝑆new𝜅̂ (𝐾0(𝔠

′), 𝜒) uniquely determined by the fact that for 𝔪 ⊂ 𝒪𝐿

coprime to 𝔠𝔠′ we have
𝑎(𝑓 𝜍 ,𝔪) = 𝑎(𝑓, 𝜍(𝔪)),

where 𝔠′ ⊂ 𝒪𝐿 is some other ideal. We see directly from the local Euler factors
given above that

𝐿𝒟𝐿/𝐸𝔠(𝑓 × 𝑓 𝜍 , 𝑠) = 𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(As(𝑓), 𝑠)𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(As(𝑓) ⊗ 𝜂, 𝑠). (5.12.2)

Remark. Ramakrishnan shows in [Ram2] that there is an isobaric automorphic
representation As(𝜋(𝑓)) of Res𝐸/ℚ(GL4) whose 𝐿-function is equal to 𝐿(As(𝑓), 𝑠)
up to finitely many Euler factors. Similarly, in [Ram1], he shows that there is
an isobaric automorphic representation 𝜋(𝑓) ⊠ 𝜋(𝑓 𝜍) of Res𝐿/ℚ(GL4) whose 𝐿-
function is equal to 𝐿(𝑓 × 𝑓 𝜍 , 𝑠) up to finitely many places. One can show that
𝜋(𝑓)⊠ 𝜋(𝑓 𝜍) is the base change of As(𝜋(𝑓)) to Res𝐿/ℚ(GL4); this is a substantial
refinement of (5.12.2).

Let 𝔠𝐸 ⊂ 𝒪𝐸 be an ideal and let 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠𝐸), 𝜒𝐸). As in the Introduction,

we write 𝑓 for the unique newform on 𝐿 generating the automorphic representa-
tion of GL2(𝔸𝐿) that is the base change to 𝐿 of the automorphic representation of

GL2(𝔸𝐸) generated by 𝑓 . Thus 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒) for some ideal 𝔠 ⊂ 𝒪𝐿. (Note: it
is not necessarily true that 𝔠∩𝒪𝐸 = 𝔠𝐸 .) We say that a newform 𝑔 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒)

is a base change from 𝐸 if 𝑔 = 𝑓 for some newform 𝑓 on 𝐸. We will require the
following proposition in the proof of Theorem 10.1 below.

Proposition 5.17. Fix a quasi-character 𝜗 : 𝐿×∖𝔸×𝐿 → ℂ× (resp. 𝜃 : 𝐿×∖𝔸×𝐿 →
ℂ×) such that 𝜗∣ ⋅ ∣[𝑘+2𝑚]/2𝔸𝐿

(
resp. 𝜃∣ ⋅ ∣[𝑘+2𝑚]/2𝔸𝐿

)
is unitary and its restriction to

𝐸×∖𝔸×𝐸 is 𝜒𝐸 (resp. 𝜒𝐸𝜂). If 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) is a newform that is a base
change of a newform 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠𝐸), 𝜒𝐸) for some ideal 𝔠𝐸 ⊂ 𝒪𝐸 , then

𝐿𝑑𝐿/𝐸(As(𝑓 ⊗ 𝜗−1), 𝑠) = 𝐿𝑑𝐿/𝐸𝔠𝔣(𝜗)∩𝒪𝐸(𝜂, 𝑠)𝐿𝑑𝐿/𝐸𝔣(𝜗)∩𝒪𝐸 (Ad(𝑓), 𝑠)

and

𝐿𝔟′
(As(𝑓 ⊗ 𝜃−1), 𝑠) = 𝜁𝑑𝐿/𝐸(𝔠𝔣(𝜃)∩𝒪𝐸)(𝑠)𝐿𝑑𝐿/𝐸𝔣(𝜃)∩𝒪𝐸(Ad(𝑓) ⊗ 𝜂, 𝑠),

where 𝔟′ :=
∏

𝔭∣𝑑𝐿/𝐸
𝔭∤𝔣(𝜃)∩𝒪𝐸

𝔭. Thus

Res𝑠=1𝐿
𝔟′

(As(𝑓 ⊗ 𝜃−1), 𝑠) = 𝐿𝑑𝐿/𝐸𝔣(𝜃)∩𝒪𝐸(Ad(𝑓) ⊗ 𝜂, 1)Res𝑠=1𝜁
𝑑𝐿/𝐸(𝔠𝔣(𝜃)∩𝒪𝐸)(𝑠).

This proposition is stated, with a typographical error, on p. 4 of [Ram2]. For a
proof that one can always find characters 𝜗 and 𝜃 satisfying the requirements of
the proposition, see Lemma 2.1 of [Hid8].
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Remark. Let 𝜋 be the automorphic representation generated by a simultaneous
eigenform 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) for almost all Hecke operators and let Ad(𝜋) denote
the automorphic representation with 𝐿-function 𝐿(Ad(𝑓), 𝑠) [GelJ]. Regardless of

𝜅, Ad(𝜋) is unitary. The unramified character ∣ ⋅ ∣[𝑘+2𝑚]/2𝔸𝐸
is present in the propo-

sition to make the automorphic representation attached to As(𝑓 ⊗ 𝜃−1) (resp.

As(𝑓 ⊗ 𝜗−1)) unitary as well.

Proof. We will use the theory of quadratic base change for GL2 as developed in
[Lan] freely in this proof (see Appendix E for a synopsis). First, for all primes
𝔭 ⊂ 𝒪𝐸 we have ∏

𝔓∣𝔭
𝐿𝔓(𝑓, 𝑠) = 𝐿𝔭(𝑓, 𝑠)𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) (5.12.3)

where 𝑓 ⊗ 𝜂 is the newform with 𝜆𝑓⊗𝜂(𝔭) = 𝜆𝑓⊗𝜂(𝔭) for almost all primes 𝔭 ⊂ 𝒪𝐸 .

Moreover, 𝑎(𝔓, 𝑓) = 𝑎(𝔓𝜍 , 𝑓) for all primes 𝔓 ⊂ 𝒪𝐿. Thus, for 𝑖 ∈ {1, 2}, without
loss of generality we have:

(1) 𝛼𝑖,𝔓(𝑓) = 𝛼𝑖,𝔓𝜍 (𝑓),

(2) 𝛼𝑖,𝔓(𝑓) = 𝛼𝑖,𝔭(𝑓) if 𝔭 splits as 𝔭 = 𝔓𝔓 in 𝐿/𝐸, and

(3) 𝛼𝑖,𝔭(𝑓) = 𝛼𝑖,𝔭(𝑓)2 if 𝔭 is inert in 𝐿/𝐸.

Using these facts, it is easy to deduce the equalities

𝐿𝔭(As(𝑓 ⊗ 𝜗−1), 𝑠) = (1 − 𝜂(𝔭)N𝐸/ℚ(𝔭)−𝑠)−1𝐿𝔭(Ad(𝑓), 𝑠) and

𝐿𝔭(As(𝑓 ⊗ 𝜃−1), 𝑠) = (1 − N𝐸/ℚ(𝔭)−𝑠)−1𝐿𝔭(Ad(𝑓) ⊗ 𝜂, 𝑠)

for 𝔭 ∤ 𝑑𝐿/𝐸(𝔠∩𝒪𝐸) from the local Euler factors for 𝐿(As(𝑓⊗𝜙), 𝑠) and 𝐿(Ad(𝑓), 𝑠)
((5.12.1) is also helpful).

Now assume that 𝔭 ∣ (𝔠 ∩ 𝒪𝐸) but 𝔭 ∤ 𝑑𝐿/𝐸(𝔣(𝜃) ∩ 𝒪𝐸). In this case we wish
to prove the local equalities

𝐿𝔭(As(𝑓 ⊗ 𝜗−1), 𝑠) = 𝐿𝔭(Ad(𝑓), 𝑠) (5.12.4)

𝐿𝔭(As(𝑓 ⊗ 𝜃−1), 𝑠) = 𝐿𝔭(Ad(𝑓) ⊗ 𝜂, 𝑠).

By Proposition E.9, 𝔭 ∣ 𝔠𝐸 . Thus for any prime 𝔓∣𝔭 we have

𝔣(𝜋(𝑓)𝑣(𝔭)) ∕= 𝒪𝐸,𝑣(𝔭), 𝔣(𝜋(𝑓 )𝑣(𝔓)) ∕= 𝒪𝐿,𝑣(𝔓), and 𝔣(𝜒𝐸,𝑣(𝔭)) = 𝒪𝐸,𝑣(𝔭). (5.12.5)

Assume first that 𝜋(𝑓)𝑣(𝔭) is not special; this implies that the same is true of

𝜋(𝑓)𝑣(𝔓). In this case it follows from the classification of irreducible admissible

representations of GL2 over a local field that 𝐿(𝜋(𝑓)𝑣(𝔭)) = 𝐿(𝜋(𝑓)𝑣(𝔓)) = 1

which implies that 𝑎(𝔭𝑛, 𝑓) = 𝑎(𝔭𝑛𝒪𝐿, 𝑓) = 0 for all 𝑛 > 0 (see, e.g., Section E.6
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for a table of the 𝐿-functions of admissible representations of GL2, keeping in mind
that any supercuspidal representation 𝜋 of GL2 satisfies 𝐿(𝜋, 𝑠) = 1 and remains
supercuspidal when base changed along an unramified extension). Thus the left-
hand side of each of the equations in (5.12.4) is 1. On the other hand, (5.12.5) also
implies that 𝜋𝑣(𝔭), if it is principal, is not minimal. This by the discussion in Section
5.12.3 implies the right-hand side of each of the equalities in (5.12.4) is 1 as well.

Now suppose that 𝜋(𝑓)𝑣(𝔭) and hence 𝜋(𝑓)𝑣(𝔓) is special. By (5.12.5) this implies
that 𝜋(𝑓)𝑣(𝔭) and 𝜋(𝑓)𝑣(𝔓) are unramified twists of the Steinberg representation

(and hence minimal). This implies 𝑎(𝔭𝑛, 𝑓) = 𝑎(𝔭𝑛𝒪𝐿, 𝑓) = 1 for all 𝑛 > 0. In view
of the discussion in Section 5.12.3, the asserted identity follows in this case as well.

For the rest of the primes, the first two equalities in the proposition are
tautologies.

The last statement in the proposition, namely the residue formula, is a con-
sequence of the fact that 𝐿𝑑𝐿/𝐸𝑓(𝜃)∩𝒪𝐸(Ad(𝑓) ⊗ 𝜂, 𝑠) is necessarily analytic and
nonzero at 𝑠 = 1. This fact follows from Proposition 5.18 below and the fact that
𝐿𝑑𝐿/𝐸(𝔣(𝜃)∩𝒪𝐸)(Ad(𝑓), 𝑠) and 𝐿𝔣(𝜃)𝒟𝐿/𝐸(Ad(𝑓), 𝑠) are both holomorphic at 𝑠 = 1
[GelJ]. □

Proposition 5.18. If 𝑓 ∈ 𝑆new𝜅 (𝐾0(𝔠𝐸), 𝜒𝐸) is a newform and 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒)
is the unique normalized newform that is a base change of 𝑓, then

𝐿𝔣(𝜃)𝒟𝐿/𝐸(Ad(𝑓), 𝑠) = 𝐿𝑑𝐿/𝐸(𝔣(𝜃)∩𝒪𝐸)(Ad(𝑓), 𝑠)𝐿𝑑𝐿/𝐸(𝔣(𝜃)∩𝒪𝐸)(Ad(𝑓) ⊗ 𝜂, 𝑠),

where 𝜃 is as in Proposition 5.17.

Proof. We again use the theory of quadratic base change for GL2 freely. For un-
explained facts on minimal and non-minimal representations, see [HidT, p. 243]4.
We will prove that for 𝔭 ∤ 𝑑𝐿/𝐸(𝔣(𝜃) ∩ 𝒪𝐸) we have∏

𝔓∣𝔭
𝐿𝔓(Ad(𝑓), 𝑠) = 𝐿𝔭(Ad(𝑓), 𝑠)𝐿𝔭(Ad(𝑓) ⊗ 𝜂, 𝑠). (5.12.6)

Notice first that the set of primes dividing 𝔠𝐸 is contained in 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸).
Thus if 𝔭 ∤ 𝑑𝐿/𝐸(𝔠∩𝒪𝐸), then the equality follows immediately from the definition
of the Euler factors above combined with our observations on the relationship of
𝛼𝑖,𝔭(𝑓) and 𝛼𝑖,𝔓(𝑓) from the proof of Proposition 5.17.

Assume now that 𝔭 ∤ 𝑑𝐿/𝐸 but 𝔭 ∣ 𝔠 ∩ 𝒪𝐸 (still under the assumption that
𝔭 ∤ 𝔣(𝜃) ∩ 𝒪𝐸). Then (5.12.5) is valid. Suppose that 𝜋(𝑓)𝑣(𝔭) is not special, and

hence 𝜋(𝑓)𝑣(𝔓) is not special. The conductor relations in (5.12.5) together with
the description of the adjoint 𝐿-factors given in Section 5.12.3 imply that in this
case both sides of the asserted equation (5.12.6) are 1. Now assume that 𝜋(𝑓)𝑣(𝔭)

and hence 𝜋(𝑓 )𝑣(𝔓) is special. It is easy to see that 𝜋(𝑓)𝑣(𝔭) is minimal if and only

4Hida and Tilouine use notation for the local representations that differs from ours. Our notation
is the same as that in [JaLan].
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if the same is true of 𝜋(𝑓)𝑣(𝔓), and twisting by 𝜒𝐸 preserves the minimality at 𝔭
since 𝔭 ∤ 𝑑𝐿/𝐸(𝔣(𝜃)∩𝒪𝐸). Thus in this case the discussion in Section 5.12.3 implies
(5.12.6) □

5.13 Relationship with Hida’s notation

As mentioned above, the content of this chapter is drawn from Hida’s papers
[Hid3], [Hid5], and [Hid7]. For the convenience of the reader, we describe how the
notation for spaces of Hilbert modular forms in these papers relates to ours. For
this purpose, let

𝐾11(𝔠) :=
{(

𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) :
(
𝑎 𝑏
𝑐 𝑑

) ≡ ( 1 ∗0 1 ) (mod 𝔠)
}
.

Fix a weight 𝜅 ∈ 𝒳 (𝐿). Let 𝑆𝜅(𝐾11(𝔠)) be the space obtained by replacing 𝐾0(𝔠)
by 𝐾11(𝔠) in the definition of 𝑆𝜅(𝐾0(𝔠), 𝜒) and replacing (2) by

(2′) If 𝛾 ∈ 𝐺(ℚ), we have 𝑓(𝛾𝛼) = 𝑓(𝛼).

in Section 5.4 above. Define 𝑆coh𝜅 (𝐾11(𝔠)) similarly. We then summarize the nota-
tion of [Hid3], [Hid5], and [Hid7] in the following list:

∙ Hida uses the letter “𝑘” to denote a weight that differs from our use of the
letter “𝑘” by a shift of 2. To distinguish these, write 𝜅 = (𝑘′,𝑚) ∈ 𝒳 (𝐿)
and set 𝑘 = 𝑘′ + 21 and 𝑤 = 𝑘′ + 𝑚 + 1. Then in [Hid3], the space
𝑆𝜅(𝐾11(𝔠)) is denoted by 𝑆∗𝑘,𝑤(𝐾11(𝔠)) and the space 𝑆coh𝜅 (𝐾11(𝔠)) is denoted
by 𝑆𝑘,𝑤(𝐾11(𝔠)).

∙ Let 𝜅 = (𝑘′,𝑚) and set 𝑘 = 𝑘 + 21 as above. Set 𝑤 = 1−𝑚. Then in [Hid5],
the space 𝑆𝜅(𝐾11(𝔠)) is denoted by 𝑆𝑘,𝑤(𝐾11(𝔠)).

∙ In [Hid7], the space 𝑆𝜅(𝐾0(𝔠), 𝜒) is denoted by 𝑆(𝑘,(𝑚,0))(𝐾0(𝔠), 𝜒), where
the “0” in the weight reflects the fact that we only consider totally real fields
in this paper, whereas Hida treats automorphic forms on Res𝐹/ℚ(GL2) for
arbitrary number fields 𝐹 in [Hid7].

Finally, we explain the purpose of introducing two notations

𝑆𝜅(𝐾0(𝔠), 𝜒) and 𝑆coh𝜅 (𝐾0(𝔠), 𝜒)

for the same Hecke module. On the one hand, it is more convenient to relate Fourier
expansions to Hecke eigenvalues if we define the Hecke action as it is defined on
𝑆𝜅(𝐾0(𝔠), 𝜒). On the other hand, it is easier to relate the action of the Hecke
algebra on 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) to the action of the Hecke algebra on certain sheaves
via Hecke correspondences. This is especially the case if one wants the Hecke
correspondences to preserve local systems of 𝐴-modules where 𝐴 is not necessarily
a field (see Section 7.6). The two Hecke modules 𝑆𝜅(𝐾0(𝔠), 𝜒) and 𝑆coh𝜅 (𝐾0(𝔠), 𝜒)
are then seen to be isomorphic using the isomorphism (5.5.1) given above.





Chapter 6

Automorphic Vector Bundles
and Local Systems

In this section we begin with the general theory of local systems, automorphic
vector bundles, and automorphy factors. After describing the finite-dimensional
representation theory of GL2 we determine the explicit equations relating modular
forms and differential forms.

In modern terminology, a Hilbert modular form 𝑓 may be identified with a
section of a certain vector bundle ℒ(𝜅, 𝜒0) on 𝑌0(𝔠). It may also be identified with
a differential form on 𝑌0(𝔠) with coefficients in ℒ(𝜅, 𝜒0). Each of these identifica-
tions takes some work. In the first place, the modular form 𝑓 takes values in the
complex numbers, while the fibers of the vector bundle ℒ(𝜅, 𝜒0) are vector spaces
of dimension ≥ 1, so we need a way to convert a complex number into a vector in
the appropriate vector space. This is accomplished by the mapping 𝑃𝑧 of equation
(6.7.1). Secondly, the modular form 𝑓 is a function on the group 𝐺(𝔸) whereas
we are looking for a section of a vector bundle on the Hilbert modular variety
𝑌0(𝔠). The translation between these two descriptions of 𝑓 involves an automor-
phy factor. These ideas are combined in Proposition 6.4 which gives the precise
correspondence between Hilbert modular forms and sections of ℒ(𝜅, 𝜒0). In order
to obtain a holomorphic differential 𝑛-form (with coefficients in ℒ(𝜅, 𝜒0)) we es-
sentially need to tensor with the top exterior power of the tangent bundle of 𝑌0(𝔠).
This has the effect of raising the “weight” by 2. So the final result, stated in Propo-
sition 6.5 (see [Hid3] Section 2 and Section 6) starts with a Hilbert modular form
𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) of weight 𝜅 = (𝑘,𝑚) and central character 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ
and constructs a differential form

𝜔(𝑓) ∈ Ω𝑛 (𝑌0(𝔠)),ℒ(𝜅, 𝜒0))

on 𝑌0(𝔠) = 𝐺(ℚ)∖𝐺(𝔸)/𝐾0(𝔠)𝐾∞, with coefficients in the local system ℒ(𝜅, 𝜒0)
that corresponds to the representation 𝐿(𝜅, 𝜒0) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚

∞ ⊗ E(𝜒0
∨)

of 𝐾0(𝔠)𝐾∞ ⊂ 𝐺(𝔸). (The shift by 2 in the weight was already incorporated into
the definition of the weight of the modular form 𝑓 so it appears in Proposition
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6.4 rather than Proposition 6.5.) In Section 6.11 it is explained that the group
of connected components 𝐺(ℝ)/𝐺(ℝ)0 acts on 𝑌0(𝔠) by complex conjugation on
certain coordinates. The induced action on 𝐻∗(𝑌0(𝔠),ℒ(𝜅, 𝜒0)) changes the Hodge
(𝑝, 𝑞) type of the cohomology class.

6.1 Generalities on local systems

A rank 𝑛 topological complex vector bundle on a topological space 𝑋 is a surjective
mapping 𝜋 : ℰ → 𝑋 together with an atlas 𝒞 = {(𝑈, 𝜙𝑈 )} of local trivializations.
Here 𝑈 ⊂ 𝑋 is an open set (the collection of which are required to cover 𝑋) and

𝜙𝑈 : 𝜋−1(𝑈) → 𝑈 × ℂ𝑛

is a homeomorphism that commutes with the projection to 𝑈. These local trivial-
izations are required to have linear transition functions, that is, if 𝜙𝑉 : 𝜋−1(𝑉 ) →
𝑉 × ℂ𝑛 then on 𝑈 ∩ 𝑉 the resulting transition function

𝜙𝑉 ∘ 𝜙−1𝑈 : (𝑈 ∩ 𝑉 ) × ℂ𝑛 → (𝑈 ∩ 𝑉 ) × ℂ𝑛

is given by (𝑥, 𝑣) �→ (𝑥, ℎ(𝑥)𝑣) where ℎ𝑈,𝑉 : 𝑈 ∩ 𝑉 → GL𝑛(ℂ). This linearity
condition is equivalent to the existence of globally defined, continuous addition
ℰ ×𝑋 ℰ → ℰ and scalar multipliction ℂ× ℰ → ℰ mappings with respect to which
each of the local trivializations 𝜙𝑈 is linear on the fibers of 𝜋. If 𝑋 and 𝐸 are a
smooth (resp. complex) manifolds and all the 𝜙𝑈 are smooth (resp. holomorphic)
then 𝐸 is referred to as a smooth (resp. holomorphic) vector bundle.

Let 𝜋 : 𝐸 → 𝑋 be a topological vector bundle. Suppose there exists an atlas
𝒞 = {(𝑈, 𝜙𝑈 )} of local trivializations and a subgroup Γ ⊂ GL𝑛(ℂ) such that the
image of each of the transition mappings ℎ : 𝑈 ∩ 𝑉 → GL𝑛(ℂ) lies in Γ. Then we
say that the structure group of 𝐸 can be reduced to Γ. For example, if 𝜋 : 𝐸 → 𝑋
is a smooth vector bundle (over a smooth manifold 𝑋), then a choice of Hermitian
metric on 𝐸 gives a reduction of 𝐸 to the unitary group 𝑈(𝑛) ⊂ GL𝑛(ℂ). If the
structure group of 𝐸 can be reduced to a discrete group Γ ⊂ 𝐺𝐿𝑛(ℂ) then we say
that 𝐸 is a local coefficient system or, equivalently, that it has a discrete structure
group. If 𝜋 : 𝐸 → 𝑋 is a smooth vector bundle then a flat connection (mean-
ing a smooth connection whose Riemannian curvature vanishes everywhere) on 𝐸
determines a reduction to a discrete structure group. Conversely, if the structure
group of a smooth vector bundle 𝐸 is discrete, then 𝐸 admits a connection whose
Riemann curvature vanishes everywhere. Thus, a local system on 𝑋 is the “same
thing” as a smooth vector bundle with a flat connection.

Let 𝜋 : 𝐸 → 𝑋 be a smooth (complex) vector bundle and let Ω𝑟(𝑋,𝐸) be
the vector space of smooth differential 𝑟-forms with values in 𝐸. It is the space of
smooth sections of the vector bundle ∧𝑟𝑇 ∗𝑋 ⊗ℝ 𝐸. In order to define the exterior
derivative 𝑑𝜔 of a differential form 𝜔 ∈ Ω𝑟(𝑋,𝐸) it is necessary to have a con-
nection ∇𝐸 on 𝐸. In this case, 𝑑𝑑𝜔 = ℜ ∧ 𝜔 where ℜ ∈ Ω2(𝑋,Hom(𝐸,𝐸)) is the
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curvature of ∇𝐸 . Consequently, if (𝐸,∇𝐸) is a flat vector bundle then 𝑑𝑑𝜔 = 0
and the (de Rham) cohomology 𝐻∗(𝑋,𝐸) is defined.

Let 𝐺 be a topological group and let 𝐾 ⊂ 𝐺 be a closed subgroup. A repre-
sentation 𝜓 : 𝐾 → GL(𝑉 ) on some (complex) vector space determines a (complex,
topological, homogeneous) vector bundle

𝒱 := 𝐺×𝐾 𝑉

over 𝑋 = 𝐺/𝐾, which consists of equivalence classes [𝑔, 𝑣] under the equivalence
relation

[𝑔𝑘, 𝑣] ∼ [𝑔, 𝜓(𝑘)𝑣] for all 𝑘 ∈ 𝐾.

The structure group of 𝒱 is the image 𝜓(𝐾) ⊂ GL(𝑉 ). (In particular, if this group
is discrete then 𝒱 is a local system.) The group 𝐺 acts on 𝒱 by ℎ ⋅ [𝑔, 𝑣] := [ℎ𝑔, 𝑣].
A continuous mapping 𝑓 : 𝐺 → 𝑉 corresponds to a section 𝑠 : 𝐺/𝐾 → 𝒱 with
𝑠(𝑔𝐾) = [𝑔, 𝑓(𝑔)] if and only if the mapping 𝑓 satisfies the following equivariance
condition:

𝑓(𝑔𝑘) = 𝜓(𝑘)−1𝑓(𝑔) for all 𝑘 ∈ 𝐾. (6.1.1)

Let 𝐾1 ⊂ 𝐾 and let 𝜋 : 𝑋1 = 𝐺/𝐾1 → 𝑋 = 𝐺/𝐾 be the natural projection.
The pullback 𝒱1 := 𝜋∗(𝒱) is the vector bundle 𝒱1 = 𝐺 ×𝐾1 𝑉 associated to the
representation 𝜓1 := 𝜓∣𝐾1 of 𝐾1. Let 𝑠1(𝑔) = [𝑔, 𝑓1(𝑔)] be a section of 𝒱1 (so
that 𝑓1(𝑔𝑘1) = 𝜓−11 (𝑘1)𝑓1(𝑔) for all 𝑘1 ∈ 𝐾1). If 𝐾/𝐾1 is finite, then we obtain a
section 𝑠 = 𝜋∗(𝑠1) by setting 𝑠(𝑔) = [𝑔, 𝑓(𝑔)] with

𝑓(𝑔) :=
∑

𝑘∈𝐾/𝐾1

𝜓(𝑘)𝑓1(𝑔𝑘) (6.1.2)

which is easily seen to satisfy (6.1.1). We will use this in Section 9.2 and again in
Section 9.4. (In the latter case, 𝜓1 is the trivial representation.)

Suppose 𝜓1 : 𝐾 → GL(𝑉1) and 𝜓2 : 𝐾 → GL(𝑉2) are representations
that give rise to vector bundles 𝒱1,𝒱2 respectively on 𝐺/𝐾. To give a bilinear
pairing ℬ : 𝒱1 × 𝒱2 → ℂ is the same as to give a family of bilinear mappings
𝐵𝑔 : 𝑉1 × 𝑉2 → ℂ for 𝑔 ∈ 𝐺 such that

𝐵𝑔𝑘(𝑣1, 𝑣2) = 𝐵𝑔(𝜓1(𝑘)𝑣1, 𝜓2(𝑘)𝑣2) for all 𝑘 ∈ 𝐾, 𝑣1 ∈ 𝑉1, 𝑣2 ∈ 𝑉2. (6.1.3)

Consequently, if 𝑓1 : 𝐺 → 𝑉1 and 𝑓2 : 𝐺 → 𝑉2 define sections 𝑠1, 𝑠2 of 𝒱1,𝒱2
respectively then ℬ(𝑠1(𝑔𝐾), 𝑠2(𝑔𝐾)) is well defined, that is,

𝐵𝑔𝑘(𝑓1(𝑔𝑘), 𝑓2(𝑔𝑘)) = 𝐵𝑔(𝑓1(𝑔), 𝑓2(𝑔)) for all 𝑔 ∈ 𝐺, 𝑘 ∈ 𝐾

Suppose 𝐾1 ⊂ 𝐾 has finite index, and 𝜋 : 𝑋1 = 𝐺/𝐾1 → 𝑋 = 𝐺/𝐾 as in the
previous paragraph. Let 𝑓1 : 𝐺 → 𝑉1 define a section 𝑠1 of 𝒱1 = 𝐺×𝐾1 𝑉1 on 𝑋1
and let 𝑓2 : 𝐺 → 𝑉2 define a section 𝑠2 of 𝒱2 = 𝐺 ×𝐾 𝑉2 on 𝑋. Then we have
sections 𝜋∗(𝑠1) of 𝒱1 on 𝑋 and 𝜋∗(𝑠2) of 𝒱2 on 𝑋1 and

ℬ(𝜋∗𝑠1(𝑔𝐾), 𝑠2(𝑔𝐾)) = [𝐾 : 𝐾1]ℬ(𝑠1(𝑔𝐾1), 𝜋
∗𝑠2(𝑔𝐾1)) (6.1.4)
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because

𝐵𝑔(𝜋∗𝑓1(𝑔), 𝑓2(𝑔)) = 𝐵𝑔

⎛⎝ ∑
𝑘∈𝐾/𝐾1

𝜓1(𝑘)𝑓1(𝑔𝑘), 𝑓2(𝑔)

⎞⎠
=

∑
𝑘∈𝐾/𝐾1

𝐵𝑔(𝜓1(𝑘)𝑓1(𝑔𝑘), 𝜓2(𝑘)𝑓2(𝑔𝑘))

=
∑

𝑘∈𝐾/𝐾1

𝐵𝑔𝑘(𝑓1(𝑔𝑘), 𝑓2(𝑔𝑘)) = [𝐾 : 𝐾1]𝐵𝑔(𝑓1(𝑔), 𝑓2(𝑔)).

6.2 Classical description of automorphic vector bundles

6.2.1 Representations of Γ

Let 𝐻 be a reductive algebraic group defined over ℚ, let 𝐾∞ ⊂ 𝐻(ℝ) = 𝐾1
∞𝐴

be the product of a compact subgroup 𝐾1∞ ⊂ 𝐻(ℝ) which has finite index in a
maximal compact subgroup, with the identity component 𝐴 of the real points of
a central torus 𝑆 containing the maximal ℚ-split torus in the center of 𝐻. Set
𝐷 := 𝐻(ℝ)/𝐾∞ with its basepoint 𝑥0 = 1 ⋅ 𝐾∞. In the semisimple case, 𝐷 is
the symmetric space associated to 𝐻. In the reductive case, dividing by 𝐴 has
the effect of removing the extraneous copies of ℝ× that come from the center
of 𝐻, and 𝐷 will be connected if 𝐾1∞ is a maximal compact subgroup of 𝐻(ℝ).
Let Γ ⊂ 𝐻(ℚ) be an arithmetic subgroup which acts freely on 𝐷. (Equivalently,
Γ ∩ 𝑔𝐾𝑔−1 = {1} for all 𝑔 ∈ 𝐻(ℝ).) Set

𝑌 := Γ∖𝐷 = Γ∖𝐻(ℝ)/𝐾∞.

Bundles over 𝑌 may be constructed using representations of Γ or of 𝐾∞. Since Γ
is discrete, a finite-dimensional representation 𝜓 : Γ → GL(𝐸) on a complex vec-
tor space 𝐸 determines an 𝐻(ℝ)-equivariant local system (that is, a homogeneous
vector bundle with an 𝐻(ℝ)-invariant flat connection),

ℰ𝜓 := 𝐸 ×Γ 𝐻(ℝ)

on Γ∖𝐻(ℝ) whose structure group is the image of 𝜓. The local system ℰ𝜓 is
the set of equivalence classes of pairs [𝑒, ℎ] with 𝑒 ∈ 𝐸 and ℎ ∈ 𝐻(ℝ), where
[𝑒, 𝛾ℎ] ∼ [𝜓−1(𝛾)𝑒, ℎ]. A section 𝑠 : Γ∖𝐻(ℝ) → ℰ𝜓 is a mapping 𝑠 : 𝐻(ℝ) → ℂ
such that 𝑠(𝛾ℎ) = 𝜓(𝛾)𝑠(ℎ) (for all ℎ ∈ 𝐻(ℝ) and 𝛾 ∈ Γ). The group 𝐻(ℝ) acts
on ℰ𝜓 (from the right) by [𝑒, ℎ].𝑔 = [𝑒, ℎ𝑔]. Consequently this local system passes
to a local system, also denoted ℰ𝜓, on 𝑌.

If we drop the assumption that Γ acts freely on 𝐷 then the bundle ℰ𝜓 will
not be well defined unless we also assume that for each point 𝑥 ∈ 𝐷,

the representation 𝜓∣StabΓ(𝑥) is trivial. (6.2.1)
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where StabΓ(𝑥) = {𝛾 ∈ Γ : 𝛾.𝑥 = 𝑥} . More generally, ℰ𝜓 will be an orbifold local
system, or a sheaf in the sense of orbifolds (see Section B.5) if

𝜓∣StabΓ(𝑥) acts through a finite group (6.2.2)

for all 𝑥 ∈ 𝐷.

6.2.2 Representations of 𝑲∞

A finite-dimensional representation 𝜆 : 𝐾∞ → GL(𝑉 ) on a complex vector space
𝑉 determines a homogeneous vector bundle

𝒱𝜆 := 𝐻(ℝ) ×𝐾∞ 𝑉 −→ 𝐷.

It is the set of equivalence classes of pairs [ℎ, 𝑣] where [ℎ𝑘, 𝑣] ∼ [ℎ, 𝜆(𝑘)𝑣] for all 𝑘 ∈
𝐾. A section 𝐷 → 𝒱𝜆 is a mapping 𝑠 : 𝐻(ℝ) → 𝑉 such that 𝑠(ℎ𝑘) = 𝜆(𝑘)−1𝑠(ℎ)
(for all ℎ ∈ 𝐻(ℝ) and 𝑘 ∈ 𝐾∞. The group 𝐻(ℝ) acts (from the left) on 𝑉𝜆 by
𝑔.[ℎ, 𝑣] = [𝑔ℎ, 𝑣]. Assume that Γ acts freely on 𝐷. Then, after dividing by Γ, the
vector bundle 𝒱𝜆 passes to an automorphic vector bundle on 𝑌 whose (continuous,
resp. smooth) sections can therefore be identified with (continuous, resp. smooth)
functions 𝑠 : 𝐻(ℝ) → 𝑉 such that

𝑠(𝛾ℎ𝑘) = 𝜆(𝑘)−1𝑠(ℎ) for all 𝛾 ∈ Γ, ℎ ∈ 𝐻(ℝ), 𝑘 ∈ 𝐾∞. (6.2.3)

6.2.3 Flat vector bundles

The vector bundle 𝒱𝜆 described above may fail to admit a flat connection. It car-
ries a canonical connection (due to K. Nomizu [No]), which is induced from the
Cartan decomposition, but it is not necessarily flat. Suppose however, that 𝜆 is
the restriction to 𝐾∞ of a representation 𝐻(ℝ) → GL(𝑉 ). Then there is a flat
connection on the vector bundle 𝒱𝜆 : the mapping [𝑔, 𝑣] �→ (𝑔𝐾∞, 𝜆(𝑔)𝑣) defines
an 𝐻(ℝ) equivariant trivialization 𝐻(ℝ)×𝐾∞ 𝑉 → 𝐷×𝑉, so the trivial connection
on 𝐷× 𝑉 passes to a flat connection after dividing by Γ. So in this case, 𝒱𝜆 is an
automorphic vector bundle with two canonical connections, one of which is flat1.

Flat sections of 𝒱𝜆 → 𝐷 arise from invariant one-dimensional subspaces as
follows. Suppose there is a nonzero vector 𝑣0 ∈ 𝑉 and a character 𝜒 : 𝐺(ℝ) → ℂ×

such that 𝜆(𝑔)𝑣0 = 𝜒(𝑔)𝑣0 for all 𝑔 ∈ 𝐺(ℝ). Then we obtain a section 𝑆 of 𝒱𝜆 given
by 𝑆(𝑔𝐾) = [𝑔, 𝜒(𝑔)−1𝑣0]. This section is flat with respect to the above connec-
tion, and in fact, with respect to the above trivialization the section is constant.
If 𝜒∣Γ is trivial then the section also passes to a flat section on Γ∖𝐺(ℝ)/𝐾∞.

The flat connection in this case may also be described by the automorphy
factor (see Section 6.3 below) 𝐽(ℎ, 𝑥) = 𝜆(ℎ) which is independent of 𝑥, for in
this case the 𝐽 automorphic action (6.3.1) of 𝛾 ∈ Γ ⊂ 𝐻(ℚ) ⊂ 𝐻(ℝ) on 𝐷 × 𝑉
preserves the factors, so it preserves horizontal and vertical subspaces.

1See [Gre7] Section 5 for a more complete discussion.
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6.2.4 Orbifold local systems

If we drop the assumption that Γ acts freely on 𝐷 then the vector bundle 𝒱𝜆 → 𝐷
may fail to pass to a vector bundle on the quotient Γ∖𝐷. For any 𝑥 = ℎ𝐾∞ ∈ 𝐷
the group Stab𝐻(ℝ)(𝑥) = ℎ𝐾∞ℎ−1 acts on the fiber (𝒱𝜆)𝑥 by the rule

ℎ𝑘ℎ−1.[ℎ, 𝑣] = [ℎ𝑘ℎ−1ℎ, 𝑣] = [ℎ, 𝜆(𝑘)𝑣] (6.2.4)

for any 𝑘 ∈ 𝐾∞. If the element 𝛾 := ℎ𝑘ℎ−1 also lies in Γ and if 𝜆(𝑘) is not trivial,
then this equation implies that the vector [ℎ, 𝑣] will become identified with the vec-
tor 𝛾.[ℎ, 𝑣] = [ℎ, 𝜆(𝑘)𝑣] when dividing by Γ. Therefore, a necessary and sufficient
condition for the bundle to pass to a vector bundle on the quotient Γ∖𝐷 is the
following: for every 𝑥 ∈ 𝐷, the action of Γ ∩ Stab𝐻(ℝ)(𝑥) on the fiber (𝒱𝜆)𝑥 must
be trivial, or equivalently, 𝜆∣(𝐾∞ ∩ ℎΓℎ−1) is trivial for all ℎ ∈ 𝐻(ℝ). Similarly,
we have the following.

Lemma 6.1. Suppose the representation 𝜆 : 𝐾∞ → GL(𝑉 ) extends to a represen-
tation of 𝐻(ℝ) and suppose that

𝜆∣(𝐾 ∩ ℎ−1Γℎ) acts through a finite group. (6.2.5)

for all ℎ ∈ 𝐻(ℝ), or equivalently, that for all 𝑥 ∈ 𝐷 the group Γ ∩ Stab𝐻(ℝ)(𝑥)
acts on the fiber (𝒱𝜆)𝑥 through a finite group, cf. (6.2.2). Then the local system 𝒱𝜆

passes to a local system in the orbifold sense on Γ∖𝐷. □

Let us put these two constructions together: let 𝜆 : 𝐾∞ → GL(𝑉 ) be a
finite-dimensional representation and let 𝜓 : Γ → GL(𝐸) be a representation on a
finite-dimensional vector space 𝐸. Suppose that Γ acts freely on 𝐷, or more gen-
erally, suppose that 𝜆∣(𝐾 ∩ℎ−1Γℎ) is trivial for all ℎ ∈ 𝐻(ℝ) and that 𝜓∣StabΓ(𝑥)
is trivial for all 𝑥 ∈ 𝐷. Then the representations 𝜆, 𝜓 determine a vector bundle

𝒱𝜆 ⊗ ℰ𝜓
on Γ∖𝐻(ℝ)/𝐾∞, which is “flat in the ℰ𝜓 direction”, and whose sections may be
identified with mappings 𝑠 : 𝐻(ℝ) → 𝑉 ⊗ 𝐸 such that

𝑠(𝛾ℎ𝑘) = 𝜓(𝛾)𝜆(𝑘)−1𝑠(ℎ) for all ℎ ∈ 𝐻(ℝ), 𝛾 ∈ Γ, 𝑘 ∈ 𝐾∞. (6.2.6)

In the case of primary interest to this paper, Γ will not necessarily act freely, but 𝜆
will extend to a representation on all of 𝐻(ℝ) and 𝜆∣(𝐾 ∩ℎ−1Γℎ) and 𝜓∣StabΓ(𝑥)
will act through finite groups. Thus still have a flat vector bundle (i.e., local system
in the sense of orbifolds) 𝒱𝜆 ⊗ℰ𝜓 over Γ∖𝐷 whose sections are given by mappings
𝑠 : 𝐻(ℝ) → 𝑉 ⊗ 𝐸 satisfying (6.2.6).
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6.3 Classical description of automorphy factors

We continue to study the quotient 𝑌 = Γ∖𝐻(ℝ)/𝐾∞ of the preceding para-
graph. Let 𝒱𝜆 be an automorphic vector bundle corresponding to a representation
𝜆 : 𝐾∞ → GL(𝑉 ). A continuous (resp. smooth, resp. holomorphic) automorphy
factor 𝐽 : 𝐻(ℝ) × 𝐷 → GL(𝑉 ) for 𝒱𝜆 is a continuous (resp. smooth, resp. holo-
morphic in 𝑥) mapping such that

(1) 𝐽(ℎℎ′, 𝑥) = 𝐽(ℎ, ℎ′𝑥)𝐽(ℎ′, 𝑥) for all ℎ, ℎ′ ∈ 𝐻(ℝ) and 𝑥 ∈ 𝐷

(2) 𝐽(𝑘, 𝑥0) = 𝜆(𝑘) for all 𝑘 ∈ 𝐾∞

where 𝑥0 ∈ 𝐷 is the basepoint. The first condition is known as the cocycle con-
dition. It follows (by taking ℎ = 1) that 𝐽(1, 𝑥) = 𝐼. The automorphy factor
𝐽 is determined by its values 𝐽(ℎ, 𝑥0) at the basepoint: any smooth mapping
𝑗 : 𝐻(ℝ) → GL(𝑉 ) such that 𝑗(ℎ𝑘) = 𝑗(ℎ)𝜆(𝑘) (for all 𝑘 ∈ 𝐾∞ and ℎ ∈ 𝐻(ℝ))
extends in a unique way to an automorphy factor 𝐽 : 𝐻(ℝ) × 𝐷 → GL(𝑉 ) by
setting 𝐽(𝑔, ℎ𝑥0) = 𝑗(𝑔ℎ)𝑗(ℎ)−1.

An automorphy factor 𝐽 determines a continuous (resp. smooth, resp. holo-
morphic) trivialization

Φ𝐽 : 𝐻(ℝ) ×𝐾∞ 𝑉 → 𝐷 × 𝑉

by [ℎ, 𝑣] �→ (ℎ.𝑥0, 𝐽(ℎ, 𝑥0)𝑣). With respect to this trivialization the action of
𝛾 ∈ 𝐻(ℝ) is given by

𝛾 ⋅ (𝑥, 𝑣) = (𝛾𝑥, 𝐽(𝛾, 𝑥)𝑣). (6.3.1)

Conversely any smooth trivialization Φ : 𝒱𝜆
∼= (𝐻(ℝ)/𝐾∞)×𝑉 of 𝒱𝜆 determines a

unique automorphy factor 𝐽 such that Φ = Φ𝐽 . If 𝐽 is a holomorphic automorphy
factor then it gives rise to a holomorphic trivialization of the automorphic vector
bundle 𝒱𝜆, and conversely.

A continuous (resp. smooth, resp. holomorphic) automorphy factor

𝐽 : 𝐻(ℝ) ×𝐷 → GL(𝑉 )

for a representation 𝜆 : 𝐾∞ → GL(𝑉 ) determines a canonical identification be-
tween continuous (resp. smooth, resp. holomorphic) sections of the vector bundle
𝒱𝜆 ⊗ ℰ𝜓 (where 𝜓 : Γ → GL(𝐸) is a finite-dimensional representation) on Γ∖𝐷
with continuous (resp. smooth. resp. holomorphic) functions 𝑆 : 𝐷 → 𝑉 ⊗𝐸 that
are equivariant under Γ, i.e., that satisfy the familiar equation

𝑆(𝛾𝑥) = 𝜓(𝛾)𝐽(𝛾, 𝑥)𝑆(𝑥) (6.3.2)

for all 𝛾 ∈ Γ and 𝑥 ∈ 𝐷. The corresponding section 𝑠 : 𝐻(ℝ) → 𝑉 ⊗ 𝐸 is

𝑠(ℎ) = 𝐽(ℎ, 𝑥0)
−1𝑆(ℎ.𝑥0) (6.3.3)

which is easily seen to be well defined, and to satisfy equation (6.2.6). An auto-
morphy factor 𝐽 : 𝐻(ℝ) ×𝐷 → GL(𝑉 ) that is independent of 𝑥 ∈ 𝐷 is the same
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as an extension of the representation 𝜆 to 𝐻(ℝ) in which case (see Section 6.2
above) the vector bundle 𝒱𝜆 ⊗ ℰ𝜓 is flat.

If 𝛾 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ GL2(ℝ) and 𝐷 = 𝔥± = ℂ− ℝ then setting

𝑗(𝛾, 𝑧) = (𝑐𝑧 + 𝑑)𝑘

we have that det(𝛾)−𝑘/2𝑗(𝛾, 𝑧)𝑘 is an automorphy factor for the representation

𝜆
(
𝑡
(
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

))
= 𝑒−𝑖𝑘𝜃 ∈ GL1(ℂ) (6.3.4)

of 𝐾∞ ∼= ℝ>0SO(2), which we identify with ℂ×. An example of a section of the
resulting vector bundle on 𝐷 is the following mapping,

𝑠 : GL2(ℝ) → ℂ, with 𝑠
((

𝑎 𝑏
𝑐 𝑑

))
= (𝑎𝑑− 𝑏𝑐)𝑘/2(𝑐𝑖 + 𝑑)−𝑘. (6.3.5)

We remark that the center of 𝐺(ℝ), which is “detected” by the determinant, acts
trivially on 𝐷 = 𝔥±.

6.4 Adèlic automorphic vector bundles

6.4.1 Definitions

Let 𝐻 be a connected reductive group over ℚ. Let 𝐾∞ ⊂ 𝐻(ℝ) be defined as in
Section 6.2, and let 𝐾0 ⊂ 𝐻(𝔸𝑓 ) be a compact open subgroup. Let 𝐾 = 𝐾∞𝐾0.
We wish to describe automorphic vector bundles over the adèlic quotient

𝑌 := 𝐻(ℚ)∖𝐻(𝔸)/𝐾 = 𝐻(ℚ)∖𝐷 ×𝐻(𝔸𝑓 )/𝐾0

where 𝐷 = 𝐻(ℝ)/𝐾∞. Let 𝜇 : 𝐾 → GL(𝑊 ) be a finite-dimensional represen-
tation. It gives rise to a vector bundle 𝒲𝜇 on 𝐻(𝔸)/𝐾 consisting of equivalence
classes of pairs [ℎ, 𝑣] where ℎ ∈ 𝐻(𝔸), 𝑣 ∈ 𝑊 and where [ℎ𝑘, 𝑣] ∼ [ℎ, 𝜇(𝑘)𝑣]
for all 𝑘 ∈ 𝐾. For each 𝑥 = ℎ𝐾 ∈ 𝐻(𝔸)/𝐾 (where ℎ ∈ 𝐻(𝔸)) the stabilizer
Stab𝐻(𝔸)(𝑥) = ℎ𝐾ℎ−1 acts on the fiber (𝒲𝜇)𝑥 by

ℎ𝑘ℎ−1.[ℎ, 𝑣] = [ℎ𝑘, 𝑣] = [ℎ, 𝜇(𝑘)𝑣]

as in (6.2.4). If 𝛾 := ℎ𝑘ℎ−1 is in 𝐻(ℚ) then dividing by 𝐻(ℚ) will equate [ℎ, 𝑣] with
𝛾.[ℎ, 𝑣] = [ℎ, 𝜇(𝑘)𝑣]. Thus, a necessary and sufficient condition that the bundle 𝒲𝜇

should pass to the quotient 𝑌 is that for all 𝑥 ∈ 𝐻(𝔸)/𝐾, the group

Stab𝐻(𝔸)(𝑥) ∩𝐻(ℚ) acts trivially on (𝒲𝜇)𝑥 (6.4.1)

or equivalently, that 𝜇∣(𝐾 ∩ℎ−1𝐻(ℚ)ℎ) is trivial for all ℎ ∈ 𝐻(𝔸). Assume this to
be true. Then (continuous) sections of 𝒲𝜇 → 𝑌 can be identified with (continuous)
mappings 𝑠 : 𝐻(𝔸) → 𝑊 such that

𝑠(𝛾ℎ𝑘) = 𝜇(𝑘)−1𝑠(ℎ) (6.4.2)

for all 𝛾 ∈ 𝐻(ℚ), ℎ ∈ 𝐻(𝔸) and 𝑘 ∈ 𝐾.
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6.4.2 Flat bundles

If the representation 𝐾 → GL(𝑊 ) extends to a representation 𝐻(𝔸) → GL(𝑊 )
then, as in Section 6.2.3 the resulting vector bundle carries a flat connection.
If there exists a vector 𝑤0 ∈ 𝑊 and a character 𝜒 : 𝐻(𝔸) → ℂ× such that
𝜇(ℎ)𝑤0 = 𝜒(ℎ)𝑤0 for all ℎ ∈ 𝐻(𝔸) then, as in Section 6.2.3, the vector 𝑤0 deter-
mines a flat section of the homogeneous vector bundle 𝐻(𝔸) ×𝐾 𝑊. Moreover, if
the character 𝜒 is trivial on 𝐻(ℚ) then this section passes to a flat section of the
vector bundle 𝒲𝜇 → 𝑌.

Suppose the representation 𝜇 is a tensor product of representations 𝜆 :
𝐾∞ → GL(𝑉 ) and 𝜓 : 𝐾0 → GL(𝐸). If there exists an automorphy factor
𝐽 : 𝐻(ℝ)×𝐷 → GL(𝑉 ) for 𝜆 then continuous sections of 𝒲𝜇 = 𝒱𝜆⊗ℰ𝜓 can equiv-
alently be described as continuous mappings 𝑆 : 𝐷 ×𝐻(𝔸𝑓 ) → 𝑉 ⊗ 𝐸 such that

𝑆(𝛾𝑧, ℎ0𝑘0) = (𝐽(𝛾, 𝑧) ⊗ 𝜓(𝑘0)
−1)𝑆(𝑧) (6.4.3)

for all 𝛾 ∈ 𝐻(ℚ), 𝑧 ∈ 𝐷, ℎ0 ∈ 𝐻(𝔸𝑓 ), and 𝑘0 ∈ 𝐾0, by setting

𝑆(ℎ∞.𝑥0, ℎ0) = 𝐽(ℎ∞, 𝑥0)𝑠(ℎ)

where 𝑥0 = 1.𝐾∞ ∈ 𝐷 is the basepoint and where ℎ = ℎ∞ℎ0 ∈ 𝐻(𝔸).

If the representation 𝜆 : 𝐾∞ → GL(𝑉 ) extends to a representation 𝐻(ℝ) →
GL(𝑉 ) then the vector bundle 𝒱𝜆 ⊗ ℰ𝜓 is flat: the factor 𝒱𝜆 is flat as described in
Section 6.2 above, and the factor ℰ𝜓 is always flat, by the following fact:

Proposition 6.2. Let 𝜓 : 𝐾0 → GL(𝐸) be a finite-dimensional representation.
Then the resulting vector bundle ℰ𝜓 → 𝑌 is flat.

Proof. As described in Section 4.1, there is a homeomorphism

𝜄 :
∐
𝑖

Γ𝑖∖𝐷 −→ 𝑌 (6.4.4)

given explicitly on the 𝑖th component by Γ𝑖𝑥 �→ 𝐻(ℚ)(𝑥, 𝑡𝑖)𝐾0, where the 𝑡𝑖
are a minimal set of representatives for the finite set 𝐻(ℚ)+∖𝐻(𝔸𝑓)/𝐾0 and
Γ𝑖 := 𝐻(ℚ)+ ∩ 𝑡𝑖𝐾0𝑡

−1
𝑖 . For each 𝑖, the representation 𝜓 determines a repre-

sentation 𝜓𝑖 : Γ𝑖 → GL(𝐸) by conjugation by 𝑡𝑖, so we obtain a flat vector bundle

ℰ𝑖 = 𝐸 ×Γ𝑖 𝐷 −→ Γ𝑖∖𝐷

because Γ𝑖 is a discrete subgroup of 𝐻(ℝ). The mapping

[𝑣, 𝑥] −→ 𝐻(ℚ)[(𝑥, 𝑡𝑖), 𝑣] ∈ 𝐻(ℚ)∖(𝐷 ×𝐻(𝔸𝑓 ) ×𝐾0 𝐸)

defines an isomorphism of vector bundles ℰ𝑖 ∼= 𝜄∗ℰ𝜓, which completes the proof.
□
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6.4.3 Orbifold bundles

In this work, we will consider vector bundles 𝒲𝜇 = 𝒱𝜆 ⊗ ℰ𝜓 where 𝜆 extends to
a representation of 𝐻(ℝ) but where condition (6.4.1) does not necessarily hold.
Rather, the weaker assumption

𝜇∣(𝐾 ∩ ℎ−1𝐻(ℚ)ℎ) acts through a finite group for all ℎ ∈ 𝐻(𝔸) (6.4.5)

will hold (as proven in Proposition 6.3). In this case, by Lemma 6.1, the flat vector
bundle 𝒲𝜇 passes to a local system in the sense of orbifolds on 𝑌 . The sections of
this vector bundle can be described as functions 𝑠 : 𝐻(𝔸) → 𝑊 satisfying (6.4.2)
or alternately functions 𝑆 : 𝐷 ×𝐻(𝔸𝑓 ) → 𝑊 satisfying (6.4.3).

6.5 Representations of GL2

Let 𝑉ℚ be the standard representation of GL2(ℚ) and set 𝑉 = 𝑉ℝ ⊗ℂ. Recall (for
example, from [Fu] Section 8 or [FuH] Section 15.5) that a partition 𝜇 = (𝜇1 ≥
𝜇2 ≥ 0) of ∣𝜇∣ = 𝜇1 + 𝜇2 corresponds to a Young diagram with two rows, having
𝜇1 and 𝜇2 boxes respectively, and also to a Schur module 𝕊𝜇 = 𝕊𝜇(𝑉 ), which is an
irreducible representation of GL2(ℚ) and which has a basis whose elements corre-
spond to Young tableaux, that is, fillings of the Young diagram with entries from
{1, 2} that are weakly increasing along each row and strictly increasing along each
column. The partition ∣𝜇∣ = 1+1 gives the determinant representation ∧2𝑉 = det.
The partition ∣𝜇∣ = 𝑘 + 0 gives the irreducible representation Sym𝑘(𝑉 ) consisting
of the space of homogeneous polynomials of degree 𝑘 in the coordinates 𝑥1, 𝑥2.

∣𝜇∣
𝑥3 𝑥 𝑦 𝑥𝑦2 2 𝑦3 𝑥 ∧ 𝑦

1= 3 + 0 : ∣𝜇∣ = 1 + 1 :1 1 1 1 2 1 2 2 2 2 2
1

2

Figure 6.2: Bases of 𝕊𝜇, 𝜇 = (3, 0) and 𝜇 = (1, 1).

Moreover, every algebraic irreducible representation of GL2(ℚ) is isomorphic

to 𝕊𝜇 ⊗ det𝑚 for some 𝑚 ∈ ℤ. The representations 𝕊𝜇 ⊗ det𝑚 and 𝕊𝜇′ ⊗ det𝑚
′

are
isomorphic if and only if 𝜇𝑖 + 𝑚 = 𝜇′𝑖 + 𝑚′ for 𝑖 = 1, 2 (which allows us to define
𝕊𝜇 when 𝜇𝑖 < 0). Consequently we may always take ∣𝜇∣ = 𝑘 + 0 (that is, 𝜇2 = 0).
For 𝜅 = (𝑘,𝑚) ∈ ℤ≥0 × 1

2ℤ set

𝑀(𝜅) = 𝕊𝜇 ⊗ det𝑚 = Sym𝑘𝑉 ⊗ det𝑚. (6.5.1)

By a slight abuse of terminology we refer to this as the representation with high-
est weight 𝜅. This is an algebraic representation of GL2(ℚ) if and only if 𝑚 ∈ ℤ;
in general it is a twist of an algebraic representation by a half-integral power of
the determinant. We remark that the action of 𝐾1

∞ =
{(

cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

)}
decomposes
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Sym𝑘(𝑉 ) into a sum of one-dimensional representations ℂ.𝑧𝑎𝑧𝑘−𝑎 for 0 ≤ 𝑎 ≤ 𝑘
where 𝑧 = 𝑒𝑖𝜃.

Using the standard basis and its dual basis for the standard representation
and its dual, or contragredient, the mapping 𝑉 → 𝑉 ∨ given by ( 𝑥

𝑦 ) �→ (
𝑦
−𝑥 )

determines an isomorphism of representations 𝑉 ∼= 𝑉 ∨ ⊗ det. Similarly, the con-
tragredient of the representation Sym𝑘𝑉 ⊗ det𝑚 is isomorphic to

Sym𝑘(𝑉 ∨) ⊗ det−𝑚 ∼= Sym𝑘(𝑉 ) ⊗ det−𝑚−𝑘. (6.5.2)

6.6 Representations of 𝑮 = Res𝑳/ℚGL2

Now let 𝐿 be a totally real number field and let 𝐺 = Res𝐿/ℚGL2. Then 𝐺(ℝ) ∼=
GL2(ℝ)Σ(𝐿) and 𝐺(𝔸) ∼= GL2(𝔸𝐿). As in equation (5.1.2) let 𝐾∞ ⊂ 𝐺(ℝ)0 be the
subgroup

𝐾∞ =
{(( 𝑥𝜎 𝑦𝜎

−𝑦𝜎 𝑥𝜎

))
𝜎∈Σ(𝐿) : 𝑥2𝜎 + 𝑦2𝜎 > 0

} ∼= (ℂ×)Σ(𝐿)

and let 𝐾1
∞ be the maximal compact subgroup with 𝑥2𝜎 + 𝑦2𝜎 = 1 for all 𝜎 ∈ Σ(𝐿).

Set 𝐷 = 𝐺(ℝ)/𝐾∞ ∼= (𝔥±)Σ(𝐿) where 𝔥± = ℂ − ℝ, and the action of 𝐺(ℝ)
on 𝐷 is given by fractional linear transformations in each factor. Then 𝐾∞ is
the stabilizer of the base point i = (

√−1, . . . ,
√−1) ∈ 𝐷. Let 𝑘 ∈ (ℤ≥0)Σ(𝐿). If

𝛼 = (𝛼𝜎) ∈ 𝐺(ℝ) ∼= (GL2(ℝ))Σ(𝐿) and if 𝑧 = (𝑧𝜎) ∈ 𝐷 set

𝑗(𝛼, 𝑧)𝑘 =
∏

𝜎∈Σ(𝐿)
𝑗𝜎(𝜎(𝛼), 𝑧𝜎)𝑘𝜎 (6.6.1)

where 𝑗𝜎
((

𝑎 𝑏
𝑐 𝑑

)
, 𝑧𝜎

)
:= (𝑐𝑧𝜎 + 𝑑). This function 𝑗𝑘 : 𝐺(ℝ) × 𝐷 → ℂ× is an

automorphy factor for the one-dimensional representation of 𝐾1∞,

𝜇𝑘(𝑢1∞) := 𝑒−𝑖𝑘𝜃 =
∏

𝜎∈Σ(𝐿)
𝑒−𝑖𝑘𝜎𝜃𝜎

where
𝑢1∞ :=

((
cos(𝜃𝜎) sin(𝜃𝜎)
− sin(𝜃𝜎) cos(𝜃𝜎)

))
𝜎∈Σ(𝐿)

∈ 𝐾1
∞. (6.6.2)

For each real place 𝜎 ∈ Σ(𝐿) let 𝜆𝜎 be the standard representation of GL2(ℝ)
on the vector space 𝑉𝜎 = ℝ2⊗ℂ. This determines a representation 𝜆∨𝜎,𝑘 of GL2(ℝ)

on the space Sym𝑘(𝑉 ∨𝜎 ) of homogeneous polynomial functions of degree 𝑘 on 𝑉𝜎

in which an element 𝛾 ∈ GL2(ℝ) acts by

𝜆∨𝜎,𝑘(𝛾)𝑝𝜎
(
𝑋𝜎

𝑌𝜎

)
= 𝑝𝜎

(
𝛾−1

(
𝑋𝜎

𝑌𝜎

))
(6.6.3)

for any polynomial function 𝑝𝜎
(
𝑋𝜎

𝑌𝜎

)
. Similarly, for each 𝑘 ∈ (ℤ≥0)Σ(𝐿) we obtain

a representation 𝜆∨𝑘 = ⊗
𝜎∈Σ(𝐿)

𝜆∨𝜎,𝑘 of 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿) on the complex vector
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space

Sym𝑘(𝑉 ∨) :=
⊗

𝜎∈Σ(𝐿)
Sym𝑘𝜎(𝑉 ∨𝜎 ).

If 𝑝 = ⊗
𝜎∈Σ(𝐿)

𝑝𝜎 ∈ Sym𝑘(𝑉 ∨) and 𝛾 = (𝛾𝜎)𝜎∈Σ(𝐿) ∈ 𝐺(ℝ) then

𝜆∨𝑘 (𝛾).𝑝

(
⊗

𝜎∈Σ(𝐿)

(
𝑋𝜎

𝑌𝜎

))
:= ⊗

𝜎∈Σ(𝐿)
𝑝𝜎

(
𝛾−1𝜎

(
𝑋𝜎

𝑌𝜎

))
.

6.7 The section 𝑷𝒛

Let 𝐺 = Res𝐿/ℚ(GL2) as in the preceding section. Let 𝜅 = (𝑘,𝑚) ∈ (ℤ≥0)Σ(𝐿) ×
(12ℤ)Σ(𝐿). We have a representation 𝜆𝑘⊗det𝑚 of 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿) on the vector
space

𝑀(𝜅) = Sym𝑘(𝑉 ) ⊗ det𝑚 =
⊗

𝜎∈Σ(𝐿)
Sym𝑘𝜎 (𝑉𝜎) ⊗ det𝑚𝜎

𝜎

and its dual, 𝜆∨𝑘 ⊗ det−𝑚 on the vector space

𝐿(𝜅) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚 ∼= Sym𝑘(𝑉 ) ⊗ det−𝑚−𝑘.

The key technique for turning a complex-valued modular form into a vector-valued
modular form involves the function

𝑃 = 𝑃 (𝑘) : 𝐷 = (𝔥±)Σ(𝐿) → Sym𝑘(𝑉 ∨)

that assigns to any 𝑧 = (𝑧𝜎)𝜎∈Σ(𝐿) ∈ 𝐷 the polynomial

𝑃𝑧 ( 𝑋
𝑌 ) := Π

𝜎∈Σ(𝐿)
(−𝑋𝜎 + 𝑧𝜎𝑌𝜎)𝑘𝜎 , (6.7.1)

which we abbreviate by writing 𝑃𝑧 ( 𝑋
𝑌 ) = (−𝑋 + 𝑧𝑌 )𝑘.

For any 𝛾 =
(
𝑎𝜎 𝑏𝜎
𝑐𝜎 𝑑𝜎

)
𝜎∈Σ(𝐿) ∈ 𝐺(ℝ) the following equation holds:

𝑃𝛾⋅𝑧 = det(𝛾)𝑘𝑗(𝛾, 𝑧)−𝑘𝜆∨𝑘 (𝛾) ⋅ 𝑃𝑧 (6.7.2)

where

𝑗(𝛾, 𝑧)−𝑘 =
∏

𝜎∈Σ(𝐿)
(𝑐𝜎𝑧𝜎 + 𝑑𝜎)−𝑘𝜎 and det(𝛾)−𝑘 =

∏
𝜎∈Σ(𝐿)

det(𝛾𝜎)−𝑘𝜎 ,

because

(𝜆∨𝑘 (𝛾) ⋅ 𝑃𝑧) ( 𝑋
𝑌 ) = 𝑃𝑧

(
1

det(𝛾)

(
𝑑𝑋 − 𝑏𝑌
−𝑐𝑋 + 𝑎𝑌

))
= det(𝛾)−𝑘(𝑐𝑧 + 𝑑)𝑘

(
−𝑋 +

𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
𝑌

)𝑘

= det(𝛾)−𝑘𝑗(𝛾, 𝑧)𝑘𝑃𝛾.𝑧.
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We would like to say that the function 𝑃 = 𝑃 (𝑘) gives a section of the local
system corresponding to Sym𝑘(𝑉 ∨), but there are two problems with this. The
representation Sym𝑘(𝑉 ∨) is not necessarily rational, and the function 𝑃 does not
have the correct equivariance properties until it is multiplied by an appropriate
automorphy factor as in Proposition 6.4 below.

Regarding the rationality problem, this can be addressed under certain hy-
potheses by tensoring the representation Sym𝑘(𝑉 ∨) by a power of the determi-
nant. More precisely, for each real place 𝜎, the torus

(
𝑎𝜎 0
0 𝑏𝜎

)
acts on Sym𝑘(𝑉𝜎)

with weights
𝑎𝑘𝜎𝜎 , 𝑎𝑘𝜎−1𝜎 𝑏𝜎, . . . , 𝑎𝜎𝑏

𝑘𝜎−1
𝜎 , 𝑏𝑘𝜎𝜎 .

So in the representation Sym𝑘(𝑉𝜎) ⊗ det𝑚 the center of GL2(ℝ) acts through the
character

𝜙𝜅

((
𝑎𝜎 0
0 𝑎𝜎

))
= 𝑎𝑘𝜎+2𝑚𝜎

𝜎

In order that Sym𝑘(𝑉 ) ⊗ det𝑚 be a twist of a rational representation of 𝐺 =
Res𝐿/ℚGL2 by det𝑤1 for some 𝑤 ∈ 1

2ℤ, it is necessary that these characters coin-
cide at all real places, that is, 𝑘𝜎 +2𝑚𝜎 = 𝑘𝜏 +2𝑚𝜏 for all 𝜎, 𝜏 ∈ Σ(𝐿), a condition
that we abbreviate by writing

𝑘 + 2𝑚 ∈ ℤ1. (6.7.3)

6.8 The local system 퓛(𝜿, 𝝌0)

As above let 𝐺 = Res𝐿/ℚ(GL2). Set det∞(𝑔) = det(𝑔∞) =
∏

𝜎∈Σ(𝐿) det(𝑔𝜎) for

𝑔 ∈ 𝐺(𝔸). If 𝑔 ∈ 𝐾∞ or if 𝑔 ∈ 𝐺(ℚ) we will sometimes write det(𝑔) for det∞(𝑔).

Let 𝔠 ⊂ 𝒪𝐿 be an ideal. As in Section 5.1 the Hilbert modular variety is

𝑌0(𝔠) := 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾0(𝔠)

where

𝐾0(𝔠) =

{
𝛾 ∈ 𝐺(ℤ̂) : 𝛾 ≡

(∗ ∗
0 ∗

)
(mod 𝔠)

}
.

Let 𝜒 = 𝜒0𝜒∞ : 𝐿×∖𝔸×𝐿 → ℂ× be a Hecke character whose conductor divides 𝔠, see
Section C.3. By Lemma 5.2, the character 𝜒0 determines representations 𝜒0 and
𝜒∨0 of 𝐾0(𝔠) on one-dimensional vector spaces 𝐸(𝜒0) = 𝐸𝜒0 and 𝐸(𝜒∨0 ) = 𝐸𝜒∨

0
,

which therefore determine one-dimensional local systems2 ℰ(𝜒0) and ℰ(𝜒∨0 ) on
𝑌0(𝔠). Define

𝒳 (𝐿) ⊂ (ℤ≥0)Σ(𝐿) × (12ℤ)Σ(𝐿)

to be the set of weights (𝑘,𝑚) defined by the following condition:

𝑘 + 2𝑚 ∈ ℤ1. (6.8.1)

2As explained in Section 6.4, ℰ(𝜒0) = (𝐺(ℚ)∖𝐺(𝔸)/𝐾∞) ×𝐾0(𝔠) 𝐸(𝜒0) consists of equivalence
classes of pairs [𝑔, 𝑣] where 𝑔 ∈ 𝐺(𝔸), 𝑣 ∈ 𝐸(𝜒0) and where [𝛾𝑔𝑘, 𝑣] ∼ [𝑔, 𝜒0(𝑘)𝑣] for all 𝛾 ∈ 𝐺(ℚ)
and all 𝑘 ∈ 𝐾0(𝔠).
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Proposition 6.3. Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be a weight. Fix a Hecke character,

𝜒 = 𝜒0𝜒∞ : 𝐿×∖𝔸×𝐿 → ℂ×

such that the conductor of 𝜒 divides 𝔠 (see Section C.3) and such that

𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚
∞ (6.8.2)

for all 𝑏 ∈ 𝔸×𝐿 . As in Sections 6.6 and 6.7 we also have a representation

𝐿(𝜅) = 𝜆∨𝑘 ⊗ det−𝑚
∞ = Sym𝑘(𝑉 ∨) ⊗ det−𝑚

∞

of 𝐺(ℝ). Then the representations 𝐿(𝜅, 𝜒0) = 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ) and 𝐿∨(𝜅, 𝜒0) =
𝐿(𝜅) ⊗ 𝐸(𝜒0) determine local systems

ℒ(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒∨0 ) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾∞𝐾0(𝔠) 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ) (6.8.3)

ℒ∨(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒0) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾∞𝐾0(𝔠) 𝐿(𝜅) ⊗ 𝐸(𝜒0). (6.8.4)

on the orbifold 𝑌0(𝔠) = 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾0(𝔠).

Remark. The condition that (𝑘,𝑚) ∈ 𝒳 (𝐿) is necessary to ensure condition (6.4.5)
holds for all ℎ ∈ 𝐻(𝔸); compare the proof below and the proof of Lemma 5.1.

Proof. Let 𝐾 f𝑟 ⊲ 𝐾0(𝔠) be a torsion-free normal subgroup of finite index as in
Section 5.2, and consider the manifold

𝑌 f𝑟0 (𝔠) := 𝑌𝐾f𝑟 := 𝐺(ℚ)∖𝐺(𝔸)/𝐾 f𝑟𝐾∞.

If we assume that the local system

ℒ(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒∨0 ) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾∞𝐾fr 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 )

is well defined then the projection 𝑌 f𝑟0 (𝔠) → 𝑌0(𝔠) gives rise to a system of orbifold
charts defining the local system ℒ(𝜅)⊗ℰ(𝜒∨0 ) over 𝑌0(𝔠) as in the statement of the
proposition. Therefore we need only check that the local system ℒ(𝜅, 𝜒0) → 𝑌 fr0 (𝔠)
is well defined.

For this purpose we recall from Lemma 6.1 that it is enough to check that
the stabilizer of a given point 𝑥 ∈ 𝐷 = 𝐺(ℝ)/𝐾∞ in 𝐺(ℚ) ∩𝐾 f𝑟 acts trivially on
𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ). The group Stab𝐺(ℝ)(𝑥) is a conjugate of 𝐾∞ so it is a product of

a compact group and a central subgroup of 𝐺(𝔸). Since 𝐾 f𝑟 is torsion free, the
intersection Stab𝐺(ℚ)(𝑥)∩𝐾 f𝑟 is contained in the center of 𝐺(ℚ)∩𝐾 f𝑟 which is a
subgroup of the group of diagonal matrices in GL2(𝒪𝐿) (compare [Mil, Proposition
3.1]). Identifying the group of diagonal matrices in GL2(𝒪𝐿) with 𝒪×𝐿 in the natu-
ral manner, we see that it suffices to check that 𝒪×𝐿 acts trivially on 𝐿(𝜅)⊗𝐸(𝜒∨0 ).

In the representation 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ), an element ( 𝜖 0
0 𝜖 ) ∈ 𝒪×𝐿 acts by multi-

plication by

det
((

𝜖∞ 0
0 𝜖∞

))−𝑚
𝜖−𝑘
∞ 𝜒0(𝜖0) ∈ ℂ
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where 𝜖 is regarded as an element of 𝔸×𝐿 via the diagonal embedding 𝒪×𝐿 ↪→ 𝔸×𝐿
and where 𝜒 = 𝜒0𝜒∞. Therefore it suffices to show that

𝜒0(𝜖0)
∏

𝜎∈Σ(𝐿)
𝜎(𝜖)−𝑘𝜎−2𝑚𝜎 = 1. (6.8.5)

But 𝜒(𝜖) = 𝜒0(𝜖0)𝜒∞(𝜖∞) = 1, so (6.8.5) follows from (6.8.2). □

By a similar argument we obtain a well-defined local system on 𝑌0(𝔠) :

ℒ∨(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒0) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾∞𝐾0(𝔠) 𝐿(𝜅) ⊗ 𝐸(𝜒0).

6.9 Adèlic geometric description of automorphic forms

An automorphic form 𝑓 has two possible geometric interpretations: (a) it deter-
mines a section of a certain automorphic vector bundle or (b) it determines a
differential form with coefficients in a certain automorphic vector bundle. In this
section we describe interpretation (a), while interpretation (b) is described in Sec-
tion 6.10. In either case, we will need to put together all the ingredients that have
been developed so far.

Let 𝐺 = Res𝐿/ℚ(GL2) and let 𝔠 ⊂ 𝒪𝐿 be an ideal. Let 𝜅 = (𝑘,𝑚) ∈
(ℤ≥0)Σ(𝐿) × (12ℤ)Σ(𝐿). Let 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a Hecke character such that
𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ . Let

𝐿(𝜅, 𝜒0) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚
∞ ⊗ 𝐸(𝜒∨0 )

be the vector space on which we have the representation 𝜆∨𝑘 ⊗ det−𝑚
∞ ⊗ 𝜒∨0 of

𝐾∞ ×𝐾0(𝔠). Let

ℒ(𝜅, 𝜒0) := 𝐺(ℚ)∖𝐺(𝔸) ×𝐾0(𝔠)𝐾∞ 𝐿(𝜅, 𝜒0)

be the resulting vector bundle on 𝑌0(𝔠). Set 𝑃𝑧 = 𝑃
(𝑘)
𝑧 .

Proposition 6.4. Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and set 𝜅′ = (𝑘−21,𝑚+1) ∈ (ℤ≥0)Σ(𝐿)×
(12ℤ)Σ(𝐿). Suppose 𝑓 : 𝐺(𝔸) → ℂ satisfies the equivariance conditions of a Hilbert
modular form in 𝑆coh𝜅′ (𝐾0(𝔠), 𝜒) as in Section 5.5, that is,

𝑓(𝛾𝑏𝑔𝑢1∞𝑢0) = 𝜒(𝑏)−1𝜒0(𝑢−𝜄
0 )𝑒𝑖𝑘𝜃𝑓(𝑔) (6.9.1)

for all 𝑏 ∈ 𝔸×𝐿 , 𝛾 ∈ 𝐺(ℚ), 𝑔 ∈ 𝐺(𝔸), 𝑢0 ∈ 𝐾0(𝔠) and 𝑢1∞ =
(
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

) ∈ 𝐾1
∞.

Then the following function 𝑠 : 𝐺(𝔸) → Sym𝑘(𝑉 ∨)

𝑠(𝑔) := det(𝑔∞)−𝑘𝑗(𝑔∞, i)𝑘𝑓(𝑔)𝜆∨𝑘 (𝑔∞)−1𝑃𝑔∞.i (6.9.2)

defines a section of the flat vector bundle ℒ(𝜅, 𝜒0) over 𝑌0(𝔠).
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Proof. According to equation (6.4.2) we need to check that

𝑠(𝛾𝑔𝑢0𝑢∞) = 𝜒∨0 (𝑢0)
−1det(𝑢∞)𝑚𝜆∨𝑘 (𝑢∞)−1𝑠(𝑔) (6.9.3)

for all 𝑔 ∈ 𝐺(𝔸), 𝛾 ∈ 𝐺(ℚ), 𝑢0 ∈ 𝐾0(𝔠) and 𝑢∞ ∈ 𝐾∞. Let 𝑢∞ = 𝑏∞𝑢1∞ where
𝑏∞ ∈ 𝐺(ℝ) ∩ 𝔸×𝐿 is identified with

(
𝑏∞ 0
0 𝑏∞

)
and 𝑢1∞ =

(
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

) ∈ 𝐾1
∞. Set

𝑏 = 𝑏0𝑏∞ ∈ 𝔸×𝐿 with 𝑏0 = 1 so that 𝜒(𝑏)−1 = 𝑏𝑘+2𝑚∞ . Let 𝑧 = 𝑔∞.i. Using the
cocycle condition for 𝑗, (see Section 6.3), the equivariance property (6.7.2) for 𝑃,
and equation (5.6.3), equation (6.9.3) then follows from these calculations:

det(𝛾𝑏∞𝑔∞𝑢1∞)−𝑘 = det(𝛾)−𝑘𝑏−2𝑘∞ det(𝑔∞)−𝑘

𝑗(𝛾𝑏∞𝑔∞𝑢1∞, i)𝑘 = 𝑏𝑘∞𝑗(𝛾, 𝑧)𝑘𝑒−𝑖𝑘𝜃𝑗(𝑔∞, i)𝑘

𝑓(𝛾𝑏𝑔𝑢0𝑢
1
∞) = 𝜒(𝑏)−1𝜒∨0 (𝑢0)

−1𝑒𝑖𝑘𝜃𝑓(𝑔)

𝜆∨𝑘 (𝛾𝑔∞𝑢∞)−1 = 𝜆∨𝑘 (𝑢∞)−1𝜆∨𝑘 (𝑔∞)−1𝜆∨𝑘 (𝛾)−1

𝑃𝛾𝑏∞𝑔∞𝑢1∞.i = 𝑃𝛾𝑔∞.i = det(𝛾)𝑘𝑗(𝛾, 𝑧)−𝑘𝜆∨𝑘 (𝛾)𝑃𝑧

which hold for any 𝑏 ∈ 𝔸×𝐿 , 𝛾 ∈ 𝐺(ℚ), 𝑔 ∈ 𝐺(𝔸), 𝑢0 ∈ 𝐾0(𝔠), and 𝑢1∞ ∈ 𝐾1∞. □

Using the automorphy factor 𝜆∨𝑘 ⊗ det−𝑚
∞ for 𝐺(ℝ), this section may also be

described as the mapping 𝑆 : 𝐷 ×𝐺(𝔸𝑓 ) → Sym𝑘(𝑉 ∨) given by

𝑆(𝑧, 𝑥) := det(𝛼𝑧)−𝑚𝜆∨𝑘 (𝛼𝑧)𝑠(𝑥𝛼𝑧) (6.9.4)

= det(𝛼𝑧)−𝑚−𝑘𝑗(𝛼𝑧 , i)
𝑘𝑓(𝑥𝛼𝑧)𝑃𝑧 (6.9.5)

where 𝛼𝑧 ∈ 𝐺(ℝ) is any element such that 𝛼𝑧.i = 𝑧. Then 𝑆 is well defined, for
if 𝑢∞ ∈ 𝐾∞, say, 𝑢∞ = 𝑏∞𝑢1∞ with 𝑏∞ ∈ 𝐺(ℝ) ∩ 𝔸×𝐿 and 𝑢1∞ ∈ 𝐾1

∞ as in the
previous paragraph, then replacing 𝛼𝑧 by 𝛼𝑧𝑢∞ in equation (6.9.5) gives

det(𝛼𝑧𝑢∞)−𝑚−𝑘𝑗(𝛼𝑧𝑢∞, i)𝑘𝑓(𝑏∞𝑥𝛼𝑧𝑢
1
∞)𝑃𝑧

= det(𝛼𝑧)−𝑚−𝑘𝑏−2𝑚−2𝑘∞ 𝑏𝑘∞𝑗(𝛼𝑧, i)
𝑘𝑗(𝑢1∞, i)𝑘𝑒𝑖𝑘𝜃𝜒(𝑏)−1𝑓(𝑥𝛼𝑧)𝑃𝑧

= 𝑆(𝑧, 𝑥)

where 𝑏 = 𝑏0𝑏∞ ∈ 𝔸×𝐿 with 𝑏0 = 1. Similarly one checks that

𝑆(𝛾𝑧, 𝛾𝑥𝑢0) = 𝜒∨0 (𝑢0)
−1det(𝛾)−𝑚𝜆∨𝑘 (𝛾)𝑆(𝑧, 𝑥)

for all 𝑧 ∈ 𝐷, 𝑥 ∈ 𝐺(𝔸𝑓 ), 𝛾 ∈ 𝐺(ℚ) and 𝑢0 ∈ 𝐾0(𝔠), which verifies equation (6.4.3).

Remarks.

(1) If 𝑓 ∈ 𝑆𝜅′(𝐾0(𝔠), 𝜒) (rather than 𝑆coh𝜅′ (ℒ0(𝔠), 𝜒)) then equation (6.9.2) deter-
mines a section of the vector bundle ℒ∨(𝜅, 𝜒−10 ) = ℒ(𝜅) ⊗ ℰ(𝜒−10 ).

(2) The shift by 2 in the weight 𝑘 is a consequence of the exponent (𝑘𝜎 + 2)𝜃𝜎
that occurs in condition (3) of Section 5.4 and in condition (3coh) of Section
5.5. These definitions are chosen so that the differential form corresponding
to 𝑓 will take values in the local system ℒ(𝜅, 𝜒0), see Proposition 6.5.
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6.10 Differential forms

If ℒ is a local system of complex vector spaces on a Hilbert modular variety 𝑌
then we denote by Ω𝑟(𝑌,ℒ) the vector space of smooth differential forms on 𝑌 (as
an orbifold) with coefficients in ℒ. It consists of smooth orbifold sections of the
vector bundle ∧𝑟𝑇 ∗𝑌 ⊗ ℒ. If 𝜔 ∈ Ω𝑟(𝑌,ℒ) is also holomorphic and satisfies cer-
tain growth conditions then it corresponds to a Hilbert modular form of a certain
weight. In this section we make the correspondence explicit.

Let 𝐺 be a reductive algebraic group over ℚ, let 𝐾∞ = 𝐾1∞𝐴𝐺(ℝ)0 and let
𝐷 = 𝐺(ℝ)/𝐾∞ as in Section 6.2. The Cartan involution 𝜃 : 𝔤 → 𝔤 determines a
decomposition 𝔤(ℝ) ∼= 𝔨∞⊕ 𝔭 into ±1 eigenspaces, with 𝔨∞ = Lie(𝐾∞). Although
the subspace 𝔭 is not a Lie subalgebra, it is preserved by the adjoint action of 𝐾∞
so this representation 𝑎𝑑 : 𝐾∞ → GL(𝔭) determines an automorphic vector bun-
dle 𝒱ad on 𝐷. In fact, the tangent space 𝑇𝑥0𝐷 at the basepoint may be identified
with the corresponding quotient of Lie algebras 𝔤(ℝ)/𝔨∞ ∼= 𝔭 so the vector bundle
𝒱ad is the tangent bundle of 𝐷. It is not a flat bundle because the adjoint action
of 𝐺(ℝ) does not preserve 𝔭. Let 𝔭∗ = Hom(𝔭,ℝ) be the dual vector space with
its corresponding representation of 𝐾∞. Then sections of the automorphic vector
bundle associated to ∧𝑟𝔭∗ are differential 𝑟-forms on 𝐷.

Remark. This construction of automorphic vector bundles leads naturally to the
subject of (𝔤,𝐾∞)-cohomology, see [BoW].

In the case 𝐺 = GL2, the Cartan involution is 𝜃(𝑔) = 𝑡𝑔−1. Let 𝐾∞ be the
identity component of the fixed point set of 𝜃, so

𝐾∞ =
{( 𝑥 𝑦
−𝑦 𝑥

)
: 𝑥2 + 𝑦2 > 0

} ∼= ℂ×,

𝔭 =
{(

𝑎 𝑏
𝑏 −𝑎

)
: 𝑎, 𝑏 ∈ ℝ

} ∼= ℂ,

and 𝐷 = 𝐺(ℝ)/𝐾∞ ∼= ℂ−ℝ is disconnected. Identifying 𝑧 ∈ 𝐾∞ with 𝑧 = 𝑥+𝑖𝑦 ∈
ℂ× and 𝑢 ∈ 𝔭 with 𝑢 = 𝑎+ 𝑖𝑏 ∈ ℂ we find that the tangent bundle of 𝐷 is the ho-
mogeneous vector bundle that corresponds to the representation 𝜆 : 𝐾∞ → GL(𝔭)
that is given by 𝜆(𝑧)(𝑢) = ∣𝑧∣−2𝑧2𝑢. Therefore the cotangent bundle corresponds to
the representation 𝜆(𝑧)(𝑢) = ∣𝑧∣2𝑧−2𝑢. From equation (6.3.4) we see that a section
of the cotangent bundle of 𝑌 = Γ∖𝐺(ℝ)/𝐾∞ is therefore a mapping 𝑆 : 𝐷 → ℂ
such that 𝑆(𝛾𝑧) = det(𝛾)𝑗(𝛾, 𝑧)−2𝑆(𝑧). We remark that the “function” 𝑆(𝑧) = 𝑑𝑧
satisfies

𝑆(𝑔𝑧) = det(𝑔)𝑗(𝑔, 𝑧)−2𝑆(𝑧) (6.10.1)

(for all 𝑔 ∈ 𝐺(ℝ)) so 𝑑𝑧 defines a section of 𝑇 ∗𝑌 .

If 𝐺 = Res𝐿/ℚGL2 then we have differential forms 𝑑𝑧𝜎 and 𝑑𝑧𝜎 for each
real place 𝜎 ∈ Σ(𝐿). We will be primarily interested in differential 𝑛-forms where
𝑛 = [𝐿 : ℚ]. Choose an ordering for the real places, Σ(𝐿) = {𝜎1, . . . , 𝜎𝑛} , and
write 𝑑𝑧𝑖 in place of 𝑑𝑧𝜎𝑖 . Let

𝑑𝑧 := 𝑑𝑧1 ∧ ⋅ ⋅ ⋅ ∧ 𝑑𝑧𝑛.
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In the following proposition, we use equations (6.7.1) (for 𝑃𝑧), (6.10.1) (for
𝑑𝑧) to obtain a differential form 𝜔𝑓 and hence a mapping

𝜔 : 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) → Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)).

The computation required to prove the proposition is entirely analogous to that
given in the proof of Proposition 6.4 and hence is omitted.

Proposition 6.5. Fix a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and a Hecke character 𝜒 as in
Proposition 6.4. Let 𝑓 ∈ 𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒) or more generally, let 𝑓 : 𝐺(𝔸) → ℂ be
a smooth function that satisfies the equivariance conditions of a Hilbert modular
form in 𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒0), namely,

𝑓(𝛾𝑏𝑔𝑢0𝑢
1
∞) = 𝜒(𝑏)−1𝜒0(𝑢

−𝜄
0 )𝑓(𝑔)

∏
𝜎∈Σ(𝐿)

𝑒𝑖(𝑘𝜎+2)𝜃𝜎

where 𝑏 ∈ 𝔸×𝐿 , 𝛾 ∈ 𝐺(ℚ), 𝑔 ∈ 𝐺(𝔸), 𝑢0 ∈ 𝐾0(𝔠) and

𝑢1∞ =
((

cos 𝜃𝜎 sin 𝜃𝜎
− sin 𝜃𝜎 cos 𝜃𝜎

))
𝜎∈Σ(𝐿) ∈ 𝐾1

∞.

Then the function 𝜔(𝑓) = 𝜔𝑓 : 𝐷 ×𝐺(𝔸𝑓 ) → Sym𝑘(𝑉 ∨) ⊗ ∧𝑛𝑇 ∗𝐷 given by

𝜔𝑓 (𝑧, 𝑥0) := det(𝛼𝑧)−𝑚−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝑥0𝛼𝑧) (−𝑋 + 𝑧𝑌 )

𝑘
𝑑𝑧 (6.10.2)

(where 𝛼𝑧 ∈ 𝐺(ℝ); 𝛼𝑧.i = 𝑧) defines a smooth differential form

𝜔𝑓 ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)). □

Proposition 6.6. If 𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) then the differential form 𝜔𝑓 is closed
(𝑑𝜔𝑓 = 0), square integrable, and holomorphic. It therefore defines a class [𝜔𝑓 ] ∈
𝐻𝑛
(2)(𝑌0(𝔠),ℒ(𝜅, 𝜒0)) in 𝐿2-cohomology.

Proof. In equation (6.10.2) write 𝜔𝑓 = 𝐹 (𝑧)𝑑𝑧 where 𝑑𝑧 = 𝑑𝑧1 ∧ ⋅ ⋅ ⋅ ∧ 𝑑𝑧𝑛. The
function 𝐹 (𝑧) is holomorphic by the remarks in Section 5.4. With respect to this
coordinate system on 𝐷 = 𝐺(ℝ)/𝐾∞ we have

𝑑𝜔𝑓 =
𝑛∑

𝑖=1

∂𝐹 (𝑧)

∂𝑧𝑖
𝑑𝑧𝑖 ∧ 𝑑𝑧 +

𝑛∑
𝑖=1

∂𝐹 (𝑧)

∂𝑧𝑖
𝑑𝑧𝑖 ∧ 𝑑𝑧

The first term vanishes since 𝐹 is analytic in 𝑧 and the second term vanishes since
𝑑𝑧 is a top degree (in the holomorphic variables) differential form. The differential
form 𝜔𝑓 is square integrable because (𝑓, 𝑓)𝑃 < ∞. □
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6.11 Action of the component group

In this section we explain that the group 𝐺(ℝ)/𝐺(ℝ)0 of connected components
of 𝐺(ℝ) acts by complex conjugation with respect to certain coordinates. Let
𝐼, 𝐽 ⊂ Σ(𝐿) be disjoint sets with 𝐼 ∪ 𝐽 = Σ(𝐿) and let

𝑑𝑧𝐼 ∧ 𝑑𝑧𝐽 =
𝑛⋀

𝑖=1

𝑑𝑤𝑖 where 𝑑𝑤𝑖 =

{
𝑑𝑧𝑖 if 𝜎𝑖 ∈ 𝐼

𝑑𝑧𝑖 if 𝜎𝑖 ∈ 𝐽.

Then 𝑑𝑧𝐼∧𝑑𝑧𝐽 is a section of the vector bundle corresponding to the representation
of 𝐾1∞ ∼= (𝑆1)𝑛 on ℂ given by

𝜇𝐽 = ⊗
𝜎∈Σ𝐿

𝜇𝐽,𝜎 where 𝜇𝐽,𝜎

((
cos 𝜃𝜎 sin 𝜃𝜎
− sin 𝜃𝜎 cos 𝜃𝜎

))
:=

{
𝑒2𝑖𝜃𝜎 if 𝜎 ∈ 𝐼

𝑒−2𝑖𝜃𝜎 if 𝜎 ∈ 𝐽.

The differential form 𝑑𝑧𝐼 ∧ 𝑑𝑧𝐽 may also be obtained as the pullback

𝑑𝑧𝐼 ∧ 𝑑𝑧𝐽 = 𝜄∗𝐽 (𝑑𝑧1 ∧ ⋅ ⋅ ⋅ ∧ 𝑑𝑧𝑛)

where 𝜄𝐽 : 𝐺(ℝ)/𝐾∞ → 𝐺(ℝ)/𝐾∞ is defined on each factor by

𝜄𝐽 (𝑧𝑖) :=

{
𝑧𝑖 if 𝜎𝑖 ∈ 𝐼

𝑧𝑖 if 𝜎𝑖 ∈ 𝐽.

The mapping 𝜄𝐽 yields an involution of 𝑌0(𝔠) and of its Baily-Borel compactifica-
tion 𝑋0(𝔠), which is a stratum preserving orbifold morphism on each nonempty
stratum. This morphism is proper, finite and surjective, but it may not be orien-
tation preserving (in fact it will usually change Hodge types). For 𝐽 ⊂ Σ(𝐿) define

𝑤𝐽 = (𝛾𝜎)𝜎∈Σ(𝐿) where 𝛾𝜎 =

{(−1 0
0 1

)
𝜎 ∈ 𝐽

( 1 00 1 ) 𝜎 /∈ 𝐽.

Then {𝑤𝐽 : 𝐽 ⊂ Σ(𝐿)} is a collection of representatives for the component group
𝐺(ℝ)/𝐺(ℝ)0, and multiplication from the right by 𝑤𝐽 gives the mapping 𝜄𝐽 :
𝐺(ℝ)/𝐾∞ → 𝐺(ℝ)/𝐾∞. In fact, if 𝜎 ∈ 𝐽 and if

𝑧𝜎 =

(
𝑎𝜎 𝑏𝜎
𝑐𝜎 𝑑𝜎

)
.𝑖 =

𝑎𝜎𝑖 + 𝑏𝜎
𝑐𝜎𝑖 + 𝑑𝜎

then

𝑧𝜎 =

(−𝑎𝜎 𝑏𝜎
−𝑐𝜎 𝑑𝜎

)
.𝑖 =

(
𝑎𝜎 𝑏𝜎
𝑐𝜎 𝑑𝜎

)
𝛾𝜎.𝑖.
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Lemma 6.7. Fix a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and a Hecke character 𝜒. Let 𝐽 ⊂
Σ(𝐿). Right multiplication by 𝑤𝐽 induces isomorphisms of local systems on 𝑌0(𝔠),

𝜄∗𝐽 (ℒ(𝜅, 𝜒0)) ∼= ℒ(𝜅, 𝜒0) and 𝜄∗𝐽 (ℒ(𝜅, 𝜒∨0 )) ∼= ℒ(𝜅, 𝜒∨0 )

so it also induces an isomorphism of smooth differential forms,

𝜄∗𝐽 : Ω𝑘(𝑌0(𝔠),ℒ(𝜅, 𝜒0)) → Ω𝑘(𝑌0(𝔠),ℒ(𝜅, 𝜒0)).

Proof. Suppose first that 𝜆 : 𝐾 = 𝐾0𝐾∞ → GL(𝑉 ) is a representation giv-
ing rise to a homogeneous vector bundle 𝑀(𝜆) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾 𝑉 on 𝑌 =
𝐺(ℚ)∖𝐺(𝔸)/𝐾. Let 𝑤 ∈ 𝐺(𝔸). Suppose that 𝑤 normalizes 𝐾, and that the repre-
sentation 𝜆 extends to a representation of the group generated by 𝐾 and 𝑤. Then
the mapping

[𝑔, 𝑣] �→ [𝑔𝑤, 𝜆(𝑤)−1𝑣] (6.11.1)

defines a mapping of homogeneous vector bundles 𝜙 : 𝑀(𝜆) → 𝑀(𝜆) which covers
the mapping 𝑌 → 𝑌 that is given by 𝐺(ℚ)𝑔𝐾 �→ 𝐺(ℚ)𝑔𝑤𝐾. To see this, it suffices
to check that the mapping (6.11.1) is well defined. If 𝑘 ∈ 𝐾 then

[𝑔𝑘, 𝑣] �→ [𝑔𝑘𝑤, 𝜆(𝑤)−1𝑣] = [𝑔𝑤(𝑤−1𝑘𝑤), 𝜆(𝑤)−1𝑣]

= [𝑔𝑤, 𝜆(𝑤−1𝑘𝑤)𝜆(𝑤)−1𝑣] = [𝑔𝑤, 𝜆(𝑤)−1𝜆(𝑘)𝑣]

which is the image of [𝑔, 𝜆(𝑘)(𝑣)]. Suppose now that 𝑀(𝜆) is a local system in the
sense of orbifolds. In other words, 𝑀(𝜆) is flat and (6.4.5) (but not necessarily
(6.4.1)) holds for all ℎ ∈ 𝐻(𝔸) holds. In this case, the same argument provides
a lift of right multiplication by 𝑤 to 𝑀(𝜆). The lemma is a special case of this
statement. □

Definition 6.8. Fix a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and a Hecke character 𝜒 as in
Proposition 6.4. Let 𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒0) and let 𝜔𝑓 ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)) be the
corresponding differential form as defined in equation (6.10.2). Let 𝐽 ⊂ Σ(𝐿).
Define

𝜔𝐽(𝑓) := 𝜄∗𝐽 (𝜔𝑓 ). (6.11.2)

Lemma 6.7 above implies that 𝜔𝐽(𝑓) ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)).



Chapter 7

The Automorphic Description
of Intersection Cohomology

In this chapter we use Proposition 6.6 to construct a map

Hilbert modular forms
𝜔−→ intersection cohomology

which takes

weight, nebentypus −→ local coefficient system

Hecke operator −→ action of Hecke correspondence

Petersson product −→ intersection product

The compatibility between the left and right sides of this chart involve a series of
technical complications including the following

∙ The Hilbert modular variety 𝑌0(𝔠) is an orbifold, rather than a manifold.

∙ The local coefficient systems that arise are slightly more general than those
usually considered in the literature on intersection cohomology.

∙ The Hecke correspondences must be lifted to the local systems.

∙ The normalization of the Petersson product does not agree with the usual
normalization of the intersection product.

∙ As mentioned in Section 6.9 and Section 6.10 the transition from modular
forms to differential forms involves a shift in the weight.

Agreement between the weight conventions is achieved using the main in-
volution which converts modular forms in 𝑆𝜅(𝑌0(𝔠), 𝜒0) into modular forms in
𝑆coh𝜅 (𝑌0(𝔠), 𝜒0), as discussed in Section 5.5 and Section 5.7. Agreement between the
normalizations for the Petersson product and the intersection product is achieved
using the Atkin Lehner operator, which converts the local system ℰ(𝜒0) into the lo-
cal system ℰ(𝜒∨0 ), see Section 7.4, and the complex conjugation involution, see Sec-
tion 7.3. Besides these actions, the component group of 𝐺 (see Section 6.11) and the
Hecke algebra (see Sections 7.6 and 7.7) act on modular forms and on cohomology.

     
 J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 

nd Quadratic Base Change, Progress in Mathematics 298, 
     DOI 10.1007/978-3-0348-0351-9_7, © Springer Basel 2012
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In Section 7.1, the local coefficient system ℒ(𝜅, 𝜒0) is recalled from Chapter
6. Using the Atkin-Lehner operator (Section 7.4), the intersection pairing is de-
fined and normalized in Section 7.5. Hecke correspondences are defined and lifted
to the local systems in Section 7.6.

In Proposition 6.5 the process of converting a complex-valued Hilbert modu-
lar form into a differential form with coefficients in the local system ℒ(𝜅, 𝜒0) was
explained. This is applied in Section 7.2 to the Hilbert modular forms 𝑓 of Section
5.4 to obtain intersection cohomology classes

[𝜔𝑓 ] ∈ 𝐼m𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)).

We show in this section that 𝜔 is Hecke equivariant and use it to give a description,
due to G. Harder, of this intersection cohomology group as a Hecke module. The
automorphic description of the intersection cohomology groups gives us, in partic-
ular, a complete picture of these cohomology groups as Hecke modules. This will
be crucial in the proof of Theorem 8.4, the full version of the “first main theorem”
of the introduction, in Chapter 8 below.

In Theorem 7.11 we show how the pairings on intersection cohomology de-
scribed in Section 7.5 relate to the Petersson inner product. This will be a key
tool in the proof of Theorem 8.5, the full version of the “second main theorem” of
the introduction, in Chapter 8.

Finally in Section 7.9 we indicate how these constructions may be performed
using integral coefficients. Our presentation owes much to Hida, who used au-
tomorphic forms to fix integral normalizations of the isomorphisms occurring in
Harder’s work (see [Hid7], [Hid3] and [Gh]).

Throughout this chapter we use the notation established in Chapter 5 (see
also Section 6.6): 𝐿 is a totally real number field of degree 𝑛 = [𝐿 : ℚ]; 𝐺 =

Res𝐿/ℚ(GL2); 𝔠 ⊂ 𝒪𝐿 is an ideal and 𝐾0(𝔠) ⊂ 𝐺(ℤ̂) is the corresponding Hecke
congruence subgroup.

The Hilbert modular variety is 𝑌0(𝔠) = 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾0(𝔠).

7.1 The local system 퓛(𝜿, 𝝌0)

The following definitions are recalled from Chapter 6. Let 𝒳 (𝐿) ⊂ (ℤ≥0)Σ(𝐿) ×
(12ℤ)Σ(𝐿) be the allowable set of weights, as described in Section 5.3 equation
(5.3.1) and Section 6.8 equation (6.8.1). Fix 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿). As in Section
6.6 the group GL2 acts via the standard representation on a complex vector space
𝑉 = ℂ2, and this determines a representation of 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿) on the space

Sym𝑘(𝑉 ∨) :=
⊗

𝜎∈Σ(𝐿)
Sym𝑘𝜎 (𝑉 ∨𝜎 )
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of homogeneous polynomial functions of degree 𝑘. Let det∞(𝛾∞)=
∏

𝜎∈Σ(𝐿)det(𝛾𝜎)

for 𝛾∞ ∈ 𝐺(ℝ). We obtain a representation of 𝐺(ℝ),

𝐿(𝜅) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚
∞ .

Let 𝜒 : 𝔸×𝐿 → ℂ× be a quasicharacter whose conductor divides 𝔠 and satisfies
𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ for all 𝑏∞ ∈ 𝔸×𝐿∞. As in Lemma 5.2 the finite part 𝜒0 of 𝜒
determines one-dimensional representations, 𝜒0, 𝜒

∨
0 : 𝐾0(𝔠) → ℂ× as the product

𝜒0 :=
∏

𝑣<∞ 𝜒𝑣 of local characters defined by setting

𝜒𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑑𝑣) if 𝔭𝑣∣𝔠
1 otherwise.

𝜒∨𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑎𝑣) if 𝔭𝑣∣𝔠
1 otherwise.

for each place 𝑣 < ∞ with 𝔭𝑣 the corresponding prime ideal, see Section 6.8. De-
note the complex numbers ℂ with this representation by 𝐸𝜒0 or 𝐸(𝜒0). So we
obtain a representation

𝐿(𝜅, 𝜒0) := 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚
∞ ⊗ 𝐸(𝜒∨0 )

of 𝐾0(𝔠).𝐾∞ (in fact, a representation of 𝐾0(𝔠).𝐺(ℝ)). In other words, as a vec-
tor space, 𝐿(𝜅, 𝜒0) is isomorphic to Sym𝑘(𝑉 ∨) but the action of 𝛾 = 𝛾0𝛾∞ ∈
𝐾0(𝔠).𝐾∞ on a polynomial function 𝑝 (( 𝑋

𝑌 )) is given by

𝛾.𝑝
((

𝑋𝜎

𝑌𝜎

)
𝜎∈Σ(𝐿)

)
:= det∞(𝛾∞)−𝑚𝜒∨0 (𝛾0)𝑝

((
𝛾−1𝜎

(
𝑋𝜎

𝑌𝜎

)
𝜎∈Σ(𝐿)

))
. (7.1.1)

The representation 𝐿(𝜅, 𝜒0) gives rise to an orbifold local system

ℒ(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒∨0 ) := 𝐺(ℚ)∖𝐺(𝔸) ×𝐾0(𝔠)𝐾∞ 𝐿(𝜅, 𝜒0)

on the orbifold 𝑌0(𝔠), see Proposition 6.3. Similar remarks apply to the construc-
tion of the orbifold local system ℒ∨(𝜅, 𝜒0) that is associated to the following
representation of 𝐾0(𝔠)𝐾∞ :

𝐿∨(𝜅, 𝜒0) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚
∞ ⊗ 𝐸(𝜒0)

(that is, the character 𝜒∨0 is replaced by 𝜒0).
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7.2 The automorphic description of
intersection cohomology

As above, let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and let 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a quasicharacter
satisfying 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ for 𝑏∞ ∈ 𝔸×𝐿∞. Assume that the conductor of 𝜒
divides the ideal 𝔠 ⊂ 𝒪𝐿. In this section we describe a basis of differential forms
for the intersection cohomology groups 𝐼m𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)).

By Proposition 6.6 a modular form 𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) gives rise to an 𝐿2

holomorphic differential form 𝜔𝑓 ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)). We wish to use the isomor-
phism 𝒵 (of the Zucker conjecture, see Theorem 4.2) to associate an intersection
cohomology class to such a differential form. We cannot apply this isomorphism
as it stands since the representation 𝐿(𝜅, 𝜒0) does not necessarily extend to a
representation of 𝐺. To overcome this, define

𝐾11(𝔠) := {( 𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) :
(
𝑎 𝑏
𝑐 𝑑

) ≡ ( 1 ∗0 1 ) (mod 𝔠)};

it is a finite-index subgroup of 𝐾0(𝔠). One then has a covering map

𝑝 : 𝑌𝐾11(𝔠) −→ 𝑌0(𝔠).

Since 𝜒0 is trivial on 𝐾11(𝔠), one sees that there is a natural isomorphism

𝑝∗ℒ(𝜅, 𝜒0) = 𝐺(ℚ)∖𝐺(𝔸) ×𝐾∞𝐾11(𝔠) 𝐿(𝜅, 𝜒triv).

In particular, 𝑝∗ℒ(𝜅, 𝜒0) is the local system associated to the representation
𝐿(𝜅, 𝜒triv) of 𝐺 and the Zucker isomorphism gives

𝒵 : 𝐻∗
(2)(𝑌𝐾11(𝔠), 𝑝

∗ℒ(𝜅, 𝜒0))−̃→𝐼𝐻∗(𝑋𝐾11(𝔠), 𝑝
∗ℒ(𝜅, 𝜒0)). (7.2.1)

We can then define the Zucker isomorphism

𝒵 : 𝐻∗
(2)(𝑌0(𝔠),ℒ(𝜅, 𝜒0))−̃→𝐼𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) (7.2.2)

by 𝒵 := 1
[𝐾0(𝔠):𝐾11(𝔠)]

𝑝∗ ∘𝒵 ∘𝑝∗. We therefore have for each 𝐽 ⊆ Σ(𝐿) a homomor-

phism

𝜔𝐽 : 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) → 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅, 𝜒0))

𝑓 �→ 𝒵([𝜔𝐽(𝑓)]) = 𝒵([𝜄∗𝐽 (𝜔𝑓 )]).
(7.2.3)

The space of cuspidal cohomology classes is defined as follows:

𝐼m𝐻𝑛
cusp(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) :=

⊕
𝜒

⊕
𝐽⊂Σ(𝐿)

𝜔𝐽

(
𝑆coh𝜅 (𝐾0(𝔠), 𝜒)

)
.

Here, the first sum is over all Hecke characters 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× such that
𝜒∞(𝑎∞) = 𝑎−𝑘−2𝑚∞ and 𝜒∣𝒪×𝐿 = 𝜒0. If 𝑗 ∕= 𝑛 we set 𝐼m𝐻𝑗

cusp(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) = 0.
In Proposition 7.13 we will prove that the mapping 𝜔𝐽 is Hecke-equivariant.
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We next isolate the subspace of invariant classes as in Section 4.4. These can
only occur in the case that 𝜅 = (0,𝑚) ∈ 𝒳 (𝐿) for some 𝑚 ∈ ℤΣ(𝐿). As explained
in Section 4.4 for each 1 ⊆ 𝑗 ⊆ ℎ(𝐾0(𝔠)) there is a canonical injection

𝜍𝑗 : 𝐻𝑖(𝔤,𝐾∞;𝐿(𝜅, 𝜒triv)) ↪→ 𝐻𝑖
(2)(𝑌

𝑗
0 (𝔠),ℒ(𝜅, 𝜒triv0)) ↪→ 𝐻𝑖(𝑌0(𝔠),ℒ(𝜅, 𝜒triv0)),

Here 𝐻𝑖(𝔤,𝐾∞;𝐿(𝜅, 𝜒triv0)) is the relative Lie algebra cohomology of the Lie al-
gebra 𝔤 of 𝐺(ℝ) and 𝜒triv is the trivial character. Translating this into the adèlic
language using (5.1.6) we thus have a subspace of invariant cohomology classes

𝐼m𝐻𝑖
inv(𝑋0(𝔠),ℒ((0,𝑚), 𝜒0)) := 𝒵𝜍

⎛⎝⊕
𝜙

𝐻𝑖(𝔤,𝐾∞;ℂ𝜙⊗ 𝐿((0,𝑚), 𝜒triv0))

⎞⎠
(7.2.4)

sitting inside 𝐼m𝐻𝑖(𝑋0(𝔠),ℒ(𝜅, 𝜒triv0)). The sum is over the set of functions 𝜙 :
𝐺(ℚ)∖𝐺(𝔸) → ℂ× of the form 𝜙 = 𝜒 ∘ det for some quasi-character 𝜒 : 𝐿×∖𝔸×𝐿 →
ℂ× that is unramified at all finite places; this implies that 𝜙 is trivial on 𝐾0(𝔠). In
other words, 𝜙 factors through the determinant map (5.1.6). For a more explicit
description of these classes, see Section 11.2 below. We set

𝐼m𝐻∗
inv(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) = 0

if 𝜅 ∕= (0,𝑚) for some 𝑚 ∈ ℤ1 or 𝜒0 ∕= 𝜒triv0.

The following theorem of Harder [Har] (as rephrased by Hida [Hid7, Section
3]) says that these two subspaces of the intersection cohomology actually fill the
space:

Theorem 7.1 (Harder). The middle intersection cohomology decomposes as fol-
lows:

𝐼m𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) = 𝐼m𝐻∗
inv(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) ⊕ 𝐼m𝐻∗

cusp(𝑋0(𝔠),ℒ(𝜅, 𝜒0)).

Remark. We note that this theorem is not phrased in the language of intersection
cohomology in either [Har] or [Hid7]. However, it is straightforward to deduce the
given statement using the identification

𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) = Image (𝐻𝑛
𝑐 (𝑌0(𝔠),ℒ(𝜅, 𝜒0)) → 𝐻𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)))

which holds since 𝑋0(𝔠) has isolated singularities at the cusps and orbifold singu-
larities in the interior.
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7.3 Complex conjugation

There are several different notions of “complex conjugation” in the current setting.

(1) If 𝑓, 𝑔 are (holomorphic) modular forms with values in ℂ, the Petersson prod-
uct involves the values of 𝑓 and 𝑔.

(2) If 𝑓 is a (holomorphic) modular form with values in ℂ then 𝑓 will be anti-
holomorphic, but 𝑓𝑐(𝑧) = 𝑓(𝑧) will be holomorphic in 𝑧.

(3) If 𝜔𝑓 is the holomorphic differential form that corresponds to a (holomorphic)
modular form 𝑓 then 𝜄∗𝐽 (𝜔𝑓 ) will be a differential form of type (𝑛− ∣𝐽 ∣, ∣𝐽 ∣)
with 𝑛− ∣𝐽 ∣ factors of type 𝑑𝑧𝑖 and ∣𝐽 ∣ factors of type 𝑑𝑧𝑖.

(4) If a modular form 𝑓 has a Fourier expansion

𝑓 (( 𝑦 𝑥
0 1 )) = ∣𝑦∣𝔸𝐿

∑
𝜉≫0

𝑎(𝔪, 𝑓)𝑞𝜅(𝜉𝑥, 𝜉𝑦)

(where 𝔪 = 𝜉𝑦𝒟𝐿/ℚ) then one might consider the function obtained by re-
placing each Fourier coefficient 𝑎(𝔪) by its complex conjugate.

In [Shim4, Thm. 1.5] Shimura constructs an action of a certain Galois group
on the space of Hilbert modular forms by acting on the Fourier coefficients of
the modular form. This action is further described in [Hid3, Thm. 4.4] and [Hid5,
(2.1)]. For the Galois group element that is complex conjugation, it may be de-
scribed as follows. Define 𝑤 ∈ GL2(𝔸𝐿) by 𝑤𝑣 = 𝐼 for 𝑣 < ∞ and 𝑤𝜎 =

(−1 0
0 1

)
for 𝜎 ∈ Σ(𝐿). Let 𝑓 : 𝐺(𝔸) → ℂ be a modular form. Then the complex conjugate
modular form is

𝑓𝑐(𝑔) := 𝑓(𝑔𝑤).

If we consider the function 𝑓 to be a section of a vector bundle over 𝐷 × 𝐺(𝔸𝑓 )
where 𝐷 = (ℂ − ℝ)Σ(𝐿) then by taking 𝑔 = ( 𝑦 𝑥

0 1 ) ∈ 𝐺(ℝ) and 𝑧 = 𝑥 + i𝑦 we see
that 𝑓𝑐(𝑧, 𝑔0) = 𝑓(𝑧, 𝑔0) for all (𝑧, 𝑔0) ∈ 𝐷 ×𝐺(𝔸𝑓 ).

Lemma 7.2. Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be a weight and set [𝑘 + 2𝑚] := 𝑘𝜎 + 2𝑚𝜎

(which is independent of 𝜎 ∈ Σ(𝐿)). Let 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a Hecke character
such that 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚

∞ , whose conductor divides 𝔠. Then complex conjuga-
tion of modular forms defines isomorphisms

𝑆𝜅(𝐾0(𝔠), 𝜒) → 𝑆𝜅(𝐾0(𝔠), 𝜒
−1∣ ⋅ ∣−2[𝑘+2𝑚])

𝑆coh𝜅 (𝐾0(𝔠), 𝜒) → 𝑆coh𝜅 (𝐾0(𝔠), 𝜒
−1∣ ⋅ ∣−2[𝑘+2𝑚])

where ∣ ⋅ ∣−2[𝑘+2𝑚] denotes the character 𝑡 �→ ∣𝑡∣−2[𝑘+2𝑚]𝔸𝐿
.

Proof. Let 𝑓 ∈𝑆𝜅(𝐾0(𝔠),𝜒). Let 𝑡∈𝔸×𝐿 , 𝛾∈𝐺(ℚ), 𝑔∈𝐺(𝔸), 𝑢1∞=
(
cos𝜃 sin𝜃
−sin𝜃 cos𝜃

)∈𝐾1
∞

and 𝑢0 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) so that

𝑓(𝑡𝛾𝑔𝑢1∞𝑢0) = 𝜒(𝑡)𝑓(𝑔)𝜇(𝑢1∞)𝜒0(𝑢0)
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where 𝜇(𝑢1∞) = 𝑒𝑖𝜋(𝑘+2)𝜃 . Note that 𝜒(𝑡) = 𝜒−1(𝑡)∣𝑡∣−2[𝑘+2𝑚]𝔸𝐿
for 𝑡 ∈ 𝔸×𝐿 by equa-

tion (C.3.2). Hence

𝑓𝑐(𝑡𝛾𝑔𝑢
1
∞𝑢0) = 𝑓(𝑡𝛾𝑔𝑢1∞𝑢0𝑤)

= 𝜒(𝑡)𝜇(𝑤−1𝑢1∞𝑤)𝜒0(𝑢0)𝑓(𝑔𝑤) (since 𝑤 commutes with 𝑢0)

= 𝜒(𝑡)𝜇
((
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

))
𝜒0(𝑢0)𝑓(𝑔𝑤)

= 𝜒(𝑡)𝜇(𝑢1∞)𝜒0(𝑢0)𝑓𝑐(𝑔)

which shows that 𝑓𝑐 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒
−1∣ ⋅ ∣−2[𝑘+2𝑚]). The argument for 𝑆coh𝜅 is sim-

ilar. □

The following lemma tells us that notions (2) and (4) of complex conjugation
coincide:

Lemma 7.3. Let 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒). For 𝑦 ∈ 𝔸×𝐿 such that 𝑦𝜎 > 0 for all 𝜎 ∈ Σ(𝐿)
one has

𝑓𝑐 (( 𝑦 𝑥
0 1 )) = ∣𝑦∣𝔸𝐿

∑
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑓)𝑞𝜅(𝜉𝑥, 𝜉𝑦).

Proof. We have

𝑓𝑐 (( 𝑦 𝑥
0 1 )) = 𝑓

((
(−𝑦)∞𝑦0 𝑥

0 1

))
= 𝑓

((−1 0
0 1

) (
(−𝑦)∞𝑦0 𝑥

0 1

))
= 𝑓

((
𝑦∞(−𝑦0) −𝑥

0 1

))
by the left 𝐺(ℚ)-invariance of 𝑓 . On the other hand

𝑓
((

𝑦∞(−𝑦0) −𝑥
0 1

))
= ∣𝑦∣𝔸𝐿

∑
𝜉≫0

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑓)𝑞𝜅(𝜉𝑥, 𝜉𝑦).

since (𝜉𝑦0𝒟𝐿/ℚ) = (𝜉(−𝑦0)𝒟𝐿/ℚ) as ideals of 𝒪𝐿. □

7.4 Atkin-Lehner operator

In this section we describe the Atkin-Lehner operator, which acts on the modular
variety 𝑌0(𝔠) and on its compactification 𝑋0(𝔠). This action preserves newforms
and it takes a newform 𝑓 to its complex conjugate 𝑓𝑐 (times a factor). Since it
acts on the space 𝑌0(𝔠) it also acts on cycles in the space, and therefore gives
us a cycle-level “lift” of complex conjugation 𝑓 �→ 𝑓𝑐. The Atkin-Lehner opera-
tor is also needed in order to compare the Petersson inner product on modular
forms with the intersection pairing (see Theorem 7.11). The intersection pairing in-
volves two different groups, 𝐼𝐻𝑛(𝑋0(𝔠);ℒ(𝜅, 𝜒0)) and 𝐼𝐻𝑛(𝑋0(𝔠);ℒ∨(𝜅, 𝜒0)). The
Atkin-Lehner operator converts the local system ℒ∨(𝜅, 𝜒0) into its dual, ℒ(𝜅, 𝜒0),
see Lemma 7.4, so the intersection pairing becomes an inner product.
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More precisely we will construct a commutative diagram

𝑆𝜅(𝐾0(𝔠), 𝜒)
−𝜄� 𝑆coh𝜅 (𝐾0(𝔠), 𝜒)

𝜔𝐽� Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0))

𝑆𝜅(𝐾0(𝔠), 𝜓)

𝑐

�
𝑊 ∗

𝔠

�

−𝜄
� 𝑆coh𝜅 (𝐾0(𝔠), 𝜓)

𝑊 ∗ coh
𝔠

�

...........

𝜔𝐽

� Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜓0))

𝑊 ∗
𝔠

�
(7.4.1)

where 𝐽 ⊂ Σ(𝐿), where 𝜓 = 𝜒 = 𝜒−1∣ ⋅ ∣−2[𝑘+2𝑚], where 𝑐 denotes complex conju-
gation, and where the mapping 𝑊 ∗

𝔠 in the first column differs from 𝑐 by a scalar
multiple, see Proposition 7.7 and equation (7.4.9).

Assume as in the previous sections that 𝔠 ⊂ 𝒪𝐿 is a fixed ideal. Let 𝑐 ∈ 𝔸×𝐿
be an idèle such that 𝑐̃𝑣 = 1 if 𝑣∣∞ and such that

[𝑐0] = 𝔠

where 𝑐0 is the finite part of 𝑐, and [𝑐0] is its associated fractional ideal. Then the
Atkin-Lehner matrix is

𝑊𝔠 :=

(
0 −1
𝑐̃ 0

)
∈ 𝐺(𝔸). (7.4.2)

Right multiplication by the element 𝑊𝔠 (or by 𝑊 𝜄
𝔠 = −𝑊𝔠) induces a well-defined

mapping on the Hilbert modular variety 𝑌0(𝔠) = 𝐺(ℚ)∖𝐺(𝔸)/𝐾0(𝔠)𝐾∞, for if
𝑔 ∈ 𝐺(𝔸), if 𝑢0 ∈ 𝐾0(𝔠) and if 𝑢∞ ∈ 𝐾∞ then

𝐺(ℚ)𝑔𝑊𝔠𝐾0(𝔠)𝐾∞ = 𝐺(ℚ)𝑔𝑢0𝑢∞𝑊𝔠𝐾0(𝔠)𝐾∞ ∈ 𝑌0(𝔠)

because 𝑊𝔠 commutes with 𝐾∞ and because 𝑊−1
𝔠 𝑢0𝑊𝔠 ∈ 𝐾0(𝔠). Moreover this

mapping is invertible: in fact,

(𝑊𝔠)
2 =

(−𝑐 0
0 −𝑐

)
which is obviously invertible. In fact its action on 𝑌0(𝔠) has finite order because
𝑊 2

𝔠 acts through the idèle class group.

The action of the component group 𝜋0(𝐺(ℝ)) (see Section 6.11) commutes
with the Atkin-Lehner operator. The characters 𝜒0, 𝜒

∨
0 of 𝐾0(𝔠) are also related

via the Atkin-Lehner operator as follows:

𝜒∨0 (𝑢0) = 𝜒0(𝑊
−1
𝔠 𝑢0𝑊𝔠) for all 𝑢0 ∈ 𝐾0(𝔠). (7.4.3)

Let 𝐸(𝜒0) ∼= ℂ be the one-dimensional vector space on which 𝐾0(𝔠) acts by 𝜒0
and let

ℰ(𝜒0) = 𝐺(ℚ)∖𝐷 ×𝐺(𝔸𝑓 ) ×𝐾0(𝔠) 𝐸(𝜒0)

be the corresponding line bundle on 𝑌0(𝔠).
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Lemma 7.4. The Atkin-Lehner operator 𝑊𝔠 : 𝑌0(𝔠) → 𝑌0(𝔠) determines natural
isomorphisms

ℰ(𝜒0) ∼= 𝑊 ∗
𝔠 (ℰ(𝜒∨0 )) and ℰ(𝜒∨0 ) ∼= 𝑊 ∗

𝔠 (ℰ(𝜒0))

and hence also, an isomorphism

ℒ∨(𝜅, 𝜒0) ∼= 𝑊 ∗
𝔠 ℒ(𝜅, 𝜒0).

Proof. Since 𝑊𝔠 commutes with 𝐾∞ it suffices to show that the map

ℰ(𝜒∨0 ) = 𝐺(𝔸𝑓 ) ×𝐾0(𝔠) 𝐸(𝜒∨0 ) → 𝐺(𝔸𝑓 ) ×𝐾0(𝔠) 𝐸(𝜒0) = ℰ(𝜒0)

given by

[𝑥0, 𝑣] �→ [𝑥0𝑊𝔠, 𝑣]

is well defined (for then it will obviously be an isomorphism). If [𝑥0𝑘, 𝑣] ∈ ℰ(𝜒∨0 )
with 𝑥0 ∈ 𝐺(𝔸𝑓 ) and 𝑘 ∈ 𝐾0(𝔠), then the following diagram commutes:

ℰ(𝜒∨0 ) � ℰ(𝜒0)

[𝑥0𝑘, 𝑣] � [𝑥0𝑘𝑊𝔠, 𝑣] = [𝑥0𝑊𝔠, 𝜒0(𝑊
−1
𝔠 𝑘𝑊𝔠)𝑣]

[𝑥0, 𝜒
∨
0 (𝑘)𝑣]

55
� [𝑥0𝑊𝔠, 𝜒

∨
0 (𝑘)𝑣]

55
which proves that the mapping is well defined. □

In order to obtain a mapping 𝑊 ∗
𝔠 as in diagram (7.4.1), we want to land in

the space of modular forms with character

𝜓(𝑡) = 𝜒(𝑡) = 𝜒−1(𝑡)∣𝑡∣−2[𝑘+2𝑚]𝔸𝐿

rather than 𝜒∨ so we need to modify the above isomorphism slightly by multiplying
by a complex number of norm 1:

Definition 7.5. The mapping 𝑊 ∗
𝔠 : 𝑆𝜅(𝐾0(𝔠), 𝜒) → 𝑆𝜅(𝐾0(𝔠), 𝜓) is defined by

𝑊 ∗
𝔠 (𝑓)(𝛼) :=

∣𝜒(det 𝛼)∣
𝜒(det 𝛼)

𝑓(𝛼𝑊𝔠). (7.4.4)

(See also [Hid3] Section 7, p. 354.) We similarly define an isomorphism

ℒ(𝜅, 𝜓0) ∼= 𝑊 ∗
𝔠 (ℒ(𝜅, 𝜒0))

by the mapping

𝐺(𝔸) ×𝐾∞𝐾0(𝔠) 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ) → 𝐺(𝔸) ×𝐾∞𝐾0(𝔠) 𝐿(𝜅) ⊗ 𝐸(𝜓∨0 )

given by

[𝛼, 𝑣] �→
[
𝛼𝑊𝔠,

𝜒(det 𝛼)

∣𝜒(det 𝛼)∣𝜒(det 𝑊𝔠)𝑣

]
(7.4.5)

for 𝛼 ∈ 𝐺(𝔸) and 𝑣 ∈ 𝐿(𝜅) ⊗ 𝐸(𝜒∨0 ).
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Proposition 7.6. Definition (7.4.4) does indeed map 𝑆𝜅(𝐾0(𝔠), 𝜒) to 𝑆𝜅(𝐾0(𝔠), 𝜓).
The mapping (7.4.5) is well defined. It induces a mapping on differential forms

𝑊 ∗
𝔠 : Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)) → Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜓0))

which is given by

𝑊 ∗
𝔠 𝜔(𝑧, 𝑥0) =

𝜒(det 𝛼𝑧𝑥0)

∣𝜒(det 𝛼𝑧𝑥0)∣𝜒(det𝑊𝔠)𝜔(𝑧, 𝑥0𝑊𝔠) (7.4.6)

where 𝛼𝑧 ⋅ i = 𝑧 ∈ 𝐷 = 𝐺(ℝ)/𝐾∞ and 𝑥0 ∈ 𝐺(𝔸𝑓 ). This mapping commutes with
the action 𝜄𝐽 of the component group.

Proof. First let us check that 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) =⇒ 𝑊 ∗
𝔠 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜓). Notice

the following preliminary properties of 𝜒. We may write 𝜒(𝑡) = 𝜒1(𝑡)∣𝑡∣𝑠𝔸𝐿 for some
unitary Hecke character 𝜒1 and 𝑠 = −[𝑘 + 2𝑚] = −𝑘𝜎 − 2𝑚𝜎 for any 𝜎 ∈ Σ(𝐿). If
𝑢∞ = ( 𝑢1 𝑢2−𝑢2 𝑢1

) ∈ 𝐾∞ then

𝜒(det 𝑢∞) = ∣𝜒(det 𝑢∞)∣ = (𝑢21 + 𝑢22)
𝑠.

Moreover, 𝜒1,𝑣(𝑡𝑣) = 1 if 𝑣 ∤ 𝔠 and 𝑡𝑣 ∈ 𝒪×𝐹𝑣 . For any 𝑢 ∈ 𝐺(ℤ̂) and any 𝑣 < ∞, we

have that (det 𝑢)𝑣 ∈ 𝒪×𝐿𝑣 so ∣det 𝑢𝑣∣𝑣 = 1. Consequently, if 𝑢0 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠)
then:

𝜒(det 𝑢0) =
∏
𝔭𝑣∣𝔠

𝜒𝑣(𝑎𝑣𝑑𝑣) and ∣𝜒(det 𝑢0)∣ = 1. (7.4.7)

Now let 𝑡 ∈ 𝔸×𝐿 , 𝛾 ∈ 𝐺(ℚ), 𝑔 ∈ 𝐺(𝔸), 𝑢1∞ =
(
cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃

) ∈ 𝐾1
∞. Set 𝜇(𝑢1∞) =

𝑒𝑖(𝑘+2)𝜃. Then

𝑊 ∗
𝔠 𝑓(𝑡𝛾𝛼𝑢1∞𝑢0) =

∣𝑡∣2𝑠𝔸
𝜒(𝑡2)

∣𝜒(det 𝛼𝑢0)∣
𝜒(det 𝛼𝑢0)

𝑓(𝑡𝛾𝛼𝑢1∞𝑢0𝑊𝔠)

= 𝜒−1(𝑡)∣𝑡∣2𝑠𝔸
∣𝜒(det 𝛼𝑢0)∣
𝜒(det 𝛼𝑢0)

𝑓(𝛼𝑊𝔠)𝜇(𝑢1∞)𝜒0(𝑊
−1
𝔠 𝑢0𝑊𝔠)

= 𝜓(𝑡)
∣𝜒(det 𝛼)∣
𝜒(det 𝛼)

𝑓(𝛼𝑊𝔠)𝜇(𝑢1∞)
∏
𝔭𝑣∣𝔠

𝜒𝑣(𝑎𝑣𝑑𝑣)−1
∏
𝔭𝑣∣𝔠

𝜒𝑣(𝑎𝑣)

= 𝜓(𝑡)
∣𝜒(det 𝛼)∣
𝜒(det 𝛼)

𝑓(𝛼𝑊𝔠)𝜇(𝑢1∞)𝜓0(𝑢0)

= 𝜓(𝑡)𝑊 ∗
𝔠 𝑓(𝛼)𝜇(𝑢1∞)𝜓0(𝑢0)

A similar calculation shows that equation (7.4.5) is well defined. Equation (7.4.6)
is obtained from (7.4.5). □

To complete the construction of diagram (7.4.1) we need to define the action
of Atkin-Lehner on 𝑆coh𝜅 and check that the diagram does indeed commute. There
are no choices involved in this definition if we insist that the diagram commute,
and we obtain
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Proposition 7.7. The mapping 𝑊 ∗ coh
𝔠 : 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) → 𝑆coh𝜅 (𝐾0(𝔠), 𝜓) given by

𝑊 ∗ coh
𝔠 𝑓 := (𝑊 ∗

𝔠 𝑓
−𝜄)−𝜄 may be expressed as follows:

𝑊 coh
𝔠∗ 𝑓(𝛼) :=

𝜒(det 𝛼)

∣𝜒(det 𝛼)∣𝜒(det 𝑊𝔠)𝑓(𝛼𝑊𝔠)

for 𝛼 ∈ 𝐺(𝔸). In particular the diagram (7.4.1) is commutative so that

𝑊 ∗
𝔠 𝜔𝐽(𝑓−𝜄) = 𝜔𝐽(𝑊 ∗

𝔠 (𝑓)−𝜄) (7.4.8)

for all 𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) and all 𝐽 ⊂ Σ(𝐿). The complex conjugate of 𝑓 is given
by 𝑓𝑐 = (−1){𝑘}((𝑓−𝜄)𝑐)

−𝜄 where {𝑘} =
∑

𝜎∈Σ(𝐿) 𝑘𝜎. □

We have the following result from Shimura [Shim4] and [Hid5, (4.10b)] which
relates the complex conjugate 𝑓𝑐 and the Atkin-Lehner operator.

Lemma 7.8. If 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a newform then

𝑊 ∗
𝔠 (𝑓) = 𝑊 (𝑓)N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑓𝑐, (7.4.9)

where 𝑊 (𝑓) is a complex number of norm 1. If 𝑓 ∈ 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) is a newform
it then follows that

𝑊 ∗ coh
𝔠 (𝑓) = (−1){𝑘}𝑊 (𝑓−𝜄)N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑓𝑐 (7.4.10)

where {𝑘} =
∑

𝜎∈Σ(𝐿) 𝑘𝜎.

Proof. Let 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) and let 𝔪 ⊂ 𝒪𝐿 be an ideal with 𝔪 + 𝔠 = 𝒪𝐿. It is
immediate from the definition of 𝑊 ∗

𝔠 that

𝑊 ∗
𝔠 (𝑓)∣𝑇𝔠(𝔪) =

𝜒(𝔪)

∣𝜒(𝔪)∣𝑊
∗
𝔠 (𝑓 ∣𝑇𝔠(𝔪)).

On the other hand, if 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) then

(𝑓 ∣𝑇𝔠(𝔪), 𝑓)𝑃 = 𝜒∣ ⋅ ∣[𝑘+2𝑚](𝔪)(𝑓, 𝑓 ∣𝑇𝔠(𝔪))𝑃

by Lemma 5.6. In other words, the eigenvalue of 𝑇𝔠(𝔪) acting on 𝑊 ∗
𝔠 (𝑓) is the

complex conjugate of the eigenvalue of 𝑇𝔠(𝔪) acting on 𝑓 , at least for 𝔪+ 𝔠 = 𝒪𝐿.

It follows that if 𝑓 is a simultaneous eigenform for all Hecke operators then
the Hecke eigenvalues attached to ideals 𝔪 ⊆ 𝒪𝐿 with 𝔪 + 𝔠 = 𝒪𝐿 of 𝑊 ∗

𝔠 (𝑓)
and 𝑓𝑐 agree. On the other hand, complex conjugation preserves newforms, and
𝑊 ∗

𝔠 preserves newforms since it preserves the kernels of the trace maps recalled
in Section 5.8. In particular by strong multiplicity one, 𝑊 ∗

𝔠 maps 𝑓 to a nonzero
complex multiple of 𝑓𝑐, that is, if 𝑓 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a newform then

𝑊 ∗
𝔠 (𝑓) = 𝑊 (𝑓)N(𝔠)[𝑘+2𝑚]/2𝑓𝑐
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for some nonzero complex number 𝑊 (𝑓). To complete the proof we need to check
that ∣𝑊 (𝑓)∣ = 1. Let 𝑓, 𝑔 ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒). One has

(𝑊 ∗
𝔠 (𝑓),𝑊 ∗

𝔠 (𝑔))𝑃 =

∫
𝑌0(𝔠)

𝑔(𝛼𝑊𝔠)
∣𝜒(det𝛼)∣2

𝜒(det𝛼)𝜒(det𝛼)
𝑓(𝛼𝑊𝔠)∣det(𝛼)∣[𝑘+2𝑚]𝔸𝐿

𝑑𝜇𝔠(𝛼)

=

∫
𝑌0(𝔠)

𝑔(𝛼𝑊𝔠)𝑓(𝛼𝑊𝔠)∣det(𝛼)∣[𝑘+2𝑚]𝔸𝐿
𝑑𝜇𝔠(𝛼).

Since 𝑊𝔠 normalizes 𝐾0(𝔠) and 𝑑𝜇𝔠 is constructed from a Haar measure, this last
quantity is N(𝔠)−[𝑘+2𝑚](𝑓, 𝑔)𝑃 . Thus

(𝑊 ∗
𝔠 (𝑓),𝑊 ∗

𝔠 (𝑔)) = N(𝔠)[𝑘+2𝑚](𝑓, 𝑔)𝑃 .

On the other hand,

(𝑊 ∗
𝔠 (𝑓),𝑊 ∗

𝔠 (𝑓)) = ∣𝑊 (𝑓)N(𝔠)[𝑘+2𝑚]/2∣2(𝑓𝑐, 𝑓𝑐)𝑃 = ∣𝑊 (𝑓)N(𝔠)[𝑘+2𝑚]/2∣2(𝑓, 𝑓)𝑃

which implies that ∣𝑊 (𝑓)∣2 = 1. □

7.5 Pairings of vector bundles

In order to have a product on the intersection cohomology of 𝑋0(𝔠) it is first nec-
essary to have an inner product on the local coefficient systems. There is a natural
pairing on Sym𝑘(𝑉 ) (see below) which, when extended to the local system, gives
a pairing between ℒ(𝜅, 𝜒0) and ℒ∨(𝜅, 𝜒0). Then we use use the Atkin-Lehner op-
erator to convert this into a product on ℒ(𝜅, 𝜒0).

For each 𝑘 ∈ (ℤ≥0)Σ(𝐿) we have the representation of 𝐺(ℝ) ∼= GL2(ℝ)Σ(𝐿)

on the vector space

Sym𝑘(𝑉 ∨) = ⊗𝜎∈Σ(𝐿)Sym𝑘𝜎 (𝑉 ∨𝜎 )

of polynomials that are homogeneous of degree 𝑘𝜎 on 𝑉𝜎. Following [Shim1] Section
8.2 and [Hid6] Section 6.2, there is a natural 𝐺(ℝ)-equivariant pairing

Sym𝑘(𝑉 ∨) × Sym𝑘(𝑉 ∨) → det−𝑘, (7.5.1)

see Definition 7.9, which is constructed as follows.

Fix 𝜎 ∈ Σ(𝐿) and by abuse of notation write 𝑘 rather than 𝑘𝜎 in this para-
graph only. Use the standard basis of ℂ2 to identify Sym𝑘(𝑉𝜎) with the vector
space of homogeneous degree 𝑘 polynomials in two variables, which in turn has
the basis

{
𝑥𝑘, 𝑥𝑘−1𝑦, . . . , 𝑥𝑦𝑘−1, 𝑦𝑘

}
. The 𝑘 + 1 × 𝑘 + 1 matrix

Ψ𝑖𝑗 :=

{
(−1)𝑗−1

(
𝑘

𝑗−1
)

if 𝑖− 1 + 𝑗 − 1 = 𝑘

0 otherwise
(7.5.2)
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defines a bilinear form Ψ(𝐴,𝐵) := 𝑡𝐴Ψ𝐵 on Sym𝑘(𝑉𝜎) such that

Ψ
(
(𝑢𝑘, 𝑢𝑘−1𝑣, . . . , 𝑣𝑘), (𝑥𝑘, 𝑥𝑘−1𝑦, . . . , 𝑦𝑘)

)
= (𝑢𝑦 − 𝑣𝑥)𝑘 = det ( 𝑢 𝑥

𝑣 𝑦 )
𝑘
.

If 𝛾 ∈ GL(𝑉𝜎) then Sym𝑘(𝛾) acts on Sym𝑘(𝑉𝜎) (with action we denote by 𝛾⋅) and
we have:

Ψ(𝛾 ⋅𝐴, 𝛾 ⋅ 𝐵) = det(𝛾)𝑘Ψ(𝐴,𝐵) (7.5.3)

for any 𝐴,𝐵 ∈ Sym𝑘(𝑉𝜎). Using the dual basis
{
𝑋𝑘, 𝑋𝑘−1𝑌, . . . , 𝑋𝑌 𝑘−1, 𝑌 𝑘

}
,

and noting equation (6.6.3), this gives the following inner product on Sym𝑘(𝑉 ∨𝜎 ):〈
𝑘∑

𝑗=0

𝑢𝑗𝑋
𝑘−𝑗𝑌 𝑗 ,

𝑘∑
𝑗=0

𝑤𝑗𝑋
𝑘−𝑗𝑌 𝑗

〉
=

𝑘∑
𝑗=0

(−1)𝑗
(
𝑘

𝑗

)−1
𝑢𝑗𝑤𝑘−𝑗 . (7.5.4)

In particular, we obtain the following, which will be needed in the proof of Theorem
7.11 and Proposition 9.2:〈

(−𝑋 + 𝑧𝑌)𝑘 , (−𝑋 + 𝑤𝑌)𝑘
〉

= (𝑧 − 𝑤)𝑘 . (7.5.5)

Multiplying the infinite places together gives the inner product (7.5.1):

Definition 7.9. Let 𝑘 = (𝑘𝜎) ∈ (ℤ≥0)Σ(𝐿). If 𝑝 = ⊗𝜎∈Σ(𝐿)𝑝𝜎 and 𝑝′ = ⊗𝜎∈Σ(𝐿)𝑝′𝜎
are elements of Sym𝑘(𝑉 ∨), set

⟨𝑝, 𝑝′⟩ :=
∏

𝜎∈Σ(𝐿)
⟨𝑝𝜎, 𝑝′𝜎⟩.

This product has the following equivariance property:

⟨𝛾.𝑝, 𝛾.𝑝′⟩ = det(𝛾)−𝑘⟨𝑝, 𝑝′⟩ (7.5.6)

for all 𝛾 ∈ 𝐺(ℝ), where as usual, det(𝛾)−𝑘 :=
∏

𝜎∈Σ(𝐿) det(𝛾𝜎)−𝑘𝜎 .

Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be an allowable weight and let 𝜒 = 𝜒0𝜒∞ : 𝔸×𝐿 → ℂ×

be a quasi character such that 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚
∞ . Let ℒ(𝜅, 𝜒0) and ℒ∨(𝜅, 𝜒0) be

the resulting local systems. Let 𝜒 ∘ det denote the quasi-character of 𝐺(𝔸) given
by 𝛾 �→ 𝜒(det(𝛾)).

Proposition 7.10. The 𝐺(ℝ)-equivariant pairing (7.5.1),

Sym𝑘(𝑉 ∨) × Sym𝑘(𝑉 ∨) → det−𝑘
∞

extends canonically to a 𝐺(ℝ)𝐾0(𝔠)-equivariant nondegenerate pairing

⟨⋅, ⋅⟩ : 𝐿(𝜅, 𝜒0) × 𝐿∨(𝜅, 𝜒0) → 𝜒 ∘ det → ℂ.



124 Chapter 7. The Automorphic Description of Intersection Cohomology

Proof. Extend the pairing (7.5.1) to 𝐿(𝜅, 𝜒0) at the infinite places, using multipli-
cation, which gives det−𝑚

∞ ⊗ det−𝑚
∞ → det−2𝑚∞ . Since 𝜒∞ ∘ det∞ = det−𝑘−2𝑚

∞ this
defines the pairing at the infinite places. At the finite places, define

𝐸(𝜒∨0 ) ⊗ 𝐸(𝜒0) → 𝜒0 ∘ det0 (7.5.7)

(where det0 : 𝐺(𝔸𝑓 ) → 𝔸×𝑓 and 𝜒0 : 𝔸×𝑓 → ℂ× denote the restrictions to the finite

places) also using multiplication as follows. If 𝑢0 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) then

𝜒0(𝑢0)
∨𝜒0(𝑢0) =

∏
𝔭𝑣∣𝔠

𝑑𝑣𝑎𝑣 = 𝜒(det(𝑢0))

so this defines the pairing to the one-dimensional vector space 𝐸(𝜒 ∘ det) at the
finite places.

The one-dimensional local system ℰ(𝜒∘det) is trivial because 𝜒∘det is trivial
on 𝐺(ℚ), cf. Section 6.2. In fact, a vector in ℰ(𝜒 ∘ det) is an equivalence class of
pairs [𝑔, 𝑣] where 𝑔 ∈ 𝐺(𝔸) and 𝑣 ∈ 𝐸(𝜒 ∘ det), with [𝛾𝑔𝑘, 𝑣] ∼ [𝑔, 𝜒(det(𝑘)).𝑣] for
all 𝛾 ∈ 𝐺(ℚ) and all 𝑘 ∈ 𝐾0(𝔠). A canonical trivialization is given by the mapping

[𝑔, 𝑣] �→ 𝜒(det(𝑔)).𝑣

Thus we obtain a complex-valued non-degenerate pairing by composing this triv-
ialization with the pairing (7.5.1)⊗(7.5.7). To summarize, the pairing

⟨⋅, ⋅, ⟩ : ℒ(𝜅, 𝜒0) × ℒ∨(𝜅, 𝜒0) → ℂ

is given as follows. Let 𝑝 = (𝑝𝜎) and 𝑝′ = (𝑝′𝜎) (𝜎 ∈ Σ(𝐿)) be elements of Sym𝑘(𝑉 )
and let 𝑣 ∈ 𝐸(𝜒∨0 ) = ℂ and let 𝑣′ ∈ 𝐸(𝜒0) = ℂ. Let 𝑔 ∈ 𝐺(𝔸). Then [𝑔, 𝑝 ⊗ 𝑣]
represents a vector in the bundle ℒ(𝜅, 𝜒0) and [𝑔, 𝑝′ ⊗ 𝑣′] represents a vector in
ℒ∨(𝜅, 𝜒0), and

⟨[𝑔, 𝑝⊗ 𝑣], [𝑔, 𝑝′ ⊗ 𝑣′]⟩ = 𝜒(det(𝑔))
∏

𝜎∈Σ(𝐿)
⟨𝑝𝜎, 𝑝′𝜎⟩𝑣𝑣′ ∈ ℂ. (7.5.8)

□

Since the above pairing ⟨⋅, ⋅⟩ is nondegenerate, and since the line bundle cor-
responding to the representation det∞ is trivial, it follows from Theorem 3.4 that
the resulting pairing on middle intersection homology and cohomology

𝐼𝐻2𝑛−𝑗(𝑋0(𝔠),ℒ) × 𝐼𝐻𝑗(𝑋0(𝔠),ℒ∨)
⟨⋅,⋅⟩𝐼𝐻∗−−−−−→ 𝐼𝐻0(𝑋0(𝔠),ℂ) → ℂ

𝐼𝐻2𝑛−𝑗(𝑋0(𝔠),ℒ) × 𝐼𝐻𝑗(𝑋0(𝔠),ℒ∨)
⟨⋅,⋅⟩𝐼𝐻∗−−−−−→ 𝐼𝐻2𝑛(𝑋0(𝔠),ℂ) → ℂ

are also nondegenerate, where ℒ = ℒ(𝜅, 𝜒0), ℒ∨ = ℒ∨(𝜅, 𝜒0) and 𝑛 = [𝐿 : ℚ] =
dimℂ 𝑋0(𝔠).
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The Atkin-Lehner operator 𝑊𝔠 : 𝑌0(𝔠) → 𝑌0(𝔠) has a unique extension to an
operator on 𝑋0(𝔠) and by Lemma 7.4 it induces isomorphisms

𝑊 ∗
𝔠 : 𝐼𝐻𝑗(𝑋0(𝔠),ℒ) → 𝐼𝐻𝑗(𝑋0(𝔠),ℒ∨)

𝑊 ∗
𝔠 : 𝐼𝐻𝑗(𝑋0(𝔠),ℒ) → 𝐼𝐻𝑗(𝑋0(𝔠),ℒ∨).

Consequently we obtain nondegenerate pairings on middle intersection (co)homo-
logy,

[⋅, ⋅]𝐼𝐻∗ : 𝐼𝐻2𝑛−𝑖(𝑋0(𝔠),ℒ) × 𝐼𝐻𝑖(𝑋0(𝔠),ℒ) −→ ℂ

[⋅, ⋅]𝐼𝐻∗ : 𝐼𝐻2𝑛−𝑖(𝑋0(𝔠),ℒ) × 𝐼𝐻 𝑖(𝑋0(𝔠),ℒ) −→ ℂ

by defining

[𝑎, 𝑏]𝐼𝐻∗ : = ⟨𝑎,𝑊 ∗
𝔠 𝑏⟩𝐼𝐻∗ (7.5.9)

[𝑎, 𝑏]𝐼𝐻∗ : = ⟨𝑎,𝑊 ∗
𝔠 𝑏⟩𝐼𝐻∗

where ℒ = ℒ(𝜅, 𝜒0) and ℒ∨ = ℒ∨(𝜅, 𝜒0).

The main result of this section is the following theorem, which will be used
in Chapter 8. It says that the Petersson product on automorphic forms coincides
(up to a factor) with the topological product on intersection cohomology. Let
𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be a weight. Write [𝑘+2𝑚] := 𝑘𝜎 +2𝑚𝜎 (which is independent
of 𝜎) and {𝑘} :=

∑
𝜎∈Σ(𝐿) 𝑘𝜎. Let

𝑇 (𝑔, 𝐽) := (−1)∣𝐽∣(−2𝑖)𝑛(2𝑖){𝑘}N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔) ∈ ℂ (7.5.10)

where 𝑛 = [𝐿 : ℚ] as above.

Theorem 7.11. Let 𝑓, 𝑔 ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) be newforms. Let 𝐽 ⊂ Σ(𝐿). Then

[𝜔𝐽(𝑓−𝜄), 𝜔Σ(𝐿)−𝐽(𝑔−𝜄)]𝐼𝐻∗ = 𝑇 (𝑔, 𝐽)(𝑓, 𝑔)𝑃 ,

Proof. From Section 6.11 we have

𝜄∗𝐽(𝑑𝑧) ∧ 𝜄∗Σ(𝐿)−𝐽(𝑑𝑧) = (−1)∣𝐽∣𝑑𝑧 ∧ 𝑑𝑧

so it suffices to consider the case when 𝐽 = ∅. Using the definition of (⋅, ⋅)coh𝑃 (see
above Lemma 5.5), it suffices to show that

[𝜔(𝑓), 𝜔Σ(𝐿)(𝑔)]𝐼𝐻∗ = 𝑇 (𝑔−𝜄, ∅)(𝑓, 𝑔)coh𝑃

whenever 𝑓, 𝑔 ∈ 𝑆coh𝜅 (𝐾0(𝔠, 𝜒)) and 𝑓−𝜄, 𝑔−𝜄 are newforms.

According to Proposition 4.3 the intersection product ⟨⋅, ⋅⟩𝐼𝐻∗ on intersection
cohomology corresponds to the exterior product on differential forms under the
mapping 𝒵. Hence

[𝜔(𝑓), 𝜔Σ(𝐿)(𝑔)]𝐼𝐻∗ = ⟨𝒵(𝜔(𝑓),𝑊 ∗
𝔠 (𝒵(𝜄∗Σ(𝐿)𝜔(𝑔))⟩𝐼𝐻∗

= 𝜖

∫
𝑌0(𝔠)

𝜔(𝑓) ∧𝑊 ∗
𝔠 𝜄
∗
Σ(𝐿)𝜔(𝑔)
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where (as in Proposition 4.3) the values of 𝜔(𝑓) and 𝑊 ∗
𝔠 𝜄
∗
Σ(𝐿)𝜔(𝑔) are multiplied

using the pairing ⟨⋅, ⋅⟩ of Definition 7.9, and where 𝜖 denotes the augmentation
which adds the values of these integrals over the individual components of 𝑌0(𝔠).
Recall that

𝜔(𝑓)(𝑧, ℎ0) := det(𝛼𝑧)−𝑚−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝛼𝑧ℎ0) (−𝑋 + 𝑧𝑌 )

𝑘
𝑑𝑧

By equation (7.4.10) and using the fact that the diagram (7.4.1) commutes, we find

𝑊 ∗
𝔠 𝜄
∗
Σ(𝐿)𝜔(𝑔) = 𝜄∗Σ(𝐿)𝑊

∗
𝔠 𝜔(𝑔) = 𝜄∗Σ(𝐿)𝜔

(
𝑊 ∗ coh

𝔠 (𝑔)
)

= N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔−𝜄)(−1){𝑘}𝜄∗Σ(𝐿)𝜔 (𝑔𝑐)

which, evaluated at (𝑧, ℎ0) ∈ 𝐷 ×𝐺(𝔸𝑓 ) (see Proposition 7.7) is:

N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔−𝜄)(−1){𝑘}det(𝛼𝑧)−𝑚−𝑘−1𝑗(𝛼𝑧 ,i)
𝑘+2𝑔𝑐(𝛼𝑧ℎ0)(−𝑋+𝑧𝑌 )𝑘𝑑𝑧

=N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔−𝜄)(−1){𝑘}det(𝛼𝑧)−𝑚−𝑘−1𝑗(𝛼𝑧,i)
𝑘+2𝑔(𝛼𝑧ℎ0)(−𝑋+𝑧𝑌 )𝑘𝑑𝑧

=N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔−𝜄)(−1){𝑘}(−𝑦∞)−𝑚−𝑘−1𝑔(𝛼𝑧ℎ0)(−𝑋+𝑧𝑌 )𝑘𝑑𝑧

where 𝑧 = 𝑥∞ + i𝑦∞ ∈ 𝐷, and 𝛼𝑧 = (( 𝑦∞ 𝑥∞
0 1 )) . Pairing 𝜔(𝑓) with 𝑊 ∗

𝔠 𝜄
∗
Σ(𝐿)𝜔(𝑔)

and using equation (7.5.5) we find

𝜔(𝑓) ∧𝑊 ∗
𝔠 𝑖
∗
Σ(𝐿)𝜔(𝑔)(𝑧, ℎ0)

= N𝐿/ℚ(𝔠)[𝑘+2𝑚]/2𝑊 (𝑔−𝜄)(−1){𝑘}𝑦−2𝑚−2𝑘−2
∞ (𝑧 − 𝑧)𝑘𝑔(𝛼𝑧ℎ0)𝑓(𝛼𝑧ℎ0)𝑑𝑧 ∧ 𝑑𝑧

= 𝑇 (𝑔−𝜄, ∅)(−2𝑖)−𝑛𝑦−2𝑚−𝑘
∞ 𝑔(𝛼𝑧ℎ0)𝑓(𝛼𝑧ℎ0)

𝑑𝑧 ∧ 𝑑𝑧

𝑦2∞
.

The result now follows from equation (5.7.3) and the fact that

𝑑𝑧 ∧ 𝑑𝑧 = (−2𝑖)𝑛𝑑𝑥 ∧ 𝑑𝑦. □

7.6 Generalities on Hecke correspondences

The action of the Hecke algebra on modular forms given in equation (5.6.5) comes
from an action of a Hecke correspondence on the associated differential forms. See
Section 3.5 for a general introduction to correspondences. In the next few sections
we explain the translation between Hecke operators and Hecke correspondences
and we prove that the mapping 𝑓 �→ 𝜔𝑓 (which associates a differential form 𝜔𝑓

to an automorphic form 𝑓) is Hecke-equivariant. We also show that the action of
the Hecke algebra commutes with that of the component group of 𝐺 and that the
Atkin-Lehner operator is Hecke-covariant.

It is notationally simpler to describe the Hecke correspondences in a slightly
more general setting. So, for the purposes of this section only, let 𝐺 be a group,
𝐾 ⊂ 𝐺 a subgroup and let 𝑦 ∈ 𝐺. Suppose that

𝐻 = 𝐻(𝑦) = 𝐾 ∩ 𝑦𝐾𝑦−1
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has finite index in 𝐾. The resulting Hecke correspondence

(𝑐(𝐼), 𝑐(𝑦)) : 𝐺/𝐻 ⇉ 𝐺/𝐾

is given by 𝑐(𝐼)(𝑔𝐻) = 𝑔𝐾 and 𝑐(𝑦)(𝑔𝐻) = 𝑔𝑦𝐾. The isomorphism class of this
correspondence depends only on the double coset 𝐾𝑦𝐾. Indeed, if 𝑦′ = 𝑦𝑘 for
some 𝑘 ∈ 𝐾 then 𝐻(𝑦′) = 𝐻(𝑦) and 𝑐(𝑦′) = 𝑐(𝑦) so we obtain the same corre-
spondence. If 𝑦′ = 𝑘𝑦 then 𝐻(𝑦′) = 𝑘𝐻(𝑦)𝑘−1 and we have a well-defined mapping
𝜙 : 𝐺/𝐻(𝑦′) → 𝐺/𝐻(𝑦) given by 𝜙(𝑔𝐻(𝑦′)) = 𝑔𝑘𝐻(𝑦). Then the following dia-
gram commutes and defines an isomorphism of correspondences:

𝐺/𝐻(𝑦′)
𝜙� 𝐺/𝐻(𝑦)

𝐺/𝐾

𝑐(𝐼)
�

𝑐(𝑦′)
�

� 𝐺/𝐾 .

𝑐(𝐼)
�

𝑐(𝑦)
�

Let 𝑅 ⊆ 𝐺 be a semigroup that contains 𝐾 and 𝑦. As in [Shim1, p. 51] the
decomposition into left cosets 𝐾 =

∐𝑟
𝑖=1 𝑎𝑖𝐻 corresponds to the decomposition

of 𝐾𝑦𝐾 into left cosets

𝐾𝑦𝐾 =

𝑟∐
𝑖−1

(𝑎𝑖𝑦)𝐾

(with 𝑎𝑖𝑦 ∈ 𝑅), so it defines a one to one correspondence

𝐾/𝐻 ↔ (𝐾𝑦𝐾)/𝐾. (7.6.1)

We now check that this is indeed a bijection. First, the mapping 𝑎𝑖𝐻 �→ 𝑎𝑖𝑦𝐾 is
well defined since any ℎ ∈ 𝐻 may be expressed as ℎ = 𝑦𝑘𝑦−1 with 𝑘 ∈ 𝐾, so

𝑎𝑖ℎ𝐻 �→ 𝑎𝑖ℎ𝑦𝐾 = 𝑎𝑖𝑦𝑘𝑦
−1𝑦𝐾 = 𝑎𝑖𝑦𝐾.

The mapping (7.6.1) is one to one for if 𝑎𝑖𝑦𝐾 = 𝑎𝑗𝑦𝐾 then (𝑎𝑗)
−1𝑎𝑖 ∈ 𝑦𝐾𝑦−1,

and since 𝑎𝑖, 𝑎𝑗 ∈ 𝐾 we have: 𝑎−1𝑗 𝑎𝑖 ∈ 𝐻. The mapping (7.6.1) is surjective for if
𝑏𝐾 ⊂ 𝐾𝑦𝐾 then 𝑏 = 𝑎𝑦 for some 𝑎 ∈ 𝐾.

Similarly there is a canonical one to one correspondence 𝐻∖𝐾 ↔ 𝐾∖(𝐾𝑦𝐾) :
the decomposition into cosets 𝐾 =

∐𝑠
𝑗=1𝐻𝑏𝑗 gives a decomposition 𝐾𝑦𝐾 =∐𝑠

𝑗=1𝐾𝑦𝑏𝑗 and moreover, 𝑦𝑏𝑗 ∈ 𝑅.

The Hecke algebra of 𝑅 consists of formal ℤ-linear combinations of double
cosets [𝐾𝑦𝐾] with 𝑦 ∈ 𝑅. Multiplication is defined as follows. Suppose 𝐾𝑦𝐾 =∐𝑟

𝑖=1𝐾𝑎𝑖 and 𝐾𝑤𝐾 =
∐𝑠

𝑗=1𝐾𝑏𝑗. Then

[𝐾𝑦𝐾].[𝐾𝑤𝐾] =

𝑟∑
𝑖=1

𝑠∑
𝑗=1

[𝐾𝑎𝑖𝑏𝑗𝐾].
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It can be shown that this product arises from the composition (see equation (4.5.2))
of the correspondences (𝑐(𝐼), 𝑐(𝑦)) and (𝑐(𝐼), 𝑐(𝑥)).

Action on a vector bundle. Suppose that a representation 𝜓 : 𝑅 → 𝐺𝐿(𝐸) is
given, where 𝑅 ⊂ 𝐺 is a semigroup containing 𝐾, 𝑦, and 𝑦−1. The representation
𝜓 defines a vector bundle (or, if 𝑅 = 𝐺, a local system) on 𝐺/𝐾,

ℰ𝐾 = 𝐸𝐾(𝜓) = 𝐺×𝐾 𝐸

consisting of equivalence classes of pairs [𝑔, 𝑣] (𝑔 ∈ 𝐺; 𝑣 ∈ 𝐸) where [𝑔𝑘, 𝑣] ∼
[𝑔, 𝜓(𝑘)𝑣] for all 𝑘 ∈ 𝐾. A section 𝑠 : 𝐺/𝐾 → ℰ𝐾 of ℰ𝐾 may be expressed as
𝑠(𝑔𝐾) = [𝑔, 𝑓(𝑔)] where 𝑓 : 𝐺 → 𝐸 and 𝑓(𝑔𝑘) = 𝜓(𝑘)−1𝑓(𝑔) for any 𝑘 ∈ 𝐾. The
following proposition describes the action of the Hecke correspondence on sections
of the vector bundle ℰ𝐾 .

Lemma 7.12. Let 𝑦 ∈ 𝑅 and let 𝐻 = 𝐾 ∩ 𝑦𝐾𝑦−1. The Hecke correspondence
(𝑐(𝐼), 𝑐(𝑦)) : 𝐺/𝐻 ⇉ 𝐺/𝐾 has a natural vector bundle lift, 𝑐(𝐼)∗ℰ𝐾 → 𝑐(𝑦)∗ℰ𝐾 .
Let 𝑎1, . . . , 𝑎𝑟 ∈ 𝐾 be a complete set of representatives for the quotient 𝐾/𝑦−1𝐻𝑦.
Let 𝑠(𝑔𝐾) = [𝑔, 𝑓(𝑔)] be a section of ℰ𝐾 . Then 𝑠′ = 𝑐(𝑦)∗𝑐(𝐼)∗𝑠 is the section
𝑠′(𝑔𝐾) = [𝑔, 𝑓 ′(𝑔)] where

𝑓 ′(𝑔) =

𝑟∑
𝑖=1

𝜓(𝑎𝑖𝑦
−1)𝑓(𝑔𝑎𝑖𝑦

−1). (7.6.2)

Proof. Let 𝑐(𝐼)∗(ℰ𝐾) = ℰ𝐻 = 𝐺×𝐻 𝐸 be the corresponding local system on 𝐺/𝐻.
Then 𝑐(𝐼)∗(𝑠) is a section of 𝑐(𝐼)∗(ℰ𝐾) which is given by the same function 𝑓, that
is, 𝑐(𝐼)∗(𝑠)(𝑔𝐻) = [𝑔, 𝑓(𝑔)]. The mapping 𝑐(𝑦) is covered by a morphism of vector
bundles (that we denote with the same symbol), 𝑐(𝑦) : ℰ𝐻 → ℰ𝐾 defined by

𝑐(𝑦)([𝑔, 𝑣]) = [𝑔𝑦, 𝜓(𝑦)−1𝑣] (7.6.3)

which is well defined because for any ℎ ∈ 𝐻,

𝑐(𝑦)([𝑔ℎ, 𝑣]) = [𝑔ℎ𝑦, 𝜓(𝑦)−1𝑣] = [𝑔𝑦, 𝜓(𝑦−1ℎ𝑦)𝜓(𝑦−1)𝑣] = 𝑐(𝑦)([𝑔, 𝜓(ℎ)𝑣]).

The Hecke correspondence acts on the section 𝑠 to give 𝑐(𝑦)∗𝑐(𝐼)∗𝑠, where 𝑐(𝑦)∗
denotes summing over the fibers of 𝑐(𝑦), which we determine as follows. Suppose
𝑐(𝑦)(𝑔𝑏𝐻) = 𝑐(𝑦)(𝑔𝐻). Then 𝑔𝑏𝑦𝐾 = 𝑔𝑦𝐾 so 𝑏 ∈ 𝑦𝐾𝑦−1. Therefore 𝑐(𝑦)−1(𝑔𝑦𝐾)
consists of the points 𝑔𝑏1𝐻, . . . , 𝑔𝑏𝑟𝐻 where 𝑏1, . . . , 𝑏𝑟 form a complete set of repre-
sentatives for the quotient 𝑦𝐾𝑦−1/𝐻. Equivalently, the elements 𝑎𝑖 = 𝑦−1𝑏𝑖𝑦 (1 ≤
𝑖 ≤ 𝑟) form a complete set of representatives for 𝐾/𝑦−1𝐻𝑦, and 𝑐(𝑦)−1(𝑔𝑦𝐾) ={
𝑔𝑦𝑎𝑖𝑦

−1𝐻 : 1 ≤ 𝑖 ≤ 𝑟
}
. Replacing 𝑔𝑦 with 𝑔 we conclude that 𝑐(𝑦)−1(𝑔𝐾) ={

𝑔𝑎𝑖𝑦
−1𝐻 : 1 ≤ 𝑖 ≤ 𝑟

}
. At such a point, the section 𝑐(𝐼)∗(𝑠) has the value

𝑐(𝐼)∗(𝑠)(𝑔𝑎𝑖𝑦
−1𝐻) = [𝑔𝑎𝑖𝑦

−1, 𝑓(𝑔𝑎𝑖𝑦
−1)].

So applying 𝑐(𝑦) and using equation (7.6.3) gives

𝑐(𝑦) (𝑐(𝐼)∗𝑠(𝑔𝑎𝑖𝐾)) = [𝑔𝑎𝑖, 𝜓(𝑦−1)𝑓(𝑔𝑎𝑖𝑦
−1)] = [𝑔, 𝜓(𝑎𝑖𝑦

−1)𝑓(𝑔𝑎𝑖𝑦
−1)].

Summing over these points in the fiber 𝑐(𝑦)−1(𝑔𝐾) gives equation (7.6.2). □
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7.7 Hecke correspondences in the Hilbert modular case

Let us return to the Hilbert modular case with 𝔠 ∈ 𝒪𝐿, and 𝑌0(𝔠) = 𝐺(ℚ)∖𝐷 ×
𝐺(𝔸𝑓 )/𝐾0(𝔠) where 𝐷 = 𝐺(ℝ)/𝐾∞. As in Section 5.6 let 𝑅(𝔠) be the semigroup
of matrices

𝐺(𝔸𝑓 ) ∩
{
𝑥 ∈ 𝑀2(𝒪̂𝐿) : 𝑥 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠𝒪𝐿 and 𝑑𝑣 ∈ 𝒪×𝑣 whenever 𝔭𝑣∣𝔠

}
.

and let 𝑅∨(𝔠) be the semigroup

𝐺(𝔸𝑓 ) ∩
{
𝑥 ∈ 𝑀2(𝒪𝐿) : 𝑥 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠𝒪̂𝐿 and 𝑎𝑣 ∈ 𝒪×𝑣 whenever 𝔭𝑣∣𝔠

}
.

Then 𝑥 ∈ 𝑅(𝔠) ⇐⇒ 𝑥𝜄 ∈ 𝑅∨(𝔠) ⇐⇒ 𝑊𝔠𝑥𝑊
−1
𝔠 ∈ 𝑅∨(𝔠). Let 𝑥 ∈ 𝑅(𝔠). To

obtain agreement with the “cohomological” normalization (see Section 5.5) which
is used in the definition of the differential form 𝜔𝑓 , it is necessary to use the Hecke
correspondence (𝑐(𝐼), 𝑐(𝑥𝜄)) rather than (𝑐(𝐼), 𝑐(𝑥)), in other words, we associate
to the double coset 𝐾0(𝔠)𝑥𝐾0(𝔠) the Hecke correspondence

(𝑐(𝐼), 𝑐(𝑥𝜄)) : 𝑌𝐻 ⇉ 𝑌0(𝔠)

where 𝑌𝐻 = 𝐺(ℚ)∖𝐷 ×𝐺(𝔸𝑓 )/𝐻 with 𝐻 = 𝐻(𝑥𝜄) = 𝐾0(𝔠) ∩ 𝑥𝜄𝐾0(𝔠)𝑥
−𝜄, and

𝑐(𝐼)(𝐺(ℚ)(𝑧, 𝑔𝐻)) = 𝐺(ℚ)(𝑧, 𝑔𝐾0(𝔠))

and

𝑐(𝑥𝜄) (𝐺(ℚ)(𝑧, 𝑔𝐻)) = 𝐺(ℚ)(𝑧, 𝑔𝑥𝜄𝐾0(𝔠))

for any 𝑧 ∈ 𝐷 and 𝑔 ∈ 𝐺(𝔸𝑓 ). This action depends only on the finite adèlic part
𝐺(𝔸𝑓 )/𝐾0(𝔠) so we may write

𝑐(𝐼)(𝑔𝐻) = 𝑔𝐾0(𝔠) and 𝑐(𝑥𝜄)(𝑔𝐻) = 𝑔𝑥𝜄𝐾0(𝔠)

which places us in the framework of Section 7.6 where 𝐺 = 𝐺(𝔸𝑓 ), 𝑦 = 𝑥𝜄,
𝐾 = 𝐾0(𝔠), 𝑅 = 𝑅(𝔠) and 𝜓 = 𝜒∨0 (as defined in Section 7.1).

Recall from Section 5.4 and Proposition 6.3, for any 𝛾 =
(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐺(𝔸𝑓 ) that
𝜒0(𝛾) =

∏
𝑣(𝜒𝑣(𝛾𝑣)) and 𝜒∨0 (𝛾) =

∏
𝑣(𝜒∨𝑣 (𝛾𝑣)) where

𝜒𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑑𝑣) if 𝔭𝑣∣𝔠
1 otherwise

and

𝜒∨𝑣

((
𝑎𝑣 𝑏𝑣
𝑐𝑣 𝑑𝑣

))
=

{
𝜒𝑣(𝑎𝑣) if 𝔭𝑣∣𝔠
1 otherwise

Recall also from Section 7.1 that the local system

ℒ(𝜅, 𝜒0) = ℒ(𝜅) ⊗ ℰ(𝜒∨0 )

is the vector bundle on 𝑌0(𝔠) corresponding to the representation 𝐿(𝜅) of 𝐾∞ and
the character 𝜒∨0 of 𝐾0(𝔠).
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Proposition 7.13. As in Section 7.1, fix 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿), and fix 𝜒 : 𝔸×𝐿 → ℂ×,
a Hecke character whose conductor divides 𝔠. Let 𝐽 ⊂ Σ(𝐿). Then the mapping
(7.2.3)

𝜔𝐽 : 𝑆coh𝜅 (𝐾0(𝔠), 𝜒) → 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅, 𝜒0))

𝑓 �→ 𝒵([𝜔𝐽(𝑓)]).

is Hecke-equivariant in the sense that

𝜔𝐽(𝑓 ∣𝐾0(𝔠)𝑥𝐾0(𝔠)) = 𝑐(𝑥𝜄)∗𝑐(𝐼)∗(𝜔𝐽 (𝑓))

for all 𝑥 ∈ 𝑅(𝔠).

Proof. Several steps are involved in translating Lemma 7.12 into a proof of this
Proposition. The action of the component group 𝜋0(𝐺(ℝ)) (see Section 6.11)
commutes with the action of any Hecke operator (since one involves the finite
places and the other involves the infinite places), so it suffices to take 𝐽 = ∅. Let
𝑓 ∈ ℳcoh

𝜅 (𝐾0(𝔠), 𝜒) be an automorphic form. By equation (6.10.2), it determines
a differential form 𝜔(𝑓) = 𝜔𝑓 ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅, 𝜒0)). Let 𝑥 ∈ 𝑅(𝔠). It determines
a Hecke operator 𝐾0(𝔠)𝑥𝐾0(𝔠) which acts on 𝑓 by equation (5.6.5) to give an
automorphic form 𝑓 ∣𝐾0(𝔠)𝑥𝐾0(𝔠) ∈ 𝑀 coh

𝜅 (𝐾0(𝔠), 𝜒) namely

(𝑓 ∣𝐾0(𝔠)𝑥𝐾0(𝔠)) (𝛼) :=
∑
𝑖

𝜒0(𝑥𝑖)
−1𝑓(𝛼𝑥−𝜄

𝑖 )

where 𝐾0(𝔠)𝑥𝐾0(𝔠) =
∐𝑟

𝑖=1 𝑥𝑖𝐾0(𝔠) with 𝑥𝑖 ∈ 𝑅(𝔠) (1 ≤ 𝑖 ≤ 𝑟). The element 𝑥
also determines a Hecke correspondence

(𝑐(𝐼), 𝑐(𝑥𝜄)) : 𝑌𝐻(𝑥𝜄) ⇉ 𝑌0(𝔠)

with a lift to the local system ℒ(𝜅, 𝜒0), as defined in Lemma 7.12. Then we must
show that

𝑐(𝑥𝜄)∗𝑐(𝐼)∗(𝜔𝑓 ) = 𝜔𝑓 ∣𝑇𝑥 .

The action of the Hecke correspondence only involves the finite places, so we
may suppress the dependence of 𝑓 on 𝐺(ℝ) and consider it to be a function only
of 𝑔 ∈ 𝐺(𝔸𝑓 ). A similar remark applies to 𝜔𝑓 , see equation (6.10.2).

For brevity, write 𝐾 = 𝐾0(𝔠). According to Lemma 7.12, using 𝜓 = 𝜒∨0 ,
𝐺 = 𝐺(𝔸𝑓 ), 𝐾 = 𝐾0(𝔠), 𝑦 = 𝑥𝜄, we find:

(𝑐(𝑥𝜄)∗𝑐(𝐼)∗𝜔𝑓 )(𝛼) =

𝑟∑
𝑖=1

𝜒∨0 (𝑎𝑖𝑥
−𝜄)𝜔𝑓 (𝛼𝑎𝑖𝑥

−𝜄)

where 𝑎1, . . . , 𝑎𝑟 form a complete set of representatives for the quotient 𝐾/𝐻 ′

where 𝐻 ′ = 𝐾∩ (𝑥𝜄)−1𝐾𝑥𝜄 = 𝐾∩𝑥𝐾𝑥−1. Since 𝜒∨0 (𝑎𝑖) = 𝜒(det(𝑎𝑖))𝜒0(𝑎𝑖)
−1 and
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𝜒∨0 (𝑥−𝜄) = 𝜒0(𝑥)−1 we find

𝑐(𝑥𝜄)∗𝑐(𝐼)∗𝜔𝑓(𝛼) =

𝑟∑
𝑖=1

𝜒0(𝑎𝑖𝑥)−1𝜒(det(𝑎𝑖))𝜔𝑓 (𝛼𝑎𝑖𝑥
−𝜄)

=
𝑟∑

𝑖=1

𝜒0(𝑥𝑖)
−1𝜔𝑓 (𝛼𝑥−𝜄

𝑖 ) = 𝜔𝑓 ∣𝑇𝑥(𝛼)

where, as in Section 7.6 we take 𝑥𝑖 = 𝑎𝑖𝑥 ∈ 𝑅(𝔠) in the decomposition 𝐾𝑥𝐾 =∐𝑟
𝑖=1 𝑥𝑖𝐾. □

Action of the Hecke algebra. In the previous paragraph we have defined, for any
double coset 𝐾0(𝔠)𝑥𝐾0(𝔠) a Hecke correspondence 𝑌𝐻(𝑥𝜄) ⇉ 𝑌0(𝔠) and an induced
mapping on differential forms and on intersection cohomology (for any perver-
sity p)

𝐾0(𝔠)𝑥𝐾0(𝔠)∗ := 𝑐(𝑥𝜄)∗𝑐(𝐼)∗ : 𝐼p𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) −→ 𝐼p𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0))

𝐼p𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)) −→ 𝐼p𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0))

(7.7.1)

which is compatible with the action of 𝐾0(𝔠)𝑥𝐾0(𝔠) on modular forms in
𝑆coh𝜅 (𝐾0(𝔠), 𝜒). As in (5.6.6), for any ideal 𝔪 ⊂ 𝒪𝐿 define the following element
of the Hecke algebra,

𝑇𝔠(𝔪)∗ :=
∑

𝐾0(𝔠)𝑦𝐾0(𝔠)∗, (7.7.2)

where the sum is over double cosets 𝐾0(𝔠)𝑦𝐾0(𝔠) with 𝑦 ∈ 𝑅(𝔠) such that
[det(𝑦)] = 𝔪.

7.8 Atkin-Lehner-Hecke compatibility

The Atkin-Lehner operator does not commute with the action of the Hecke alge-
bra. Rather, it converts the action of 𝕋𝔠 into the action of the “opposite” algebra
𝕋∨𝔠 as we will now explain. Let 𝑅∨(𝔠) denote the semigroup

𝐺(𝔸𝑓 ) ∩
{
𝑦 ∈ 𝑀2(𝒪𝐿) : 𝑦 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠𝒪𝐿 and 𝑎𝑣 ∈ 𝒪×𝑣 whenever 𝔭𝑣∣𝔠

}
.

Elements of 𝑅∨(𝔠) determine Hecke correspondences exactly as in Section 7.6.
Moreover,

𝑦 ∈ 𝑅(𝔠) ⇐⇒ 𝑊𝔠𝑦𝑊
−1
𝔠 ∈ 𝑅∨(𝔠).
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7.9 Integral coefficients

By inverting finitely many primes it is possible to produce the pairings and map-
pings described in this chapter with coefficients in certain subalgebras 𝐴 ⊂ ℂ.
In this section we outline the requirements on such an algebra. Throughout this
section we fix a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and a quasicharacter 𝜒 such that
𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚

∞ .

Fix a “large” number field 𝑀, Galois over ℚ, such that

(1) All Galois conjugates of 𝐿 are in 𝑀 .

(2) All Galois conjugates of the number field generated by the values of the
finite-order character 𝜒∣ ⋅ ∣𝑘+2𝑚𝔸𝐿

on 𝔸×𝐿 are in 𝑀 .

Choose, once and for all, an embedding 𝒪𝑀 ↪→ ℂ. We now view ℂ as a 𝒪𝑀 -algebra
via this embedding. In this section, 𝐴 ⊆ ℂ will be an 𝒪𝑀 -subalgebra satisfying
the following conditions:

(1A) The algebra 𝐴 contains 1 and is regular, Noetherian, and of finite cohomo-
logical dimension.

(2A) The algebra 𝐴 contains the values of 𝜒∣∏
𝔭∣𝔠𝒪×

𝑣(𝔭)
.

(3A) The integers 𝑗 with 1 ≤ 𝑗 ≤ 𝑘 are invertible in 𝐴.

(4A) We can choose a torsion-free finite-index normal subgroup 𝐾 fr ⊴𝐾0(𝔠) nor-
malized by 𝑊𝔠 such that every rational integer dividing ∣𝐾0(𝔠)/𝐾

fr∣ is in-
vertible in 𝐴.

(5A) For any 1 ≤ 𝑖 ≤ ℎ = ℎ(𝐾0(𝔠)) and 𝜎 ∈ Σ(𝐿), the ideal

(det(𝜎(𝑡𝑖(𝔠))) ∩𝑀)𝐴

is principal and invertible in 𝐴.

In the last condition, with notation as in Section 5.2, ℎ = ℎ(𝐾0(𝔠)) is the narrow
class number of 𝐿, and 𝑡𝑖(𝔠) are representatives for the narrow class group. In the

display, we extended the notation slightly, denoting 𝜎 : 𝒪̂𝐿 ↪→ 𝒪̂𝑀 the embedding
induced by 𝜎 : 𝐿 ↪→ ℝ. Notice that all of these conditions are automatically sat-
isfied if 𝐴 = ℂ or 𝐴 is a sufficiently large field. In particular, for condition (4A),
we may use the 𝐾 fr given in the following remarks.

Remarks.

(1) For each rational prime 𝑝 ∈ ℤ, let ℚ(𝜇𝑝)+ be the maximal totally real sub-
field of the 𝑝th cyclotomic field ℚ(𝜇𝑝). If 𝔭 ⊂ 𝒪𝑀 is a prime ideal outside of
the set of prime ideals dividing

{𝑝 : ℚ(𝜇𝑝)+ ⊆ 𝐿},
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then using the argument in Lemma 1 of [Gh, Section 3.1] we have that 𝒪𝑀,𝔭

satisfies (4A) with

𝐾 fr = 𝐾0(𝔠) ∩
{(

𝑎 𝑏
𝑐 𝑑

)
∈ 𝐺(ℤ̂) :

(
𝑎 𝑏
𝑐 𝑑

)
≡

(
1 0
0 1

)
(mod 𝔮𝑛)

}
for some auxiliary prime 𝔮 ⊂ 𝒪𝐿 coprime to 𝔭 and sufficiently large 𝑛.

(2) If 𝐴 = 𝒪𝑀,𝔭 for some prime 𝔭 ⊂ 𝒪𝑀 , we can always choose the 𝑡𝑖(𝔠) so that
condition (5A) is satisfied. This condition is needed for the construction of
local systems (as outlined below).

Using the results recalled in Section B.5, one can prove the following lemma:

Lemma 7.14. If 𝐴 ⊆ ℂ is an algebra satisfying the requirements (1A)–(5A) above,
then the Hilbert modular variety 𝑌0(𝔠) is an 𝐴-homology manifold and this deter-
mines an 𝐴-orbifold stratification of the Baily-Borel compactification 𝑋0(𝔠).

Proof. Recall from (5.1.7) that we have an identification

𝑌0(𝔠) ←→
ℎ(𝐾0(𝔠))∪

𝑖=1

𝑌 𝑖
0 (𝔠) =

ℎ(𝐾0(𝔠))∪
𝑖=1

Γ𝑖
0(𝔠)∖𝔥Σ(𝐿).

Let 𝐾 fr ⊴ 𝐾0(𝔠) be the torsion-free, finite index normal subgroup normalized by
𝑊𝔠 that appeared in the set of assumptions on 𝐴 above (any torsion-free, finite
index normal subgroup will do if 𝐴 is a field). We obtain torsion free subgroups

Γ𝑖,fr
0 := 𝐺(ℚ) ∩ 𝑡𝑖(𝔠)𝐺(ℝ)0𝐾 fr𝑡𝑖(𝔠)

−1 ⊴ Γ𝑖
0(𝔠).

Let
𝑌 𝑖,fr
0 := Γ𝑖,fr

0 ∖𝔥Σ(𝐿) and Γqu𝑖 := Γ𝑖
0(𝔠)/Γ𝑖,fr

0 .

Then Γqu𝑖 acts on 𝑌 𝑖,fr
0 in a manner such that the quotient Γqu𝑖 ∖𝑌 𝑖,fr

0 is naturally
isomorphic to 𝑌 𝑖

0 (𝔠). This action extends by continuity to an action on the Bailey-

Borel compactification 𝑋 𝑖,fr
0 of 𝑌 𝑖,fr

0 . Then the key point in the proof of Lemma

7.14 is that the order of any subgroup of Γ𝑖,qu
0 is invertible in 𝐴 (which follows

from the various assumptions on 𝐴). □

In particular this gives rise to an 𝐴-orbifold structure on 𝑌0(𝔠), see Section
B.2, and hence also an orbifold stratification of 𝑋0(𝔠) (where the singular strata
are the cusps), as described in Section 5.2. The lemma implies, in particular, that
we may use the orbifold stratification of 𝑋0(𝔠) to compute the intersection homol-
ogy and cohomology groups with respect to any local system of 𝐴-modules (see
Section 3.3).

Local Systems. Let 𝐴 ⊆ ℂ be an 𝒪𝑀 -module as described above. Using the weight
𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) and the quasicharacter 𝜒 we have a representation 𝐿(𝜅, 𝜒0)
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as described in Section 7.1. For an integral model, we replace the representation
𝐿(𝜅) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚 of 𝐺(ℝ) with the representation 𝐿(𝜅,𝐴) of GL2(𝐴),
consisting of polynomial functions on 𝑉 (𝐴) ∼= 𝐴2 with coefficients in the alge-
bra 𝐴. The construction of Section 7.1 cannot be used to create a local system
from this data because the group 𝐺(ℝ) does not preserve the 𝐴-valued polynomi-
als. Instead, we use the fact that 𝐺(ℝ)/𝐾∞ is a disjoint union of finitely many
contractible manifolds (each diffeomorphic to a product of upper half-planes). So
we may start with the trivial bundle 𝐿(𝜅,𝐴) on 𝐺(ℝ)/𝐾∞ and then divide by
Γ𝑖
0(𝔠) for 1 ⊆ 𝑖 ⊆ ℎ. Here we embed Γ𝑖

0(𝔠) ↪→ GL2(𝐴) via a choice of embedding
𝒪𝐿 ↪→ 𝒪𝑀 . The group Γ𝑖

0(𝔠) does preserve the 𝐴-valued polynomials because of
the assumption that 𝐴 is an 𝒪𝑀 -module, the assumption that all Galois con-
jugates of 𝐿 are contained in 𝑀, and assumption (5A). Working component by
component, this construction gives us a local system ℒ(𝜅) over 𝑌0(𝔠). Similarly,
by hypothesis (2A), the one-dimensional representation 𝐸(𝜒∨0 ) (of complex vector
spaces) of 𝐾0(𝔠) may be replaced by a one-dimensional representation 𝐸(𝜒∨0 , 𝐴)
on 𝐴, which gives rise to a one-dimensional local system ℰ(𝜒∨0 , 𝐴) of 𝐴-modules.
In summary we obtain a local system

ℒ(𝜅, 𝜒,𝐴) = ℒ(𝜅,𝐴) ⊗𝐴 ℰ(𝜒∨0 , 𝐴)

on the orbifold 𝑌0(𝔠). The resulting pairings

𝐼𝐻𝑖(𝑋0(𝔠),ℒ(𝜅, 𝜒0, 𝐴)) × 𝐼𝐻𝑛−𝑖(𝑋0(𝔠),ℒ(𝜅, 𝜒0, 𝐴)) → 𝐴

𝐼𝐻 𝑖(𝑋0(𝔠),ℒ(𝜅, 𝜒0, 𝐴)) × 𝐼𝐻𝑛−𝑖(𝑋0(𝔠),ℒ(𝜅, 𝜒0, 𝐴)) → 𝐴

take values in 𝐴. These pairings are not necessarily perfect over 𝐴. However, if the
order of the torsion in the middle degree cohomology of the links of the singular
points of 𝑋0(𝔠) is invertible in 𝐴 (see [Gre8]) then these pairings will be perfect.



Chapter 8

Hilbert Modular Forms with
Coefficients in a Hecke Module

The goal of this chapter is to prove Theorems 8.4 and 8.5, the full versions of The-
orems 1.1 and 1.2 given in the introduction. We consider a quadratic extension of
totally real number fields 𝐿/𝐸. Let

𝜄 : 𝐺𝐸 := Res𝐸/ℚ(GL2) −−−−→ 𝐺𝐿 := Res𝐿/ℚ(GL2)

be the diagonal embedding. In Section 8.2, we define the Hecke operators 𝑇 (𝔪)
(on 𝐿): they are “lifts” of the operators 𝑇 (𝔪) on 𝐸. We prove that these operators
have the “key property” (1.5.3) mentioned in the introduction: if 𝑓 is a newform

on 𝐺𝐸 with Hecke eigenvalues 𝜆𝑓 (𝔪) and if its base change 𝑓 is a newform on 𝐺𝐿

then 𝑓 is an eigenform for 𝑇 (𝔪) with the same eigenvalue, 𝜆𝑓 (𝔪).

Let 𝔠 ⊂ 𝒪𝐿 be an ideal. Let 𝜒 = 𝜒𝐸 ∘N𝐿/𝐸 be a Hecke character for 𝐿 whose
conductor divides 𝔠. Let ℳ be a module over the Hecke algebra 𝕋𝔠 for 𝐺𝐿. Let 𝛾 ∈
ℳ be an appropriately chosen simultaneous eigenvector of all Hecke operators. The
operators 𝑇 (𝔪) are used to form a family of Hecke translates, 𝛾(𝔪) = 𝛾𝜒𝐸 (𝔪) of 𝛾.
Theorem 8.3 then states that for any Λ ∈ (ℳ𝜒𝐸 )∨ there exists a Hilbert modular
form for 𝐺𝐸 whose Fourier coefficients are equal to the products ⟨Λ, 𝛾𝜒𝐸 (𝔪)⟩, at
least if 𝔪 is a norm from 𝒪𝐿. This is a purely algebraic version of the phenomena
described by Hirzebruch and Zagier [Hirz] and it is a formal consequence the
existence of a section of the base change mapping on the Hecke algebra.

In Section 8.3 we consider the case where the Hecke module ℳ is the inter-
section homology group, 𝐼m𝐻∗(𝑋0(𝔠),ℒ(𝜅, 𝜒0)), and 𝛾 is an intersection homology
class. Then the linear mapping Λ may be taken to be the intersection product with
any other intersection homology class. So we may conclude that the intersection
numbers ⟨Λ, 𝛾𝜒𝐸 (𝔪)⟩𝐼𝐻 are the Fourier coefficients of a modular form.

In Theorem 8.5 we express these Fourier coefficients in terms of 𝑓 -isotypical
components under the Hecke algebra. The resulting formula involves the pairing
between the two natural sources of intersection (co-)homology classes on 𝑋0(𝔠).
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One source is the “diagonally embedded” Hilbert modular variety 𝑍0 attached to
𝐸 and its “twists” 𝑍𝜃, see Chapter 9. A second source comes from the 𝐿2 differen-
tial form 𝜔𝐽(𝑓) associated to a cusp form 𝑓 for 𝐺𝐿. According to Proposition 4.8
the intersection product between such classes may be identified with the integral∫
𝑍𝜃

𝜔𝐽(𝑓).

8.1 Notation

Let 𝐿/𝐸 be a quadratic extension of totally real number fields. To simplify nota-
tion, write

𝑛 := [𝐿 : ℚ], 𝑑 = 𝑑𝐿/𝐸 , 𝒟 = 𝒟𝐿/𝐸

for the degree of 𝐿, the discriminant of 𝐿/𝐸 and the different of 𝐿/𝐸 respectively.
If 𝔠 ⊂ 𝒪𝐿 is an ideal, write 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 . We use class field theory to identify
the group of Hecke characters 𝜂 : 𝐸×∖𝔸×𝐸 → ℂ× trivial on the image of the
norm N𝐿/𝐸 : 𝔸×𝐿 → 𝔸×𝐸 with Gal(𝐿/𝐸)∧. In other words, the nontrivial element
𝜂 of Gal(𝐿/𝐸)∧ is trivial at infinity, assigns the value 1 to finite primes in 𝐸
that split in 𝐿 and assigns the value −1 to finite primes that are inert in 𝐿.
We may use the construction of Section 5.11 to define twists of Hilbert modular
forms by 𝜂. As above, let Σ(𝐸) := {𝜎01, . . . , 𝜎0[𝐸:ℚ]} denote the set of embeddings
𝐸 ↪→ ℝ and let Σ(𝐿) := {𝜎1, . . . , 𝜎𝑛} denote the set of embeddings 𝐿 ↪→ ℝ. For

𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐸), define 𝜅̂ = (𝑘, 𝑚̂) ∈ ℤΣ(𝐿) by stipulating that 𝑘𝜎 = 𝑘𝜎0 and
𝑚̂𝜎 = 𝑚𝜎0 if 𝜎 extends 𝜎0. Fix an ideal 𝔠 ⊂ 𝒪𝐿, and let 𝜒 be a quasicharacter of 𝔸×𝐿
with conductor dividing 𝔠. We assume that 𝜒 is of the form 𝜒 = 𝜒𝐸∘N𝐿/𝐸 for some

quasicharacter 𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× satisfying 𝜒𝐸∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ for 𝑏∞ ∈ 𝔸∞,×
𝐸 .

If ℳ is a module over a Hecke algebra 𝕋 and if 𝛾 ∈ ℳ and 𝑡 ∈ 𝕋 we write
𝑡(𝛾) = 𝛾∣𝑡 = 𝑡.𝛾 for the action of 𝕋 on ℳ.

If 𝔫 ⊂ 𝒪𝐿 is coprime to 𝔠, we often abuse notation and set 𝜒(𝔫) = 𝜒(𝑛),
where 𝑛 ∈ 𝔸×𝐿 is any idéle trivial at the infinite places and at the places dividing
𝔠 such that [𝑛] = 𝔫. We will commit the same abuse of notation in dealing with
𝜒𝐸(𝔫′) for 𝔫′ coprime to 𝑑𝔠𝐸 = 𝑑𝐿/𝐸(𝔠∩𝒪𝐸). In this section we will use the theory
of prime degree base change for GL2 developed by Langlands [Lan]. This theory
is recalled in Appendix E.

8.2 Base change for the Hecke algebra

Let 𝔠 ⊂ 𝒪𝐿, be an ideal and set 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 . From Section 5.6 we have Hecke
algebras 𝕋𝔠 and 𝕋𝔠𝐸 . Define Hecke subalgebras

𝕋𝔠𝒟 : = ℤ[{𝐾0(𝔠)𝑥𝐾0(𝔠) ∈ 𝕋𝔠 : 𝑥𝑣(𝔭) = ( 1 00 1 ) whenever 𝔓∣𝔠𝒟}] ⊆ 𝕋𝔠 (8.2.1)

𝕋𝔠𝐸𝑑 : = ℤ[{𝐾0(𝔠𝐸)𝑥𝐾0(𝔠𝐸) ∈ 𝕋𝔠𝐸 : 𝑥𝑣(𝔭) = ( 1 00 1 ) whenever 𝔭∣𝔠𝐸𝑑}] ⊆ 𝕋𝔠𝐸 .
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Thus 𝕋𝔠𝐸𝑑 ⊆ 𝕋𝔠𝐸 and 𝕋𝔠𝒟 ⊆ 𝕋𝔠 are the subalgebras consisting of operators trivial
at the ramified places. There is an algebra homomorphism

𝑏 : 𝕋𝔠𝒟 −→ 𝕋𝔠𝐸𝑑 (8.2.2)

induced by the 𝐿-map
𝑏 : 𝐿𝐺𝐸 −→ 𝐿𝐺𝐿

given on the connected components of the 𝐿-groups by the diagonal embedding,
as explained in Section E.4 below. Explicitly, 𝑏 is defined by requiring that for
𝔓 ∤ 𝔠𝒟 we have

𝑏(𝑇𝔠(𝔓)) =

{
𝑇𝔠𝐸𝑑(𝔭) for 𝔭 = 𝔓𝔓̄ split in 𝐿/𝐸

𝑇𝔠𝐸𝑑(𝔭2) − N𝐸/ℚ(𝔭)𝑇𝔠𝐸𝑑(𝔭, 𝔭) for 𝔭 = 𝔓 inert in 𝐿/𝐸

(8.2.3)

𝑏(𝑇𝔠(𝔓,𝔓)) =

{
𝑇𝔠𝐸𝑑(𝔭, 𝔭) for 𝔭 = 𝔓𝔓̄ split in 𝐿/𝐸

𝑇𝔠𝐸𝑑(𝔭2, 𝔭2) for 𝔭 = 𝔓 inert in 𝐿/𝐸
.

(see Lemma E.5). It follows from [Bu, Proposition 4.6.5] that the operators 𝑇𝔠(𝔓),
𝑇𝔠(𝔓,𝔓) for 𝔓 ∤ 𝔠𝒟 generate the algebra 𝕋𝔠𝒟 , so these equations suffice to define 𝑏.

Let ℤ[𝜒] (resp. ℤ[𝜒𝐸 ]) be the subalgebra of ℂ generated by 𝜒(𝔪) (resp. 𝜒𝐸(𝔫))
as 𝔪 (resp. 𝔫) ranges over the ideals of 𝒪𝐿 coprime to 𝔠𝒟 (resp. 𝒪𝐸 coprime to
𝔠𝐸𝑑). We note that ℤ[𝜒] ⊆ ℤ[𝜒𝐸 ]. We then have ideals

𝐼(𝜒) : = ⟨𝑇𝔠(𝔪,𝔪) − 𝜒(𝔪)⟩𝔪+𝔠𝒟=𝒪𝐿 ⊂ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒] (8.2.4)

𝐼(𝜒𝐸) : = ⟨𝑇𝔠𝐸(𝔫, 𝔫) − 𝜒𝐸(𝔫)⟩𝔫+𝔠𝐸𝑑=𝒪𝐸 ⊂ 𝕋𝔠𝐸𝑑 ⊗ℤ ℤ[𝜒𝐸 ].

It follows from (8.2.3) that 𝑏 induces a morphism

𝑏 : 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒) −→ 𝕋𝔠𝐸𝑑 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸).

Using the 𝔭-adic Cartan decomposition and (5.6.8), one checks that its image is
generated as a ℤ[𝜒𝐸 ]-algebra by 𝑇𝔠(N𝐿/𝐸(𝔓)) as 𝔓 ranges over the prime ide-
als of 𝒪𝐿 coprime to 𝔠𝒟, and as a ℤ[𝜒𝐸 ]-module by 𝑇𝔠(N𝐿/𝐸(𝔪)) as 𝔪 ranges
over the ideals of 𝒪𝐿 coprime to 𝔠𝒟 (compare [Bu, Proposition 4.6.2 and Propo-
sition 4.6.4]). In other words, we have “killed” the Hecke operators 𝑇𝔠(𝔪,𝔪) and
𝑇𝔠𝐸(𝔫, 𝔫).

We are now going to define a linear map

ˆ : 𝕋𝔠𝐸𝑑 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸) −→ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒). (8.2.5)

that is a section of the base change map 𝑏. It is defined on basis elements

𝑇 (𝔪) = 𝑇𝔠𝐸𝑑(𝔪) ∈ 𝕋𝔠𝐸𝑑
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and extended ℤ[𝜒𝐸 ]-linearly. The Hecke operator 𝑇 (𝔪) ∈ 𝕋𝔠 ⊗ ℂ is defined as

follows. If 𝔪 ⊂ 𝒪𝐸 is not a norm from 𝒪𝐿 set 𝑇 (𝔪) := 0. The definition of the

operator 𝑇 (𝔭𝑛) involves a choice: if 𝔭 ⊂ 𝒪𝐸 is a prime ideal that splits in 𝒪𝐿 (say,
𝔭𝒪𝐿 = 𝔓𝔓̄) then choose a prime 𝔓 lying above 𝔭. Otherwise let 𝔓 = 𝔭𝒪𝐿. Then

𝑇 (𝔭𝑟) :=

⎧⎨⎩
Id if 𝑟 = 0

𝑇𝔠(𝔓
𝑟) if 𝔭 splits in 𝐿

𝑇𝔠(𝔓
𝑟/2) + 𝜒𝐸(𝔭)N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟/2−2) if 𝔭 is inert and 𝑟 is even

0 otherwise

where “otherwise” means that either 𝔭 ramifies in 𝐿 or 𝔭 is inert and 𝑟 is odd.
Finally, if 𝔪 =

∏
𝔭∈𝐼 𝔭

𝑟𝔭 for some set 𝐼 of primes in 𝒪𝐸 and some integers 𝑟𝔭 ≥ 0
then set

𝑇 (𝔪) :=
∏
𝔭∈𝐼

𝑇 (𝔭𝑟𝔭).

Lemma 8.1. Let 𝔠 ⊂ 𝒪𝐿 be an ideal, set 𝔠𝐸 = 𝔠∩𝒪𝐿 and let 𝜒𝐸 be a quasicharacter
as in Section 8.1. The restriction of the map

ˆ : 𝕋𝔠𝐸𝑑 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸) −→ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒)

to 𝑏(𝕋𝔠𝒟) is a ℤ[𝜒𝐸 ]-algebra morphism that is a section of 𝑏.

Proof. The definition of ˆ is multiplicative in the sense that

𝑇 (𝔪)𝑇 (𝔫) = (𝑇𝔠′𝐸 (𝔪)𝑇𝔠′𝐸 (𝔫))ˆ
whenever 𝔪 + 𝔫 = 𝒪𝐸 . Since the Hecke algebras 𝕋𝔠𝒟 and 𝕋𝔠𝐸𝑑 are multiplicative
as well, to prove that ˆ is an algebra morphism it suffices to check that

ˆ : 𝑏(𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸)) −→ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒)

is a ℤ[𝜒𝐸 ] algebra homomorphism when restricted to the subalgebra

𝐴 := ⟨𝑇𝔠𝐸𝑑(𝔭𝑟)⟩𝑟≥0 ∩ 𝑏(𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸)) = ⟨𝑇𝔠𝐸𝑑(N(𝔓𝑟))⟩𝑟∈ℤ≥0

for each prime 𝔭 ⊂ 𝒪𝐸 coprime to 𝔠𝐸𝑑 with prime 𝔓 ⊆ 𝒪𝐿 the prime above 𝔭.
Here the ⟨ ⋅ ⟩ denotes the span as a ℤ[𝜒𝐸 ]-module, and we are using the 𝔭-adic
Cartan decomposition together with (5.6.8) to deduce the equality (compare [Bu,
Proposition 4.6.2 and Proposition 4.6.4]). If 𝔭 is split in 𝐿/𝐸 this is trivial, so we
henceforth assume that 𝔭 is inert in 𝐿/𝐸 and write 𝔓 for the prime above 𝔭. In
this case, the image of 𝐴 under ˆ is contained in the ℤ[𝜒𝐸 ]-subalgebra

𝐵 := ⟨𝑇𝔠(𝔓)𝑟⟩𝑟≥0 ⊆ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒).
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Let

𝕋(𝔓) : = ⟨𝑇𝔠𝒟(𝔓𝑟)⟩𝑟≥0 ⊆ 𝕋𝔠𝒟 ⊗ℤ ℤ[𝜒𝐸 ]

𝕋(𝔭) : = ⟨𝑇𝔠𝐸𝑑(𝔭2𝑟)⟩𝑟≥0 ⊆ 𝕋𝔠𝐸𝑑 ⊗ℤ ℤ[𝜒𝐸 ].

Thus 𝐴 = 𝕋(𝔭) ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒𝐸) and 𝐵 = 𝕋(𝔓) ⊗ℤ ℤ[𝜒𝐸 ]/𝐼(𝜒). It follows from
[Shim1, Theorem 3.20] that 𝑇 (𝔓) and 𝑇 (𝔭) are free ℤ[𝜒𝐸 ]-algebras on two gener-
ators:

𝑇 (𝔓) = ℤ[𝜒𝐸 ][𝑇𝔠𝒟(𝔓), 𝑇𝔠𝒟(𝔓,𝔓)]

𝑇 (𝔭) = ℤ[𝜒𝐸 ][𝑇𝔠𝐸𝑑(𝔭2), 𝑇𝔠𝐸𝑑(𝔭2, 𝔭2)]

This implies that 𝐴 and 𝐵 are the free ℤ[𝜒𝐸 ]-algebras on one generator given by

𝐵 = ℤ[𝜒𝐸 ][𝑇𝔠(𝔓)] (8.2.6)

𝐴 = ℤ[𝜒𝐸 ][𝑇𝔠𝐸𝑑(𝔭2)]

In view of (8.2.6) we have an algebra morphism 𝑠 : 𝐴 → 𝐵 defined by
stipulating that

𝑠(𝑇𝔠𝐸𝑑(𝔭2)) = 𝑇𝔠(𝔓) + 𝜒𝐸(𝔭)N𝐸/ℚ(𝔭),

and it is easy to see that 𝑠 is a section of 𝑏. Thus to prove the lemma it suffices
to show that 𝑠 = ˆ . For this it suffices to show

𝑠(𝑇𝔠𝐸𝑑(𝔭2𝑟)) = 𝑇 (𝔭2𝑟).

We proceed by induction on 𝑟. The statement is obviously true for 𝑟 = 0, 1. Assume
it is true for 𝑟 − 1. Applying (5.6.8), we have that 𝑠(𝑇𝔠𝐸 (𝔭2𝑟)) is equal to

𝑠(𝑇𝔠𝐸𝑑(𝔭2𝑟−2)𝑇𝔠𝐸𝑑(𝔭2) − 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠𝐸𝑑(𝔭2𝑟−2) − 𝜒𝐸N𝐸/ℚ(𝔭2)𝑇𝔠𝐸𝑑(𝔭2𝑟−4))
(8.2.7)

= 𝑇 (𝔭2𝑟−2)𝑇 (𝔭2) − 𝜒𝐸N𝐸/ℚ(𝔭)𝑇 (𝔭2𝑟−2) − 𝜒𝐸N𝐸/ℚ(𝔭2)𝑇 (𝔭2𝑟−4)

Here we have written (and will continue to write) 𝜒𝐸N𝐸/ℚ(𝔪) = 𝜒𝐸(𝔪)N𝐸/ℚ(𝔪)
for ideals 𝔪 ⊂ 𝒪𝐸 . Substituting

𝑇 (𝔭2𝑟−2)𝑇 (𝔭2) = (𝑇𝔠(𝔓
𝑟−1) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−2))(𝑇𝔠(𝔓) + 𝜒𝐸N𝐸/ℚ(𝔭))

𝑇 (𝔭2𝑟−2) = 𝑇𝔠(𝔓
𝑟−1) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−2)

𝑇 (𝔭2𝑟−4) = 𝑇𝔠(𝔓
𝑟−2) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−3)

into (8.2.7), we have that 𝑠(𝑇𝔠𝐸𝑑(𝔭2𝑟)) is equal to

𝑇𝔠(𝔓
𝑟−1)𝑇𝔠(𝔓) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−2)𝑇𝔠(𝔓) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓
𝑟−1)

+ 𝜒𝐸N𝐸/ℚ(𝔭2)𝑇𝔠(𝔓
𝑟−2) − 𝜒𝐸N𝐸/ℚ(𝔭)(𝑇𝔠(𝔓

𝑟−1) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓
𝑟−2))

− 𝜒𝐸N𝐸/ℚ(𝔭2)(𝑇 (𝔓𝑟−2) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓
𝑟−3))
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= 𝑇𝔠(𝔓
𝑟−1)𝑇𝔠(𝔓) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−2)𝑇𝔠(𝔓)

− 𝜒𝐸N𝐸/ℚ(𝔭2)(𝑇𝔠(𝔓
𝑟−2) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−3))

= 𝑇𝔠(𝔓
𝑟) + 𝜒𝐸N𝐸/ℚ(𝔭2)𝑇𝔠(𝔓

𝑟−2)

+ 𝜒𝐸N𝐸/ℚ(𝔭)(𝑇𝔠(𝔓
𝑟−1) + 𝜒𝐸N𝐸/ℚ(𝔭2)𝑇𝔠(𝔓

𝑟−3))

− 𝜒𝐸N𝐸/ℚ(𝔭2)(𝑇𝔠(𝔓
𝑟−2) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−3))

= 𝑇𝔠(𝔓
𝑟) + 𝜒𝐸N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−1) = 𝑇 (𝔭2𝑟).

This completes the proof of the lemma. □

An immediate consequence of the fact that ˆ is a section of 𝑏 over its image is
the crucial Proposition 8.2 below. In order to state it, let 𝔠′𝐸 ⊆ 𝒪𝐸 be an ideal. For

any newform 𝑓 ∈ 𝑆new𝜅 (𝐾0(𝔠
′
𝐸), 𝜒𝐸), there exists a base change 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠

′), 𝜒)
for some 𝔠′ ⊂ 𝒪𝐿 with 𝔠′ ∩ 𝒪𝐸 equal to 𝔠′𝐸 up to powers of primes dividing

2𝑑. This 𝑓 is uniquely characterized as the newform generating the automorphic
representation 𝜋 that is the base change of 𝜋 in the sense of Section E.4 below.
The following diagram may help in keeping track of the base change mappings.

𝐿 𝕋𝔠𝒟 𝑆new𝜅̂ (𝐾0(𝔠
′), 𝜒)

𝐸

�

𝕋𝔠𝐸𝑑

𝑏
�

ˆ�
𝑆new𝜅 (𝐾0(𝔠

′
𝐸), 𝜒)

�̂

Proposition 8.2. Let 𝔪 ⊂ 𝒪𝐸 be an ideal coprime to 𝑑𝔠𝐸 . If 𝔪 is a norm from
𝒪𝐿, then the Hecke operator 𝑇 (𝔪) satisfies

𝑓 ∣𝑇 (𝔪) = 𝜆𝑓 (𝔪)𝑓

for all newforms 𝑓 ∈ 𝑆new𝜅 (𝐾0(𝔠
′
𝐸), 𝜒𝐸) such that 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠

′), 𝜒).

Proof. Let 𝐻 be an unramified connected reductive group over 𝐹𝑣, where 𝑣 is a
finite place of the number field 𝐹 , and let 𝐾𝐻 ⊆ 𝐻(𝐹𝑣) be a hyperspecial sub-
group. Recall that an unramified irreducible representation of 𝐻(𝐹𝑣) has a unique
vector fixed by 𝐾𝐻 [Cart, p. 152]. We apply this fact in the case 𝐻 = GL2 and

𝐾𝐻 = GL2(𝒪𝐹𝑣 ) to conclude that the Hecke eigenvalues of 𝑓 (resp. 𝑓) appearing
in the proposition are the same as the Hecke eigenvalues of the automorphic rep-
resentation 𝜋 (resp. 𝜋) generated by 𝜋 (resp. 𝜋) (compare Section E.1). Thus by
definition of the base change 𝜋 of 𝜋 (see Section E.4 and (E.8.2)) one has

𝜆𝑓 (𝑡) = 𝜆𝑓 (𝑏(𝑡))

for all 𝑡 ∈ 𝕋𝔠𝒟 . Since ˆ is a section of 𝑏, the proposition follows. □

Remark. The simple shape of the formula given above for the 𝑇 (𝔪) depends on
the fact that 𝐿/𝐸 is quadratic. The root of this is the “𝔞−2” in the Hecke algebra
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identity

𝑇𝔠(𝔪)𝑇𝔠(𝔫) =
∑

𝔪+𝔫⊆𝔞

N𝐿/ℚ(𝔞)𝑇𝔠(𝔞, 𝔞)𝑇𝔠(𝔞
−2𝔪𝔫),

(see (5.6.8)). However, if 𝐿/𝐸 is an arbitrary prime degree extension of totally
real fields and 𝔭 is a prime of 𝒪𝐸 that totally splits as 𝔭 = 𝔓1 . . .𝔓𝑛 in 𝒪𝐿, then
an obvious extension of the argument given above proves that

𝑇𝔠(𝔓1)𝑓 = 𝜆𝑓 (𝔭)𝑓

if the newform 𝑓 ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) is the base change of a Hilbert modular form
𝑓 on 𝐸 and 𝔭 is coprime to 𝔠.

8.3 Hilbert modular forms with coefficients

in a Hecke module

The main goal of this section is to prove Theorem 8.3, which uses the operators
𝑇 (𝔪) of the previous section to produce Hilbert modular forms on 𝐸 with coeffi-
cients in ℳ. As in the previous paragraphs, we fix ideals 𝔠 ⊂ 𝒪𝐿 and 𝔠𝐸 = 𝔠 ∩𝐸,
we fix Hecke characters 𝜒 = 𝜒𝐸 ∘ 𝑁𝐿/𝐸 such that 𝜒𝐸∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ for all

𝑏∞ ∈ 𝔸∞,×
𝐸 and we assume the conductor of 𝜒 divides 𝔠.

Let ℳ be a finite-dimensional, left 𝕋𝔠 ⊗ ℂ-module (for example, the inter-
section cohomology of an appropriate Hilbert modular variety). Then it is also a
module over the abelian subalgebra 𝕋𝔠𝒟 so it decomposes into Hecke eigen sub-
spaces which correspond to newforms in the following way. If 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒)
is a newform (and therefore a simultaneous eigenform for all Hecke operators), let

𝜆𝑓 : 𝕋𝔠𝒟 −→ ℂ

be the linear functional defined by 𝜆𝑓 (𝑡)𝑓 := 𝑓 ∣𝑡 as above. Let ℳ(𝑓) denote the
𝑓 -isotypical component of ℳ, that is,

ℳ(𝑓) :=
{
𝐵 ∈ ℳ : 𝑡𝐵 = 𝜆𝑓 (𝑡)𝐵 for all 𝑡 ∈ 𝕋𝔠𝒟} .

Define the submodule ℳ𝐸 to be the sum of isotypical components

ℳ𝐸 :=
⊕
𝑓

ℳ(𝑓) ⊆ ℳ, (8.3.1)

where the sum is over all (normalized) newforms 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) such that
for almost all primes 𝔓 ⊂ 𝒪𝐿 we have 𝜆𝑓 (𝔓) = 𝜆𝑓 (𝔓𝜎) for all 𝜎 ∈ Gal(𝐿/𝐸).
By the theory of quadratic base change (see Corollary E.12) there is a canonical
decomposition

ℳ𝐸 = ℳ𝜒𝐸 ⊕ℳ𝜒𝐸𝜂,
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where 𝜂 is the generator of Gal(𝐿/𝐸)∧, and

ℳ𝜒𝐸 :=
⊕
𝑓

ℳ(𝑓) ⊆ ℳ𝐸 (8.3.2)

is the submodule spanned by the 𝑓 -isotypical components such that 𝑓 = 𝑔 is a
base change of a newform 𝑔 ∈ 𝑆new𝜅 (𝐾0(𝔠

′
𝐸), 𝜒𝐸), where 𝔠′𝐸 ⊆ 𝒪𝐸 is an ideal equal

to 𝔠𝐸 up to primes dividing 2𝑑𝐿/𝐸 .

The dual space (ℳ𝐸)∨ := Homℂ(ℳ𝐸 ,ℂ) is tautologically a 𝕋𝔠𝒟⊗ℂ-module.
Denote the endomorphism of (ℳ𝐸)∨ induced by 𝑡 ∈ 𝕋𝔠 by

𝑡∗ : (ℳ𝐸)∨ −→ (ℳ𝐸)∨.

Suppose that 𝛾 ∈ ℳ𝜒𝐸 . In analogy with (1.5.2), for each ideal 𝔪 ⊂ 𝒪𝐸

define the following Hecke translate of 𝛾:

𝛾(𝔪) = 𝛾𝜒𝐸 (𝔪) :=

{
𝑇 (𝔪)𝛾 if 𝔪 is a norm from 𝒪𝐿 and 𝔪 + 𝔠𝐸𝑑 = 𝒪𝐸

0 otherwise.

(8.3.3)

In Section 8.5 we will give a proof of Theorem 8.3 below, which interprets
the generating series associated to 𝑇 (𝔪)(𝛾) (as 𝔪 varies) as a modular form with
coefficients in ℳ𝜒𝐸 . To state it, note that from any Φ ∈ ℳ𝜒𝐸⊗𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸)
we obtain a map

⟨⋅,Φ⟩ : (ℳ𝜒𝐸 )∨ −→ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸)

Λ �−→ ⟨Λ,Φ⟩

Theorem 8.3. If 𝛾 ∈ ℳ𝜒𝐸 , then there exists an ideal 𝒩 (𝔠) and a unique

Φ𝛾,𝜒𝐸 ∈ ℳ𝜒𝐸 ⊗ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸).

such that

(1) The map ⟨ ⋅ ,Φ𝛾,𝜒𝐸⟩ is Hecke-equivariant in the sense that for all Λ ∈
(ℳ𝜒𝐸 )∨ and 𝑡 ∈ 𝕋𝔠𝒟 ⊗ ℂ we have

⟨𝑡∗Λ,Φ𝛾,𝜒𝐸⟩ = ⟨Λ,Φ𝛾,𝜒𝐸 ⟩∣𝑏(𝑡)

(2) If 𝔪 ⊂ 𝒪𝐸 is a norm from 𝒪𝐿, 𝔪 + (𝔠 ∩𝒪𝐸)𝑑𝐿/𝐸 ∕= 𝒪𝐸 or 𝔪 + 𝑑𝐿/𝐸 = 𝒪𝐸

and 𝜂(𝔪) = −1 then the 𝔪th Fourier coefficient of Φ𝛾,𝜒𝐸 is 𝛾𝜒𝐸 (𝔪).

Remark. In fact the ideal 𝒩 (𝔠) may be taken to be of the following form,

𝒩 (𝔠) = 𝔪2𝔟𝐿/𝐸𝔠𝐸
∏
𝔭∣𝔠𝐸

𝔭, (8.3.4)
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where 𝔪2 ⊂ 𝒪𝐸 is an ideal divisible only by dyadic primes, which we take to be 𝒪𝐸

if 𝔠+2𝒪𝐿 = 𝒪𝐿, and 𝔟𝐿/𝐸 is an ideal divisible only by the primes ramifying in 𝐿/𝐸.
If we choose 𝒩 (𝔠) as in (8.3.4), the modular form Φ𝛾,𝜒𝐸 actually lies in the subspace

ℳ𝜒𝐸 ⊗ 𝑆+𝜅 (𝒩 (𝔠), 𝜒𝐸) (8.3.5)

where

𝑆+𝜅 (𝒩 (𝔠), 𝜒𝐸) :=
{
𝑓 ∈ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸) : 𝑎(𝔪, 𝑓) = 0

if 𝜂(𝔪) = −1 or 𝔪 + 𝒩 (𝔠) ∕= 𝒪𝐸

}
.

Although the “plus” subspace 𝑆+𝜅 (𝔠𝐸𝑑, 𝜒𝐸) is not preserved by 𝕋𝔠𝐸𝑑, it is pre-
served by 𝑏(𝕋𝔠𝒟). This may be checked using the explicit description of 𝑏 given in
(8.2.3) above.

8.4 Hilbert modular forms with coefficients

in intersection homology

Recall from Section 7.6 that 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) is a 𝕋𝔠 ⊗ ℂ-module. Thus it
makes sense to define the isotypical part,

𝐼m𝐻𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) : = 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

𝐸

𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) : = 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

𝜒𝐸

as in (8.3.1)1. With this notation, Theorem 8.3 immediately implies the following
generalization of Theorem 1.1 to nontrivial local coefficient systems:

Theorem 8.4. If 𝛾 ∈ 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0,ℂ)), then there exists an ideal 𝒩 (𝔠) ⊆

𝒪𝐿 and a unique

Φ𝛾,𝜒𝐸 ∈ 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) ⊗ 𝑆𝜅(𝒩 (𝔠), 𝜒𝐸).

such that

(1) The map ⟨⋅,Φ𝛾,𝜒𝐸 ⟩𝐼𝐻 is Hecke-equivariant: if Λ ∈ 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

∨

and 𝑡 ∈ 𝕋𝔠𝒟 , then
⟨𝑡∗Λ,Φ𝛾,𝜒𝐸⟩ = ⟨Λ,Φ𝛾,𝜒𝐸 ⟩∣𝑏(𝑡).

(2) If 𝔪 ⊂ 𝒪𝐸 is a norm from 𝒪𝐿, 𝔪 + (𝔠 ∩𝒪𝐸)𝑑𝐿/𝐸 ∕= 𝒪𝐸 or 𝔪 + 𝑑𝐿/𝐸 = 𝒪𝐸

and 𝜂(𝔪) = −1 then the 𝔪th Fourier coefficient of Φ𝛾,𝜒𝐸 is 𝛾𝜒𝐸 (𝔪). □

Remark. The definition of 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) implicitly depends on a choice

of quasicharacter 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× whose restriction is 𝜒0. There may be more
than one choice of such a character, a fact which also played a role in the statement
of Theorem 7.1 above.
1Notice that each of these groups are Hecke submodules of 𝐼m𝐻cusp(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)).
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8.5 Proof of Theorem 8.3

As in equations (8.3.1) and (8.3.2), using Corollary E.12 we have a canonical
decomposition of the following subspace,

𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒) ⊕ 𝑆new,𝜒𝐸𝜂
𝜅̂ (𝔠, 𝜒) = 𝑆new,𝐸𝜅̂ (𝔠, 𝜒) ⊂ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒)

where 𝑆new,𝐸𝜅̂ (𝔠, 𝜒) is the subspace spanned by those newforms 𝑓 such that, for al-
most all prime ideals 𝔓 ⊂ 𝒪𝐿, we have 𝜆𝑓 (𝔓) = 𝜆𝑓 (𝔓𝜎) for all 𝜎 ∈ Gal(𝐿/𝐸), and
where 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒) is the subspace spanned by those newforms 𝑓 such that 𝑓 = 𝑔
for some 𝑔 of nebentypus 𝜒𝐸 (and where 𝜂 is the nontrivial element in Gal(𝐿/𝐸)∧).

Given 𝛾 ∈ ℳ𝜒𝐸 we may therefore write

𝛾 =
∑
𝑔

𝛾(𝑔), (8.5.1)

where 𝑔 ∈ 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒) is a newform and 𝛾(𝑔) ∈ ℳ𝜒𝐸 is 𝑔-isotypical under the
action of 𝕋𝔠. If 𝔪 + 𝑑𝔠𝐸 ∕= 𝒪𝐸 or if 𝔪 is not a norm from 𝒪𝐿, then by definition
𝛾𝜒𝐸 (𝔪) = 0. Otherwise, we have

𝛾𝜒𝐸 (𝔪) =
∑
𝑔

𝑇 (𝔪)𝛾(𝑔) (8.5.2)

where the sum is over newforms 𝑔 ∈ 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒). Applying Proposition 8.2, we
obtain

𝛾𝜒𝐸 (𝔪) =
1

2

∑
𝑔

𝜆𝑔(𝔪)𝛾(𝑔) (8.5.3)

where the sum is over newforms 𝑔 such that 𝑔 ∈ 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒). Here the 1
2 factor ap-

pears because there are exactly two newforms 𝑔 contributing the same summand.
To see this, note that it suffices by Theorem E.11 to check that 𝜋(𝑔) ∕∼= 𝜋(𝑔 ⊗ 𝜂),
where 𝜂 is the nontrivial element of Gal(𝐿/𝐸)∧ and 𝜋(𝑔) (resp. 𝜋(𝑔 ⊗ 𝜂)) is the
automorphic representation generated by 𝑔 (resp. 𝑔 ⊗ 𝜂). If 𝜋(𝑔) ∼= 𝜋(𝑔 ⊗ 𝜂),

then 𝜋(𝑔) will not be cuspidal (see [Ger, Theorem 2 and Appendix C]) which is a
contradiction. It follows that

Φ𝛾,𝜒𝐸 :=
1

2

∑
𝑔

𝛾(𝑔) ⊗ 𝑔𝔠𝐸𝑑

satisfies requirement (2) of the theorem. Here the sum is over newforms 𝑔 such
that 𝑔 ∈ 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒) and where 𝑔𝔠𝐸𝑑 is the cusp form obtained from 𝑔 by deleting
the Fourier coefficients having a prime in common with 𝔠𝐸𝑑 (and 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸)
as in Lemma 5.9. By Corollary E.12 in conjunction with Lemma 5.9, for each 𝑔 in
the sum we have that 𝑔𝔠𝐸𝑑 ∈ 𝑆𝜅(𝐾0(𝔠

′
𝐸), 𝜒𝐸) for some ideal

𝔠′𝐸 ⊆ 𝔪2𝔟𝐿/𝐸𝔠𝐸
∏
𝔭∣𝔠𝐸

𝔭
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where 𝔪2 is an ideal divisible only by dyadic primes which we may take to be 𝒪𝐸

if 𝔠 + 2𝒪𝐿 = 𝒪𝐿 and 𝔟𝐿/𝐸 is an ideal divisible only by those primes dividing 𝑑.

For the Hecke equivariance statement in the theorem, suppose that 𝑔 con-
tributes to (8.5.1) and let 𝑡 ∈ 𝕋𝔠𝒟 . Note that 𝑔 and 𝑔 are unramified outside of 𝔠𝒟
and 𝔠𝐸𝑑, respectively. Therefore, the eigenvalue of 𝑡 on 𝑔 is the same as the eigen-
value of 𝑡 on the automorphic representation generated by 𝑔, and similarly for the
eigenvalue of 𝑏(𝑡) on 𝑔 (compare the proof of Proposition 8.2). Thus the eigenvalue
of 𝑡 on 𝑔 is equal to the eigenvalue of 𝑏(𝑡) on 𝑔𝔠𝐸𝑑 by the definition of base change
(see Section E.4). This implies the Hecke equivariance statement in Theorem 8.3.

As for the uniqueness of Φ𝛾,𝜒𝐸 , suppose that

Φ0 =
∑
ℎ

∑
𝑔ℎ

𝛽(ℎ) ⊗ 𝑔ℎ ∈ ℳ𝜒𝐸 ⊗ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸)

satisfies property (2) in the theorem. Here the sum on ℎ is over a basis of newforms
for 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒), 𝛽(ℎ) is ℎ-isotypical under the action of 𝕋𝔠𝒟𝐸 , and for each ℎ the
collection {𝑔ℎ} is a subset of 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸). If Φ0 ∕= Φ𝛾,𝜒𝐸 then we can find
a linear functional Λ ∈ (ℳ𝜒𝐸 )∨ such that

⟨Λ,Φ0 − Φ𝛾,𝜒𝐸 ⟩ ∕= 0.

Decomposing (ℳ𝜒𝐸 )∨ into eigenspaces under the action of 𝕋𝔠𝒟𝐸 , we see that we
may assume that Λ is a projector onto the ℎ0-isotypical component of ℳ𝜒𝐸 for
some newform ℎ0 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) in the sense that Λ(𝛽(ℎ0)) = 0 if ℎ ∕= 𝑐ℎ0 for
some 𝑐 ∈ ℂ× (this step uses strong multiplicity one for newforms, see Section 5.8).
By definition of ℳ𝜒𝐸 we have ℎ0 = 𝑔0 for some newform 𝑔0 ∈ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸)
(though it may not be new for the level 𝒩 (𝔠)). Thus if Φ0 ∕= Φ𝛾,𝜒𝐸 then the
following pairing is not zero:

⟨Λ,Φ0 − Φ𝛾,𝜒𝐸 ⟩ (8.5.4)

=

⎛⎝⟨Λ, 𝛽(𝑔0)⟩
∑
𝑔ℎ0

𝑔ℎ0

⎞⎠− ⟨Λ, 𝛾(𝑔0)⟩ ⊗ 1
2 (𝑔𝔠𝑑0 + 𝑔0 ⊗ 𝜂𝔠𝑑)

Here 𝑔0 ⊗ 𝜂 is the newform generating the automorphic representation 𝜋(𝑔0 ⊗ 𝜂).
We will use the assumption that (8.5.4) is not zero to derive a contradiction.

Upon renormalizing 𝛽(𝑔0) if necessary, we may assume that
∑

𝑔ℎ0
𝑔ℎ0 has

𝒪𝐸-Fourier coefficient equal to 1. Thus, since the 𝒪𝐸 -Fourier coefficients of Φ0
and Φ𝛾,𝜒𝐸 agree by requirement (2), we have

⟨Λ, 𝛽(𝑔0)⟩ = ⟨Λ, 𝛾(𝑔0)⟩.
We also know that for all 𝔪 satisfying the conditions in (2) the 𝔪th Fourier coef-
ficients of Φ0 and Φ𝛾,𝜒𝐸 agree; thus for such 𝔪 we have∑

𝑔ℎ0

𝑎(𝔪, 𝑔ℎ0) = 1
2

(
𝑎(𝔪, 𝑔𝔠𝑑0 ) + 𝑎(𝔪, 𝑔0 ⊗ 𝜂𝔠𝑑)

)
. (8.5.5)
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In particular (8.5.5) is valid for 𝔪 a norm from 𝒪𝐿. In view of the section 𝑠 of the
base change map 𝑏 constructed above, this implies that all of the 𝑔ℎ0 contributing
to the left-hand side have the property that the base change of 𝜋(𝑔ℎ0) to 𝐿 is
𝜋(ℎ0). As noted previously in the proof, there are precisely two nonisomorphic
cuspidal automorphic representations that base change to 𝜋(ℎ0), namely 𝜋(𝑔0)
and 𝜋(𝑔0 ⊗ 𝜂). Thus the left-hand side of (8.5.5) is actually a sum over 𝑔ℎ0 such
that 𝜋(𝑔ℎ0) is isomorphic to either 𝜋(𝑔0) or 𝜋(𝑔0 ⊗ 𝜂). Decompose

{𝑔ℎ0} = {𝑔1𝑖}𝑟𝑖=1 ∪ {𝑔2𝑗}𝑠𝑗=1
where the automorphic representation generated by 𝑔1𝑖 (resp. 𝑔2𝑗) is 𝜋(𝑔0) (resp.
𝜋(𝑔0 ⊗ 𝜂)). We claim that∑

𝑖

𝑔1𝑖 = 1
2𝑔

𝔠𝑑
0 and

∑
𝑗

𝑔2𝑗 = 1
2𝑔0 ⊗ 𝜂𝔠𝑑.

The claim implies that (8.5.4) is in fact zero and this contradiction completes the
proof of the theorem.

To prove the claim, let 𝑉 = 𝑉1 ⊕ 𝑉2 ⊆ 𝑆𝜅(𝐾0(𝒩 (𝔠)), 𝜒𝐸), where 𝑉1 (resp.
𝑉2) is the subspace spanned by forms in the automorphic representation 𝜋(𝑔0)
(resp. 𝜋(𝑔0⊗ 𝜂)). Newform theory provides a basis for the space of modular forms
generating a given fixed automorphic representation with bounded level (compare
Section 5.8). In particular, it implies that any element 𝑓 ∈ 𝑉 is determined by the
Fourier coefficients 𝑎(𝔭𝑛, 𝑓) with 𝔭∣𝒩 (𝔠) and 𝑛 ≥ 0. This implies the claim. □

8.6 The Fourier coefficients of [𝜸(𝖒),Φ𝜸,𝝌𝑬
]𝑰𝑯∗

The goal. By Theorem 8.4, the fact that Φ𝛾,𝜒𝐸 for 𝛾 ∈ 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) is a

modular form with coefficients in 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) is a formal consequence

of base change and the existence of a section of the base change morphism on
the Hecke algebra. If we start with a cycle 𝑍 and a flat section 𝑠 that represents
a class [𝑍] = [𝑍, 𝑠] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ∨(𝜅̂, 𝜒0)) then it can be used to construct
modular forms as follows: first apply2 the Atkin-Lehner operator 𝑊 ∗−1

𝔠 to obtain
an intersection homology class with coefficients in ℒ(𝜅̂, 𝜒0), and project the cycle
to obtain a class

𝛾 = 𝑄(𝑊 ∗−1
𝔠 [𝑍]) ∈ 𝐼m𝐻𝜒𝐸

𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

where

𝑄 = 𝑄𝜒𝐸 : 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) −→ 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

2This step, togther with all occurrences of 𝑊 ∗−1
𝔠 on this page could be eliminated by starting

with a flat section of ℒ rather than of ℒ∨; but then 𝑊 ∗
𝔠 (𝑍) would occur in the integrals (8.6.1).

We choose to apply𝑊 ∗−1
𝔠 here, rather than later, so that the equations in this section will match

those in Chapters 9 and 10.
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is the orthogonal projection (with respect to the Petersson product or equivalently,
with respect to the decomposition into isotypical components under the action of
the Hecke algebra). Then feed this into the formal generating series Φ𝛾,𝜒𝐸 of The-
orem 8.3 to obtain a modular form with coefficients in 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)).
Finally, any linear functional on 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) will give a modular form
for 𝐺𝐸 . Such a linear functional is given by the intersection pairing with other
intersection homology classes, for example, with Hecke translates of 𝛾 such as

𝛾(𝔪) = 𝛾𝜒𝐸 (𝔪) =

{
𝑇 (𝔪)𝛾 if 𝔪 is a norm from 𝒪𝐿 and 𝔪 + 𝔠𝐸𝑑 = 𝒪𝐸

0 otherwise.

In this section we express the Fourier coefficients of the resulting modular form,

[𝛾(𝔪),Φ𝛾,𝜒𝐸 ]𝐼𝐻∗ = [𝑄(𝑊 ∗−1
𝔠 [𝑍])(𝔪),Φ𝑄(𝑊∗−1

𝔠 [𝑍]),𝜒𝐸
]𝐼𝐻∗

in terms of certain periods, that is, in terms of integrals over the cycle 𝑍 when 𝑍
is the “diagonal” cycle that comes from the diagonal embedding

𝜄 : 𝐺𝐸 = Res𝐸/ℚGL2 −→ Res𝐿/ℚGL2 = 𝐺𝐿.

In this situation a flat section 𝑠 of ℒ∨(𝜅̂, 𝜒0) can be constructed canonically over
𝑍. Here is a brief description of this procedure in the case that 𝜒0 = 𝜒triv is the
trivial character. In Section 7.5 we constructed a bilinear form

⟨⋅, ⋅⟩ : 𝐿(𝜅, 𝜒triv) × 𝐿∨(𝜅, 𝜒triv) → ℂ

invariant under the action of 𝐺𝐸 . This implies the existence of an element in
𝐿(𝜅, 𝜒triv)⊗𝐿∨(𝜅, 𝜒triv) invariant under the action of 𝐺𝐸 , which therefore passes
to a flat section of

ℒ(𝜅, 𝜒triv) ⊗ ℒ∨(𝜅, 𝜒triv)∣𝑍 ∼= ℒ∨(𝜅̂, 𝜒triv)∣𝑍.

The general case is discussed in Section 9.2. For more details in the classical
Hirzebruch-Zagier setting, see [Ton].

The setup. Let 𝔠 ⊂ 𝒪𝐿 be an ideal and let 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 . Then we obtain a
(non-compact) Shimura subvariety

𝑍 = 𝑍0(𝔠𝐸) := 𝜋(𝜄(𝐺𝐸(𝔸))) ∼= 𝐺𝐸(ℚ)∖𝐺𝐸(𝔸)/𝐾𝐸∞𝐾0(𝔠𝐸)

of 𝑌0(𝔠), where

𝜋 : 𝐺𝐿(𝔸) → 𝑌0(𝔠) = 𝐺𝐿(ℚ)∖𝐺𝐿(𝔸)/𝐾∞𝐾0(𝔠)

is the canonical projection and 𝐾𝐸∞ ⊂ 𝐺𝐸(ℝ), 𝐾0(𝔠𝐸) ⊂ 𝐺𝐸(𝔸𝑓 ) are defined as
in Sections 5.1 and 5.2 with 𝐿 replaced by 𝐸.
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Let 𝑠 be a flat section of ℒ∨(𝜅̂, 𝜒0) over 𝑍, or over an open subset of 𝑍 that
is the complement of a proper subvariety. As in Section 2.7 the pair (𝑍, 𝑠) deter-
mines a Borel-Moore homology class which, by Theorem 4.6 has a canonical lift
to intersection homology,

[𝑍] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠);ℒ∨(𝜅̂, 𝜒0)).

Let 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒), let 𝐽 ⊂ Σ(𝐿) and let 𝜔𝐽(𝑓−𝜄) ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅̂, 𝜒0)) be the
resulting differential form (cf. (7.2.3)). Using the pairing ℒ(𝜅̂, 𝜒0)×ℒ∨(𝜅̂, 𝜒0) → ℂ
of Section 7.5 the section 𝑠 can be paired with the differential form, so the integral∫
(𝑍,𝑠) 𝜔𝐽(𝑓−𝜄) is defined. Assume, as in Theorem 4.8 that there exists a character

𝜃 of 𝐺𝐸(𝔸) so that, viewed as a function on 𝐺𝐸(𝔸)/𝐾𝐸∞𝐾0(𝔠𝐸), the section 𝑠
satisfies ∣𝑠(𝑔𝑥)∣ ≤ ∣𝜃(𝑔)∣∣𝑠(𝑥)∣ for all 𝑔 ∈ 𝐺𝐸(𝔸). Then by Theorem 4.8, the integral∫

(𝑍,𝑠)

𝜔𝐽(𝑓−𝜄)

is finite and it equals the Kronecker product ⟨𝒵(𝜔𝐽(𝑓−𝜄)), [𝑍, 𝑠]⟩𝐾 .

By Lemma 7.4 the operator 𝑊𝔠 : 𝑌0(𝔠) → 𝑌0(𝔠) converts ℒ(𝜅̂, 𝜒0) to ℒ∨(𝜅̂, 𝜒0)
so

[𝑊 ∗−1
𝔠 (𝑍, 𝑠)] = 𝑊 ∗−1

𝔠 ([𝑍, 𝑠]) ∈ 𝐼m𝐻𝑛(𝑌0(𝔠),ℒ(𝜅̂, 𝜒0)).

Theorem 8.5. Let 𝛾 = 𝑄(𝑊 ∗−1
𝔠 [𝑍]). If 𝔪 + N𝐿/𝐸(𝔠)𝑑 = 𝔫 + N𝐿/𝐸(𝔠)𝑑 = 𝒪𝐸 and

𝔪, 𝔫 are both norms from 𝒪𝐿, then the 𝔪th Fourier coefficient of

[𝛾(𝔫),Φ𝛾,𝜒𝐸 ]𝐼𝐻∗

is

1

4

∑
𝐽⊂Σ(𝐿)

∑
𝑓

∫
𝑍 𝜔𝐽(𝑓−𝜄)

∫
𝑍 𝜔Σ(𝐿)−𝐽(𝑓−𝜄)

𝑇 (𝑓,Σ(𝐿) − 𝐽)(𝑓, 𝑓)𝑃
𝜆𝑓 (𝔫)𝜆𝑓 (𝔪), (8.6.1)

where 𝜎 is any element of Σ(𝐿), the sum is over the normalized newforms 𝑓 whose

base change 𝑓 is an element of 𝑆new,𝜒𝐸𝜅̂ (𝔠, 𝜒), and 𝑇 (𝐽, 𝑓) is defined as in (7.5.10).

We remark that Theorem 1.2 is just Theorem 8.5 in the special case that
𝐿(𝜅, 𝜒0) is the trivial representation ℂ.

Proof. By Theorem 7.1 and Corollary E.12 any class in 𝐼m𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

can be expressed as a linear combination of classes represented by differential forms
𝜔𝐽(𝑓−𝜄), where 𝑓−𝜄(𝑥) := 𝑓(𝑥−𝜄) as in (5.5.1) (thus replacing 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒)

with 𝑓−𝜄 ∈ 𝑆coh𝜅̂ (𝐾0(𝔠), 𝜒)). More precisely, we may write

𝛾 = 𝑄(𝑊 ∗−1
𝔠 [𝑍]) =

1

2

∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝒫 [𝜔𝐽(𝑓−𝜄)] (8.6.2)
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for some 𝑎𝐽,𝑓 ∈ ℂ, where the sum is over the same set of 𝑓 as in the theorem.
Here 𝒫 is the Poincaré duality isomorphism of Chapter 3, and the 1

2 appears for
the same reason explained in the proof of Theorem 8.3. We assume, without loss
of generality, that 𝑎𝐽,𝑓 = 𝑎𝐽,𝑓⊗𝜂, where 𝑓 ⊗ 𝜂 is the newform generating the same
automorphic representation as 𝑓 ⊗ 𝜂.

Note that 𝛾 = 𝛾(𝒪𝐿). Thus, if 𝔫 ⊂ 𝒪𝐸 is a norm from 𝒪𝐿, we have:

2𝛾(𝔫) = 𝑇 (𝔫)∗

⎛⎝ ∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝒫 [𝜔𝐽(𝑓−𝜄)]

⎞⎠
=

∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝑇 (𝔫)∗𝒫 [𝜔𝐽(𝑓−𝜄)]

=
∑

𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝒫𝑇 (𝔫)∗[𝜔𝐽(𝑓−𝜄)] (by Hecke-equivariance of 𝒫)

=
∑

𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝒫 [𝜔𝐽(𝑓 ∣𝑇 (𝔫)−𝜄)] (by Hecke equivariance of 𝜔𝐽)

=
∑

𝐽⊂Σ(𝐿)

∑
𝑓

𝜆𝑓 (𝔫)𝑎𝐽,𝑓𝒫 [𝜔𝐽(𝑓−𝜄)] (Proposition 8.2).

By the same argument, for 𝔪 ⊂ 𝒪𝐸 a norm from 𝒪𝐿, using diagram (7.4.1) and
Lemma 7.8 we obtain

2 (𝑊 ∗
𝔠 𝛾) (𝔪) =

∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝑎𝐽,𝑓𝒫 [𝜔𝐽(𝑇 (𝔪)𝑊 ∗
𝔠 𝑓
−𝜄)]

=
∑

𝐽⊂Σ(𝐿)

∑
𝑓

𝜆𝑓 (𝔪)𝑎𝐽,𝑓𝒫𝑊 ∗
𝔠 [𝜔𝐽(𝑓−𝜄)]

=
∑

𝐽⊂Σ(𝐿)

∑
𝑓

𝜆𝑓 (𝔪)𝑎Σ(𝐿)−𝐽,𝑓𝒫𝑊 ∗
𝔠 [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)].

Newforms with distinct Hecke eigenvalues are orthogonal with respect to the Pe-
tersson product, and differential 𝑛-forms of pure Hodge types are orthogonal unless
the Hodge types are complementary. Therefore the product

[𝛾(𝔫), 𝛾(𝔪)]𝐼𝐻∗ = ⟨𝛾(𝔫),𝑊 ∗
𝔠 𝛾(𝔪)⟩𝐼𝐻∗

is given by

1

4

∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝜆𝑓 (𝔫)𝜆𝑓 (𝔪)𝑎𝐽,𝑓𝑎Σ(𝐿)−𝐽,𝑓

〈
𝒫 [𝜔𝐽(𝑓−𝜄)],𝒫𝑊 ∗

𝔠 [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]
〉
𝐼𝐻∗

=
1

4

∑
𝐽⊂Σ(𝐿)

∑
𝑓

𝜆𝑓 (𝔫)𝜆𝑓 (𝔪)𝑎𝐽,𝑓𝑎Σ(𝐿)−𝐽,𝑓

〈
[𝜔𝐽(𝑓−𝜄)],𝑊 ∗

𝔠 [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]
〉
𝐼𝐻∗
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(see Section 3.4). It remains to prove that

𝑎𝐽,𝑓𝑎Σ(𝐿)−𝐽,𝑓

[
[𝜔𝐽(𝑓−𝜄)], [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]

]
𝐼𝐻∗

(8.6.3)

=

(∫
𝑍
𝜔𝐽(𝑓−𝜄)

)(∫
𝑍
𝜔Σ(𝐿)−𝐽(𝑓−𝜄)

)
𝑇 (𝑓,Σ(𝐿) − 𝐽)(𝑓, 𝑓)𝑃

.

For this, recall that if 𝑔 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒), then [𝜔𝐽 (𝑔)] is the image 𝛼∗([𝜔0]) of a com-
pactly supported class [𝜔0] ∈ 𝐻𝑖

𝑐(𝑌0(𝔠),ℒ(𝜅̂, 𝜒0)). This follows from [Har, Section
3.1] (the compactly supported cohomology is contained in ker(𝑟) in the notation
of [Har, Section 3.1]) (see [Hid7, Proposition 3.1] as well). So the differential form
𝜔𝐽(𝑔) determines an intersection cohomology class in two (potentially) different
ways: as the image 𝛼∗([𝜔0]) of a compactly supported class, and as 𝒵[𝜔𝐽(𝑔)]; a
push-forward of the image of a square integrable form. Of course, both procedures
determine the same intersection cohomology class (see diagram (4.3.1)). More-
over, since 𝑄 is an orthogonal projection, the product of (𝑍 − 𝑄[𝑍]) with any
class in 𝐼𝐻𝜒𝐸 vanishes (whether the Petersson product, intersection product, or
Kronecker product is used). Consequently, from Proposition 4.8 we have:∫

𝑍

𝜔𝐽(𝑔) =
[
[𝜔𝐽(𝑔)],𝑊−1

𝔠∗ [𝑍]
]
𝐾

=
[
𝜔𝐽(𝑔), 𝑄(𝑊−1

𝔠∗ [𝑍])
]
𝐾

< ∞, (8.6.4)

where [⋅, ⋅]𝐾 denotes the Kronecker pairing between intersection cohomology and

intersection homology induced by [⋅, ⋅]𝐼𝐻∗ . Restricting to the case 𝑔 = 𝑓−𝜄 and
using (3.4.4) (which says that the Kronecker pairing plus Poincaré duality equals
the intersection pairing) along with (8.6.2), we have[

[𝜔𝐽(𝑓−𝜄)],𝑊 ∗−1
𝔠 [𝑍]

]
𝐾

=
[
𝒫 [𝜔𝐽(𝑓−𝜄)],𝑊 ∗−1

𝔠 [𝑍]
]
𝐼𝐻∗

= 𝑎Σ(𝐿)−𝐽,𝑓

[
𝒫 [𝜔𝐽(𝑓−𝜄)],𝒫 [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]

]
𝐼𝐻∗

= 𝑎Σ(𝐿)−𝐽,𝑓

[
[𝜔𝐽(𝑓−𝜄)], [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]

]
𝐼𝐻∗

.

Here we also used the commutativity of diagram (3.4.3), and our assumption from
above that 𝑎𝐽,𝑓 = 𝑎𝐽,𝑓⊗𝜂. The same argument is valid with 𝐽 replaced by Σ(𝐿)−𝐽
and we obtain

𝑎𝐽,𝑓𝑎Σ(𝐿)−𝐽,𝑓

[
𝜔Σ(𝐿)−𝐽(𝑓−𝜄)], [𝜔𝐽 (𝑓−𝜄)]

]
𝐼𝐻∗

[
𝜔𝐽(𝑓−𝜄)], [𝜔Σ(𝐿)−𝐽(𝑓−𝜄)]

]
𝐼𝐻∗

=

∫
𝑍

𝜔𝐽(𝑔)

∫
𝑍

𝜔Σ(𝐿)−𝐽(𝑔).

Combining this with Theorem 7.11 implies (8.6.3) and hence the theorem. □



Chapter 9

Explicit Construction of Cycles

In this chapter we consider a quadratic extension 𝐿/𝐸 of totally real fields. The
inclusion 𝐸 → 𝐿 gives rise to Hilbert modular subvarieties, known as Hirzebruch-
Zagier cycles, 𝑍 ⊂ 𝑌 with dim(𝑌 ) = 2 dim(𝑍). If the local system ℒ on 𝑌 is chosen
appropriately then it admits a canonical section over 𝑍, which gives a Borel Moore
homology class [𝑍] ∈ 𝐻𝐵𝑀

∗ (𝑌,ℒ). We use the machinery in this book to find a
canonical lift of this class to the (middle) intersection homology [𝑍] ∈ 𝐼m𝐻∗(𝑋,ℒ)
of the Baily-Borel compactification 𝑋 of 𝑌 (see Proposition 9.2).

We also consider the “twist”, 𝑍𝜃 of the cycle 𝑍 by a Hecke character 𝜃 :
𝐿×∖𝔸×𝐿 → ℂ× with its resulting intersection homology class [𝑍𝜃]. These “twisted”
Hirzebruch-Zagier cycles were described in [MurR, Ram3]; they provide examples
of cycles whose class in intersection homology satisfies the hypotheses of Theo-
rems 8.4 and 8.5. Using some notation from below, the significance of the cycles
𝑍𝜃 is the following: If the characters 𝜃 and 𝜒𝐸 are related as in Section 10.1 (so
that 𝜃∣𝔸×𝐸 = 𝜂𝜒𝐸) then the Hecke module generated by (the Hecke translates
of) the intersection cohomology class 𝑃new(𝑊 ∗−1

𝔠 [𝑍𝜃]) is 𝐼𝐻𝜒𝐸
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)),

i.e., the part of the intersection cohomology that is “new” and comes from the
base changes of newforms of nebentypus 𝜒𝐸 . For a precise statement, see Theo-
rem 10.1. As a byproduct of the Rankin-Selberg computations that underly the
proof of Theorem 10.1, we explicitly compute the Fourier coefficients appearing in
Theorem 8.5 in the case where [𝑍] = 𝑃new[𝑍𝜃] (the “new part” of 𝑍𝜃). The result
of this computation is recorded in Theorem 10.2.

9.1 Notation for the quadratic extension 𝑳/𝑬

Let 𝐿/𝐸 be a quadratic extension of totally real number fields. Set

𝑛 := [𝐿 : ℚ], 𝑑 := 𝑑𝐿/𝐸 ,

for the degree and discriminant respectively. Let ⟨𝜍⟩ = Gal(𝐿/𝐸) and ⟨𝜂⟩ =
Gal(𝐿/𝐸)∧. As in Chapter 8, by class field theory, 𝜂 may be identified with a Hecke
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152 Chapter 9. Explicit Construction of Cycles

character 𝜂 : 𝔸𝐸 → ℂ× that is trivial on the image of the norm from 𝐿, and hence
also trivial at infinity (the fact that 𝐿/𝐸 is totally real implies 𝔸×𝐸∞ ⊂ N𝐿/𝐸𝔸

×
𝐿 ).

For every 𝜎 ∈ Σ(𝐿), write 𝜎′ := 𝜎∘𝜍 . Borrowing terminology from the theory of CM
extensions, we say that a subset 𝐽 ⊂ Σ(𝐿) is a type for 𝐿/𝐸 if exactly one of each
pair {𝜎, 𝜎′} is in 𝐽. Without loss of generality, we write 𝐿 = 𝐸(

√
Δ) for a totally

positive Δ ∈ 𝐸. There is a distinguished type 𝐽𝐸 =
{
𝜎 ∈ Σ(𝐿) : 𝜎(

√
Δ) < 0

}
for

𝐿/𝐸. We assume that the set Σ(𝐿) is ordered so that for 𝑧 ∈ 𝔥Σ(𝐿) we have

𝑑𝑧 = 𝑑𝑧𝜎1 ∧ 𝑑𝑧𝜎′
1
∧ ⋅ ⋅ ⋅ ∧ 𝑑𝑧𝜎[𝐸:ℚ]

∧ 𝑑𝑧𝜎′
[𝐸:ℚ]

where 𝐽𝐸 = {𝜎1, . . . , 𝜎[𝐸:ℚ]} and 𝐽 ′𝐸 := {𝜎′1, . . . , 𝜎′[𝐸:ℚ]}.

Choose a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐸) and fix a quasicharacter 𝜒𝐸 : 𝐸×∖𝔸×𝐸 →
ℂ× satisfying 𝜒𝐸∞(𝑏∞) = 𝑏−𝑘−2𝑚

∞ for all 𝑏 ∈ 𝔸×𝐸 . We obtain a weight 𝜅̂ and a

Hecke character 𝜒 = 𝜒𝐿 for 𝐿 by setting 𝜅̂ = (𝑘, 𝑚̂) ∈ 𝒳 (𝐿) where 𝑘𝜎 := 𝑘𝜎0 and
𝑚̂𝜎 = 𝑚𝜎0 if the infinite place 𝜎 ∈ Σ(𝐿) extends 𝜎0 ∈ Σ(𝐸), and by setting

𝜒 = 𝜒𝐿 = 𝜒𝐸 ∘ N𝐿/𝐸 : 𝐿×∖𝔸×𝐿 → ℂ×

(which is the base change of 𝜒𝐸 to 𝐿). We assume that the conductor of 𝜒 divides
an ideal 𝔠 ⊂ 𝒪𝐿. Then the associated character 𝜒0 = 𝜒𝐿,0 of 𝐾0(𝔠) ⊂ 𝐺𝐿(𝔸) is
defined as in Section 7.1. Denote by ℎ+𝐿 the narrow class number of 𝒪𝐿. Recall
that [𝑘 + 2𝑚] = 𝑘𝜎 + 2𝑚𝜎, an integer independent of the place 𝜎. For our later

convenience, write [𝑘 + 2𝑚]1 = 𝑘 + 2𝑚 and similarly [𝑘 + 2𝑚̂]1 := 𝑘 + 2𝑚̂.

9.2 Canonical section over the diagonal

In this chapter we construct flat sections of the local systems ℒ(𝜅̂,𝜒0) and ℒ∨(𝜅̂,𝜒0)
over the “diagonal cycle” 𝑍0(𝔠𝐸) ⊂ 𝑌0(𝔠) (defined below) that arises from the
quadratic extension 𝐸 ⊂ 𝐿. Let 𝔠 ⊂ 𝒪𝐿 be an ideal and let 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 . Let

𝜄 : 𝐺𝐸 = Res𝐸/ℚGL2 −→ Res𝐿/ℚGL2 = 𝐺𝐿

be the diagonal embedding and let

𝜋 : 𝐺𝐿(𝔸) → 𝑌0(𝔠) = 𝐺𝐿(ℚ)∖𝐺𝐿(𝔸)/𝐾∞𝐾0(𝔠)

be the canonical projection. Associated to the diagonal embedding is a (non-
compact) Shimura subvariety

𝑍0 = 𝑍0(𝔠𝐸) := 𝜋(𝜄(𝐺𝐸(𝔸))) ∼= 𝐺𝐸(ℚ)∖𝐺𝐸(𝔸)/𝐾𝐸∞𝐾0(𝔠𝐸).

Here 𝐾𝐸∞ ⊂ 𝐺𝐸(ℝ) and 𝐾0(𝔠𝐸) ⊂ 𝐺𝐸(𝔸𝑓 ) are defined as in Sections 5.1 and 5.2
with 𝐿 replaced by 𝐸. We begin by constructing a section

𝑠 : 𝑍0 −→ ℒ∨(𝜅̂, 𝜒0) = ℒ(𝜅̂) ⊗ ℰ(𝜒0)
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where ℒ(𝜅̂) is the local system associated to the representation Sym𝑘(𝑉 ∨)⊗det−𝑚̂

of 𝐾∞ as in Proposition 6.3, and where 𝜒 = 𝜒𝐿 is the character that we fixed in
Section 9.1 and 𝜒0 = 𝜒𝐿,0 is the resulting character of 𝐾0(𝔠) as in Section 5.6.
This is accomplished by first constructing a section over the finite cover

𝑍1(𝔠𝐸) = 𝐺𝐸(ℚ)∖𝐺𝐸(𝔸)/𝐾𝐸∞𝐾1(𝔠𝐸) → 𝑍0(𝔠𝐸)

where
𝐾1(𝔠) :=

{(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) : 𝑎 ≡ 1 (mod 𝔠)
}

and 𝐾1(𝔠𝐸) := 𝐾1(𝔠) ∩𝐺𝐸(𝔸) so that

𝐾1(𝔠𝐸) =
{(

𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠𝐸) : 𝑎 ≡ 1 (mod 𝔠𝐸)
}
.

Proposition 9.1. The function 𝑠1 : 𝐺𝐸(𝔸) → Sym𝑘(𝑉 ∨) defined by

𝑠1(𝑔) := 𝜒𝐿(det(𝑔))−1∣det 𝑔∣−[𝑘+2𝑚]𝔸𝐸
.Δ (9.2.1)

where

Δ :=
∏

𝜎∈Σ(𝐸)

𝑘𝜎∑
𝑗=0

(
𝑘𝜎
𝑗

)
(−1)𝑘𝜎−𝑗𝑋𝑗

𝜎𝑌
𝑘𝜎−𝑗
𝜎 𝑋𝑘𝜎−𝑗

𝜎′ 𝑌 𝑗
𝜎′

defines a flat section of the vector bundle ℒ∨(𝜅̂, 𝜒0) over 𝑍1(𝔠𝐸), where the ele-
ments {

𝑋 𝑖
𝜎𝑌

𝑘−𝑖
𝜎 𝑋𝑗

𝜎′𝑌
𝑘−𝑗
𝜎′

}
for 0 ≤ 𝑖, 𝑗 ≤ 𝑘

form the standard basis of Sym𝑘(𝑉 ∨𝜎 ) ⊗ Sym𝑘(𝑉 ∨𝜎′ ) that arises from the standard
basis of 𝑉, the standard representation of GL2.

Proof. First let us check that 𝑠1 does indeed define a (continuous) section of the
vector bundle ℒ∨(𝜅̂, 𝜒0) over 𝑍1(𝔠𝐸). As in equation (6.9.3) we need to check that
𝑠1 has the correct equivariance properties, viz.

(A) 𝑠1(𝛾𝑔) = 𝑠1(𝑔) for all 𝛾 ∈ 𝐺𝐸(ℚ)

(B) 𝑠1(𝑔𝑢0) = 𝜒0(𝑢
−1
0 )𝑠1(𝑔) for all 𝑢0 ∈ 𝐾1(𝔠𝐸)

(C) 𝑠1(𝑔𝑢∞) = 𝜆∨
𝑘

(𝑢−1∞ )det−𝑚̂(𝑢−1∞ )𝑠1(𝑔) for all 𝑢∞ ∈ 𝐾𝐸∞ ⊂ 𝐺𝐸(ℝ)

where 𝜆∨
𝑘

is the irreducible representation of

𝐺𝐿(ℝ) =
∏

𝜎∈Σ(𝐸)
GL2(ℝ𝜎) × GL2(ℝ𝜎′ )

on the vector space

ℒ(𝜅̂) := Sym𝑘(𝑉 ∨) ⊗ det−𝑚̂

=
⊗

𝜎∈Σ(𝐸)
Sym𝑘𝜎 (𝑉 ∨𝜎 ) ⊗ det−𝑚𝜎 ⊗ Sym𝑘𝜎′ (𝑉 ∨𝜎′ ) ⊗ det−𝑚𝜎′

which we also identify with the corresponding vector bundle on 𝐺𝐿(ℝ)/𝐾∞.
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For item (A), use the fact that det(𝛾) ∈ 𝐸× ⊂ 𝐿× for all 𝛾 ∈ 𝐺𝐸(ℚ) so that
𝜒𝐿(det 𝛾) = 1, and ∣det 𝛾∣𝔸𝐸 = 1. For item (B) let 𝑢0 =

(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾1(𝔠𝐸). Then

𝜒𝐿(det(𝑢0))
−1 =

∏
𝔭𝑣 ∣𝔠

𝜒𝑣(𝑎𝑣𝑑𝑣)−1 =
∏
𝔭𝑣∣𝔠

𝜒𝑣(𝑑𝑣)−1 = 𝜒0(𝑢0)
−1.

Moreover, ∣det 𝑢0∣𝔸𝐸 = 1 as in equation (7.4.7). So it remains to verify condi-
tion (C). First we make a few comments about the general situation. Suppose a
Lie group 𝐻 acts on a finite-dimensional complex vector space 𝑊. The dual, or
contragrediant representation of 𝐻 on 𝑊∨ = Hom(𝑊,ℂ) is given by

(ℎ ⋅ 𝜆)(𝑤) := (𝜆 ∘ ℎ−1)𝑤 = 𝜆(ℎ−1 ⋅ 𝑤)

where ℎ ∈ 𝐻,𝜆 ∈ 𝑊∨, 𝑤 ∈ 𝑊. We obtain a representation of 𝐻 ×𝐻 on 𝑊 ⊗𝑊∨.
There is a canonical element 𝑥0 ∈ 𝑊 ⊗ 𝑊∨ which may be described as the dual
of the evaluation mapping 𝑊∨⊗𝑊 → ℂ or equivalently as 𝑥0 =

∑
𝑖 𝑒𝑖⊗ 𝑒∗𝑖 where

{𝑒1, 𝑒2, . . . , 𝑒𝑟} is any basis of 𝑊 and {𝑒∗1, . . . , 𝑒∗𝑟} is the dual basis. Since {ℎ ⋅ 𝑒𝑖}
and {ℎ ⋅ 𝑒∗𝑖 = 𝑒∗𝑖 ∘ ℎ−1} are also dual bases, it follows that the element 𝑥0 is fixed
under the action of the diagonal subgroup 𝐻 ⊂ 𝐻 ×𝐻.

Suppose that 𝐾 ⊂ 𝐻 is a Lie subgroup. Then we obtain an 𝐻 × 𝐻-homo-
geneous vector bundle

ℳ̃ = (𝐻 ×𝐻)(𝐾×𝐾)(𝑊 ⊗𝑊∨)

over the quotient (𝐻 ×𝐻)/(𝐾 ×𝐾). The diagonal embedding 𝐻 → 𝐻 ×𝐻 gives

an embedding of 𝑍 := 𝐻/𝐾 → 𝑍 × 𝑍 so the restriction ℳ̃∣𝑍 becomes an 𝐻-

homogeneous vector bundle over 𝑍. Therefore the element 𝑥0 defines a canonical
section of ℳ̃∣𝑍 which is invariant under the action of 𝐻 on 𝑍, and it is a flat

section (with respect to the natural flat connection on ℳ̃, see Section 6.2.3).

Now assume we are given a nondegenerate bilinear pairing Θ : 𝑊 ×𝑊 → ℂ
and suppose there exists a character 𝜓 : 𝐻 → ℂ× such that

Θ(ℎ ⋅𝐴, ℎ ⋅𝐵) = 𝜓(ℎ)Θ(𝐴,𝐵) (9.2.2)

for all 𝐴,𝐵 ∈ 𝑊 and all ℎ ∈ 𝐻. We construct a canonical flat section of the vector
bundle

ℒ̃ = ℒ̃1 ⊗ ℒ̃2 := (𝐻 ×𝐻)𝐾×𝐾(𝑊 ⊗𝑊 )

over the diagonal 𝑍 as follows. The pairing Θ determines vector space isomor-
phisms

Θ♯ : 𝑊 → 𝑊∨ and Θ♭ =
(
Θ♯

)−1
: 𝑊∨ → 𝑊

by Θ♯(𝐴)(𝐵) = Θ(𝐴,𝐵), hence Θ(Θ♭(𝜆), 𝐵) = 𝜆(𝐵) for all 𝜆 ∈ 𝑊∨. It follows that

ℎ ⋅ Θ♭(𝜆) = 𝜓(ℎ)Θ♭(ℎ ⋅ 𝜆)
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for all ℎ ∈ 𝐻. So we obtain an isomorphism of vector bundles

ℳ̃∣𝑍 = 𝐻 ×𝐾 (𝑊 ⊗𝑊∨) → 𝐻 ×𝐾 (𝑊 ⊗𝑊 ) = ℒ̃∣𝑍

by [ℎ, 𝑣 ⊗ 𝜆] �→ [ℎ, 𝜓(ℎ)−1𝑣 ⊗ Θ♭(𝜆)]. (This mapping is not 𝐻-equivariant.)

If {𝑒1, . . . , 𝑒𝑟} and {𝑒∗1, . . . , 𝑒∗𝑟} are dual bases of 𝑊 and 𝑊∨ respectively then

Θ♯(𝑒𝑖) =
∑
𝑗

Θ𝑖𝑗𝑒
∗
𝑗 and Θ♭(𝑒∗𝑖 ) =

∑
𝑗

Ξ𝑖𝑗𝑒𝑗

where (Θ𝑖𝑗) = (Θ(𝑒𝑖, 𝑒𝑗)) is the matrix for Θ and (Ξ𝑖𝑗) is its inverse. Applying this

to the constant section 𝑥0 =
∑

𝑖 𝑒𝑖 ⊗ 𝑒∗𝑖 of the vector bundle 𝑀 gives a canonical

section over 𝑍 = 𝐻/𝐾 of ℒ̃ :

ℎ𝐾 �→
⎡⎣ℎ, 𝜓(ℎ)−1

∑
𝑖

∑
𝑗

(𝑒𝑖 ⊗ Ξ𝑖𝑗𝑒𝑗)

⎤⎦ (9.2.3)

Now consider the case that 𝐻 = GL2(ℝ) and 𝑊 = Sym𝑘(𝑉 ∨) where 𝑉 ∼= ℂ2

is the standard representation, and 𝑘 is a positive integer. Let 𝐾 = 𝐾∞ be
the set of elements of the form

(
𝑎 𝑏
−𝑏 𝑎

)
. The standard basis for 𝑉 gives a basis{

𝑋 𝑖
1𝑌

𝑘−𝑖
1 𝑋𝑗

2𝑌
𝑘−𝑗
2

}
(0 ≤ 𝑖, 𝑗 ≤ 𝑘) for 𝑊 ⊗𝑊. An inner product on 𝑊 is given in

equation (7.5.4), that is,

Θ𝑖𝑗 = (−1)𝑗−1
(

𝑘

𝑗 − 1

)
if 𝑖− 1 + 𝑗 − 1 = 𝑘

(and Θ𝑖𝑗 = 0 otherwise) with respect to this basis. It satisfies equation (7.5.6), viz

Θ(𝑔∞.𝐴, 𝑔∞.𝐵) = det(𝑔∞)−𝑘Θ(𝐴,𝐵) (9.2.4)

for all 𝑔∞ ∈ 𝐻 = GL2(ℝ) and 𝐴,𝐵 ∈ 𝑊. Substituting all of this into equation
(9.2.3), with ℎ = 𝑔∞ and 𝜓(ℎ) = det(𝑔∞)−𝑘, and taking the product over all
infinite places gives a flat section

𝐺𝐸(ℝ) → 𝐺𝐸(ℝ) ×𝐾𝐸∞ Sym𝑘̂(𝑉 ∨)

𝑔∞ �→ det(𝑔∞)𝑘.Δ,

see Section 6.2.3 and 6.4.2. Multiplying by det(𝑔∞)2𝑚, we therefore obtain a flat

section of ℒ(𝜅̂) = Sym𝑘̂(𝑉 ∨) ⊗ det−𝑚̂,

𝑠′1(𝑔∞) = det(𝑔∞)𝑘det(𝑔∞)2𝑚.Δ

= 𝜒𝐸(det 𝑔∞)−1.Δ
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over 𝐺𝐸(ℝ)/𝐾𝐸∞, which is to say that the mapping 𝑠′1 : 𝐺𝐸(ℝ) → Sym𝑘̂ satisfies
condition (C) above. Unfortunately this is not quite the same as the section 𝑠1(𝑔);
it may differ by a sign. But the factors

𝜒𝐸(det 𝑔∞)−1 and 𝜒𝐿(det 𝑔∞)−1∣det 𝑔∞∣−[𝑘+2𝑚]𝔸𝐸

agree when 𝑔∞ = 𝑢∞ ∈ 𝐾𝐸∞ so the function 𝑠1 also satisfies condition (C) above,
hence it is also a section of the same vector bundle ℒ(𝜅̂). This completes the ver-
ification that the section (9.2.1) exhibits the correct equivariance at the infinite
places. □

So far, we have a flat section of the vector bundle ℒ∨(𝜅̂, 𝜒0) over 𝑍1(𝔠𝐸),
which is a finite cover of 𝑍0(𝔠𝐸). So we can obtain a flat section of the same vector
bundle over 𝑍0(𝔠𝐸) by summing over the fibers of the projection 𝑍1(𝔠𝐸) → 𝑍0(𝔠𝐸)
as described in equation (6.1.2). In other words, if 𝑔1𝐾1(𝔠𝐸), . . . , 𝑔𝑡𝐾1(𝔠𝐸) is a
minimal complete set of coset representatives for 𝐾0(𝔠𝐸)/𝐾1(𝔠𝐸) then the func-

tion 𝑠 : 𝐺𝐸(𝔸) → Sym𝑘(𝑉 ∨),

𝑠(𝑔) :=

𝑡∑
𝑖=1

𝜒0(𝑔𝑖)𝑠1(𝑔𝑔𝑖) (9.2.5)

defines a section of ℒ∨(𝜅̂, 𝜒0) over 𝑍0(𝔠𝐸). Finally, by replacing the group

𝐾1(𝔠) :=
{(

𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) : 𝑎 ≡ 1 (mod 𝔠)
}

with the group

𝐾∨
1 (𝔠) :=

{(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) : 𝑑 ≡ 1 (mod 𝔠)
}

in the definition of 𝑠1, we will obtain a flat section of the vector bundle ℒ(𝜅̂, 𝜒0) =
ℒ(𝜅̂) ⊗ ℰ(𝜒∨0 ) over 𝑍0(𝔠𝐸).

In the next section we will pair the section 𝑠 with a differential form con-
structed from an automorphic form. In order to do this we must first express the
section 𝑠 as a function

𝑆 : 𝐷𝐸 ×𝐺𝐸(𝔸𝑓 ) → Sym𝑘̂(𝑉 ∨)

following the procedure described in equations (6.3.3) and (6.4.3), (that is, by
multiplying by an automorphy factor), where

𝐷𝐸 := 𝐺𝐸(ℝ)/𝐾𝐸,∞

is the symmetric space associated to 𝐺𝐸 , and where 𝐾𝐸,∞ is the subgroup ob-
tained by replacing 𝐿 with 𝐸 in the definition of 𝐾∞. The automorphy factor in
this case is 𝜆∨

𝑘
det−𝑚̂ (and is independent of 𝑧), so the function 𝑆 is simply

𝑆(𝑧, 𝑔0) = 𝜆∨
𝑘

(𝛼𝑧)det(𝛼𝑧)−𝑚̂𝑠(𝛼𝑧𝑔0) (9.2.6)
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where 𝛼𝑧 ∈ 𝐺𝐸(ℝ) is any element with 𝛼𝑧i = 𝑧. Equations (9.2.2) and (9.2.4) in
the proof Proposition 9.1 above implies that the element Δ satisfies

𝜆∨
𝑘

(𝑔∞)Δ = det(𝑔∞)−𝑘Δ

for 𝑔∞ ∈ 𝐺𝐸(ℝ) (which is the key requirement in order that it define a flat section,
as in Section 6.2.3). Hence (9.2.6) becomes the following:

𝑆(𝑧, 𝑔0) =
𝑡∑

𝑖=1

𝜒0(𝑔𝑖)det(𝛼𝑧)−𝑚̂𝜒𝐿(det(𝛼𝑧𝑔0𝑔𝑖))
−1∣det(𝛼𝑧𝑔0𝑔𝑖)∣−[𝑘+2𝑚]𝔸𝐸

det(𝛼𝑧)−𝑘Δ

=

𝑡∑
𝑖=1

𝜒0(𝑔𝑖)det(𝛼𝑧)−2𝑚−𝑘𝜒𝐿(det(𝛼𝑧𝑔0𝑔𝑖))
−1∣det(𝛼𝑧𝑔0𝑔𝑖)∣−[𝑘+2𝑚]𝔸𝐸

Δ

= 𝜖(𝑧)

𝑡∑
𝑖=1

𝜒∨
0 (𝑔𝑖)𝜒𝐿(det(𝑔0))

−1∣det(𝑔0)∣−[𝑘+2𝑚]𝔸𝐸
Δ (9.2.7)

since det(𝑔𝑖) ∈ 𝒪̂×𝐸 and ∣det(𝑔𝑖)∣𝔸𝐸 = 1. Here, 𝑔𝑖 are defined in (9.2.5) above and

𝜖(𝑧) =
∏

𝜎∈Σ(𝐸)

(
det(𝛼𝑧)𝜎
∣det(𝛼𝑧)𝜎∣

)𝑘𝜎+2𝑚𝜎

= ±1

depends only on the signs of Im(𝑧𝜎). If we choose the point 𝑧 to lie in the product
of upper half-planes, which we may do without loss of generality, then 𝜖(𝑧) = 1.

9.3 Homological properties of 𝒁0(𝖈𝑬)

Let 𝑛 := [𝐿 : ℚ]. Let 𝐽 ⊂ Σ(𝐿). Let 𝑓 ∈ 𝑆coh𝜅̂ (𝐾0(𝔠), 𝜒) be a modular form. In
Proposition 6.5 and Definition 6.8 we constructed an associated differential form

𝜔𝐽(𝑓) = 𝜄∗𝐽 (𝜔𝑓 ) ∈ Ω𝑛(𝑌0(𝔠),ℒ(𝜅̂, 𝜒0))

which was shown to be square integrable, and to determine an intersection coho-
mology class

[𝜔𝐽(𝑓)] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

in the Baily-Borel compactification. On the other hand, in the previous section we
have constructed a flat section 𝑆 of the local system ℒ∨(𝜅̂, 𝜒0) over the diagonal
cycle 𝑍0 := 𝑍0(𝔠𝐸) in the Hilbert modular variety 𝑌0(𝔠). By Theorem 4.6 the pair
(𝑍0, 𝑆) determine an intersection homology class

[𝑍0] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ∨(𝜅̂, 𝜒0)).
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(Recall that first they determine a Borel-Moore homology class, which then lifts
canonically to intersection homology by Saper’s theorem.) In Proposition 7.10 we
constructed a pairing

⟨⋅, ⋅⟩ : ℒ(𝜅̂, 𝜒0) × ℒ∨(𝜅̂, 𝜒0) → ℰ(𝜒 ∘ det) → ℂ.

Consequently the product

⟨𝜔𝐽 (𝑓), 𝑆⟩ ∈ Ω𝑛(𝑌0(𝔠),ℂ)

is a differential form with coefficients in the trivial local system and so its integral∫
𝑍0

𝜔𝐽(𝑓) :=

∫
𝑍0

⟨𝜔𝐽(𝑓), 𝑆⟩ =

∫
𝑍0,𝑆

𝜔𝑓 ∈ ℂ

is well defined. By Proposition 4.8 the integral is finite and equal to the Kronecker
product ∫

𝑍0

𝜔𝐽(𝑓) = ⟨[𝜔𝐽(𝑓)], [𝑍0]⟩𝐾 (9.3.1)

between the intersection cohomology class [𝜔𝐽(𝑓)] and the class that is obtained
from the section 𝑆 and the subvariety 𝑍0.

Proposition 9.2. If 𝐽 is not a type for 𝐸 then this integral vanishes. If 𝐽 is a type
for 𝐸 then it equals

𝑡∑
𝑖=1

𝜒0(𝑔𝑖)(2𝑖)
[𝐿:ℚ](−1)[𝐸:ℚ]

∫
𝑍0

𝜄∗𝐽
(

det(𝛼𝑧)−𝑚̂−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝑔0𝑔𝑖𝛼𝑧)

)
× 𝜒𝐿(det(𝛼𝑧𝑔𝑖))

−1∣det(𝛼𝑧𝑔0𝑔𝑖)∣−[𝑘+2𝑚]𝔸𝐸
det(𝛼𝑧)−2𝑚−𝑘

∏
𝜎∈𝐽𝐸

𝑦𝑘𝜎+2𝜎 𝑑𝜇𝔠𝐸 ,

where 𝑑𝜇𝔠𝐸 is the canonical measure on 𝑍0 = 𝑌0(𝔠𝐸).

Proof. In order to evaluate this integral, first recall that the differential form 𝜔𝑓 of
equation (6.10.2) was defined using a carefully constructed section 𝑃𝑧 from equa-
tion (6.7.1) of a certain vector bundle. Then, as described in equation (6.11.2), for
(𝑧, 𝑥0) ∈ 𝐷 ×𝐺(𝔸𝑓 ),

𝜔𝐽(𝑓)(𝑧, 𝑥0) = 𝜄∗𝐽𝜔𝑓 (𝑧, 𝑥0)

= 𝜄∗𝐽
(

det(𝛼𝑧)−𝑚̂−𝑘−1𝑗(𝛼𝑧, i)
𝑘+2𝑓(𝑥0𝛼𝑧)𝑑𝑧

) ∏
𝜎∈Σ(𝐿)

(−𝑋𝜎 + 𝑤𝜎𝑌𝜎)
𝑘𝜎

(9.3.2)

where 𝛼𝑧 ∈ 𝐺(ℝ), 𝛼𝑧 ⋅ i = 𝑧 and

𝑤𝜎 :=

{
𝑧𝜎 if 𝜎 ∕∈ 𝐽

𝑧𝜎 otherwise
.
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This must be paired with the canonical section 𝑆 of equation (9.2.7) using the
pairing of equation (7.5.4); in other words we must calculate the integral

𝑡∑
𝑖=1

𝜒0(𝑔𝑖)

∫
𝑍0

𝜄∗𝐽
(

det(𝛼𝑧)−𝑚̂−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝑔0𝑔𝑖𝛼𝑧)𝑑𝑧

)
(9.3.3)

× 𝜒𝐿(det(𝛼𝑧𝑔𝑖))
−1∣det(𝛼𝑧)∣−[𝑘+2𝑚]𝔸𝐸

det(𝛼𝑧)−2𝑚−𝑘

〈 ∏
𝜎∈Σ(𝐿)

(−𝑋𝜎 + 𝑤𝜎𝑌𝜎)𝑘𝜎 ,Δ

〉

where the pairing is the pairing 𝐿(𝜅) × 𝐿(𝜅) → det−𝑘
∞ → ℂ of Proposition 7.10.

Notice that we have multiplied the näıve product of the two sections by 𝜒𝐿(det 𝑔0)
as in equation (7.5.8), because the näıve product takes values in the line bundle
𝜒 ∘ det. The paired quantities give〈 ∏

𝜎∈Σ(𝐿)
(−𝑋𝜎 + 𝑤𝜎𝑌𝜎)𝑘𝜎 ,

∏
𝜎∈𝐽𝐸

𝑘𝜎∑
𝑗=0

(
𝑘𝜎
𝑗

)
(−1)𝑘𝜎−𝑗𝑋𝑗

𝜎𝑌
𝑘𝜎−𝑗
𝜎 𝑋𝑘𝜎−𝑗

𝜎′ 𝑌 𝑗
𝜎′

〉

=
∏

𝜎∈𝐽𝐸

𝑘𝜎∑
𝑗=0

(−1)2𝑗(
𝑘𝜎
𝑗

)2 (
𝑘𝜎
𝑗

)
(−1)𝑗𝑤𝑘𝜎−𝑗

𝜎

(
𝑘𝜎
𝑗

)
(−1)𝑘𝜎−𝑗𝑤𝑗

𝜎′

(
𝑘𝜎
𝑗

)
(−1)𝑘𝜎−𝑗

=
∏

𝜎∈𝐽𝐸

𝑘𝜎∑
𝑗=0

(
𝑘𝜎
𝑗

)
𝑤𝑘𝜎−𝑗
𝜎 𝑤𝑗

𝜎′ (−1)𝑗 =
∏

𝜎∈𝐽𝐸
(𝑤𝜎 − 𝑤𝜎′ )𝑘𝜎 ,

see equation (7.5.5). This vanishes unless 𝐽 is a type for 𝐸, in which case it is

= (−1)∣𝐽∩𝐽𝐸∣(2𝑖)[𝐸:ℚ]
∏

𝜎∈𝐽𝐸
𝑦𝑘𝜎𝜎 .

Assume that 𝐽 is a type for 𝐿/𝐸. By the calculation we have that (9.3.3) is
equal to

𝑡∑
𝑖=1

(−1)∣𝐽∩𝐽𝐸∣(2𝑖)[𝐸:ℚ]𝜒0(𝑔𝑖)
∫
𝑍0

𝜄∗𝐽
(

det(𝛼𝑧)−𝑚̂−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝑔0𝑔𝑖𝛼𝑧)

)
× 𝜒𝐿(det(𝛼𝑧𝑔0𝑔𝑖))

−1∣det(𝛼𝑧𝑔0𝑔𝑖)∣−[𝑘+2𝑚]𝔸𝐸
det(𝛼𝑧)−2𝑚−𝑘(−1)∣𝐽∩𝐽𝐸∣(−2𝑖)[𝐸:ℚ]

×
( ∏

𝜎∈𝐽𝐸
𝑦𝑘𝜎𝜎

)
𝑑𝑥∞𝑑𝑦∞𝑑𝜇0(𝑔0)

=

𝑡∑
𝑖=1

𝜒0(𝑔𝑖)(2𝑖)
[𝐿:ℚ](−1)[𝐸:ℚ]

∫
𝑍0

𝜄∗𝐽
(

det(𝛼𝑧)−𝑚̂−𝑘−1𝑗(𝛼𝑧 , i)
𝑘+2𝑓(𝑔0𝑔𝑖𝛼𝑧)

)
× 𝜒𝐿(det(𝛼𝑧𝑔𝑖))

−1∣det(𝛼𝑧𝑔0𝑔𝑖)∣−[𝑘+2𝑚]𝔸𝐸
det(𝛼𝑧)−2𝑚−𝑘

∏
𝜎∈𝐽𝐸

𝑦𝑘𝜎𝜎 𝑑𝑥𝑑𝑦𝑑𝜇0(𝑔0),

where 𝑑𝜇0 is the Haar measure on R𝐸/𝐹 GL2(𝔸𝑓 ) giving 𝐾0(𝔠𝐸) volume one. □
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9.4 The twisting correspondence

In Section 5.11 we defined the twist of a modular form 𝑓 by a Hecke character
𝜃 = 𝜃𝑢∣ ⋅ ∣𝑤 (where 𝑤 ∈ ℤ and where 𝜃𝑢 is of finite order). It was constructed so that
the 𝐿-function of 𝑓⊗𝜃 was the twist of the 𝐿-function of 𝑓. In this section we show
that a similar twisting operation may be performed on cycles. For this purpose, we
approximately follow [Ram3, MurR] (who approximately followed [Hid1] Section 5,
[Hid2] Section 6, who approximately followed [Shim2, Shim3]); see also [Rib]). We
construct a twisting correspondence 𝒯 which, when applied to the differential form
𝜔(𝑓) corresponding to a modular form 𝑓, yields the differential form 𝜔(𝑓 ⊗ 𝜃) that
corresponds to the twisted modular form. Since it is a geometric correspondence, 𝒯
can also be applied to the cycle 𝑍 = 𝑍0(𝔠𝐸) to obtain a new cycle 𝑍𝜃, thus giving a
cycle-level analog of the twisting operation. Our construction differs slightly from
that of [Ram3, MurR] in order to take into account the local coefficient system.

As in the preceding section, let 𝜒𝐸 be a Hecke character for the real field
𝐸 and let 𝜒 = 𝜒𝐿 = 𝜒𝐸 ∘𝑁𝐿/𝐸 be the resulting Hecke character for 𝐿. Let 𝔠 be
divisible by the conductor of 𝜒. Let 𝜃𝑢 be another Hecke character of 𝐿, of finite
order, with conductor 𝔟 and let 𝑤 ∈ ℤ. Define 𝜃 := 𝜃𝑢∣ ⋅ ∣𝑤𝔸𝐿 We obtain characters

𝜒0, 𝜒
∨
0 on 𝐾0(𝔠) and 𝜃0 = 𝜃𝑢0 , 𝜃

∨
0 = (𝜃𝑢)∨0 on 𝐾0(𝔟). Let 𝜅̂ = (𝑘, 𝑚̂) ∈ 𝒳 (𝐿) as

defined above in Section 9.1, and define

𝜅̂− 𝑤 := (𝑘, 𝑚̂− 𝑤1) ∈ 𝒳 (𝐿).

The characters 𝜒∨
0 , 𝜃

∨
0 , 𝜒 ∘ det, and 𝜃 ∘ det are all trivial on the following

compact open subgroup of 𝐺(𝔸𝑓 ),

𝐾11(𝔠𝔟
2) :=

{(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠𝔟
2) : 𝑎, 𝑑 ≡ 1 (mod 𝔠𝔟2)

}
.

Let 𝑌11(𝔠𝔟
2) denote the corresponding Hilbert modular variety, that is,

𝑌11(𝔠𝔟
2) = 𝐺(ℚ)∖𝐺(𝔸)/𝐾∞𝐾11(𝔠𝔟

2).

The inclusion 𝐾11(𝔠𝔟
2) ⊂ 𝐾0(𝔠𝔟

2) ⊂ 𝐾0(𝔠) induces natural covering maps 𝜋1 :
𝑌11(𝔠𝔟

2) → 𝑌0(𝔠𝔟
2) and 𝜋2 : 𝑌11(𝔠𝔟

2) → 𝑌0(𝔠).

Recall from Section 5.11 the definitions of Υ = 𝔟−1𝒪̂𝐿, Υ̃ = Υ/𝒪̂𝐿 and 𝜃𝔟.
For 𝑡 ∈ Υ define 𝑢𝑡 = 𝑢(𝑡) ∈ 𝐺(𝔸) by 𝑢(𝑡)𝑣 = ( 1 00 1 ) if 𝑣 ∤ 𝔟 and 𝑢(𝑡)𝑣 =

(
1 𝑡𝑣
0 1

)
if

𝑣∣𝔟. We now describe a correspondence

𝑌11(𝔠𝔟
2)

.𝑢(𝑡)� 𝑌11(𝔠𝔟
2)

𝑌0(𝔠𝔟
2)

𝜋1

�

𝑌0(𝔠)

𝜋2

�
(9.4.1)
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and a lift of this correspondence to the local systems

ℒ(𝜅̂− 𝑤, (𝜒𝜃2)0) = ℒ(𝜅̂− 𝑤) ⊗ ℰ((𝜒𝜃2)∨0 ) and ℒ(𝜅̂, 𝜒0) = ℒ(𝜅̂) ⊗ ℰ(𝜒∨0 )

on 𝑌0(𝔠𝔟
2) and 𝑌0(𝔠) respectively.

Lemma 9.3. Let 𝑡 ∈ Υ. The mapping (which we denote by ⋅𝑢𝑡)

[𝑔, 𝑣] �→ [𝑔𝑢𝑡, 𝜃(det 𝑔)𝜃𝔟(𝑡)−1𝑣] (9.4.2)

gives a well-defined, canonical isomorphism

𝜋∗1ℒ(𝜅̂− 𝑤, 𝜒0𝜃
2
0) → 𝜋∗2ℒ(𝜅̂, 𝜒0).

Equivalently, the mapping 𝑃2,𝑡 := 𝜋2 ∘ (⋅𝑢(𝑡)) defines a mapping

𝑃2,𝑡 : 𝜋∗1ℒ(𝜅̂− 𝑤, 𝜒0𝜃
2
0) → ℒ(𝜅̂, 𝜒0).

Proof. Assume first that 𝜃𝑢 is trivial, so 𝔟 = 𝒪𝐿 and 𝜃(𝑏) = ∣𝑏∣𝑤𝔸𝐿 for all 𝑏 ∈ 𝔸×𝐿 . In

this case Υ̃ = {1} and we write 𝑃2 rather than 𝑃2,𝑡. We need to show that the map-
ping [𝑔, 𝑣] �→ [𝑔, ∣det 𝑔∣𝑤𝔸𝐿𝑣] gives a well-defined mapping from the vector bundle

ℒ(𝜅̂− (0, 𝑤), 𝜒0) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚̂+𝑤1
∞ ⊗ ℰ(𝜒∨0 )

to the vector bundle

ℒ(𝜅̂, 𝜒0) = Sym𝑘(𝑉 ∨) ⊗ det−𝑚̂
∞ ⊗ ℰ(𝜒∨0 )

(see Proposition 6.3). This involves checking the required equivariance with respect

to 𝐾∞. Since the mapping 𝑃2 does not involve the factors Sym𝑘⊗ ℰ(𝜒∨0 ) it suffices
to check the equivariance with respect to the relevant powers of the line bundle
det∞. A vector in det−𝑚̂+𝑤1

∞ is an equivalence class [𝑔, 𝑣] with 𝑔 ∈ 𝐺(𝔸) and 𝑣 ∈ ℂ
where [𝑔𝑘∞, 𝑣] ∼ [𝑔, det(𝑘∞)−𝑚̂+𝑤1𝑣] for all 𝑘∞ ∈ 𝐾∞. Applying 𝑃2 gives

𝑃2([𝑔𝑘∞, 𝑣]) = [𝑔𝑘∞, ∣det 𝑔∣𝑤𝔸𝐿 ∣det 𝑘∞∣𝑤𝑣]

∼ [𝑔, det 𝑘−𝑚̂
∞ ∣det 𝑔∣𝑤𝔸𝐿 ∣det 𝑘∞∣𝑤𝑣]

= 𝑃2([𝑔, det(𝑘∞)−𝑚̂+𝑤1𝑣])

which completes the verification that the mapping (9.4.2) is 𝐾∞-equivariant.

Now assume that 𝑤 = 0 and 𝜃 = 𝜃𝑢 is nontrivial. In this case checking the
𝐾∞ and 𝐺(ℚ)-equivariance of 𝑃2 is trivial, so it suffices to describe the lift to the
one-dimensional local systems ℰ(𝜒∨0 ) and ℰ((𝜒𝜃2)∨0 ). Let 𝑘 =

(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾11(𝔠𝔟
2).

It suffices to show that 𝑃2,𝑡([𝑔𝑘, 𝑣]) = 𝑃2,𝑡([𝑔, 𝜒
∨
0 (𝑘)𝜃∨0 (𝑘)2𝑣]). As in Section 5.11,

the elements 𝑐𝑡 and 𝑐𝑡2 are integral. Therefore the element

𝑢−1𝑡 𝑘𝑢𝑡 =

(
𝑎− 𝑐𝑡 𝑏 + (𝑎− 𝑑)𝑡− 𝑐𝑡2

𝑐 𝑑 + 𝑐𝑡

)
is in 𝐾11(𝔠𝔟

2) ⊂ 𝐾0(𝔠𝔟
2).
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Therefore 𝜒∨
0 (𝑢−1𝑡 𝑘𝑢𝑡) = 1 and

𝑃2,𝑡([𝑔𝑘, 𝑣]) = [𝑔𝑘𝑢𝑡, 𝜃(det 𝑘)𝜃(det 𝑔)𝜃𝔟(𝑡)−1𝑣]

= [𝑔𝑢𝑡, 𝜃(det 𝑔)𝜃𝔟(𝑡)−1𝑣]

= 𝑃2,𝑡([𝑔, 𝜒
∨
0 (𝑘)𝜃∨0 (𝑘)2𝜃𝔟(𝑡)−1𝑣])

since 𝜒∨
0 (𝑘) = 𝜃∨0 (𝑘) = 𝜃(det 𝑘) = 1. □

Let Υ̃ be a collection of representatives for Υ modulo 𝒪𝐿, as in Section 5.11.
Given a Hecke character 𝜃 with conductor 𝔟, define the twisting correspondence
𝒯 coh(𝔠𝔟2) to be the disjoint union over 𝑡 ∈ Υ̃ of the correspondences (9.4.1), which
gives the following diagram.

𝒯 coh(𝔠𝔟2)
𝑃2
� 𝑌0(𝔠)

𝑌0(𝔠𝔟
2)

𝜋1
�

where 𝑃2 =
∑

𝑡∈Υ̃ 𝑃2,𝑡. Denote the action of 𝒯 coh(𝔠𝔟2) on a section 𝑠 of ℒ(𝜅̂, 𝜒0) by

𝑠∣𝒯 coh(𝔠𝔟2) = (𝜋1)∗𝑃 ∗2 (𝑠) =
∑
𝑡∈Υ̃

(𝜋1)∗𝑢∗𝑡𝜋
∗
2(𝑠).

The following proposition states that the twist of a modular form in 𝑀 coh
𝜅 (𝐾0(𝔠),𝜒)

may be realized, up to a constant, by the action of the twisting correspondence,
see equation (5.11.12).

Recall from Section 9.1 that 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐸) and 𝜅̂ = (𝑘, 𝑚̂) ∈ 𝒳 (𝐿) are
weights. As in Section 9.4 let 𝜃 = 𝜃𝑢∣ ⋅ ∣𝑤 be a Hecke character where 𝜃𝑢 is of finite
order and has conductor 𝔟, and where 𝑤 ∈ ℤ.

Proposition 9.4. Let 𝑓 ∈ 𝑀 coh
𝜅̂ (𝐾0(𝔠), 𝜒) (where the conductor of 𝜒 divides 𝔠). Let

𝐽 ⊂ Σ(𝐿) and let 𝜔𝐽(𝑓) be the differential form associated to 𝑓 in Proposition 6.5
and equation (6.11.2). Let

𝑓 ⊗ 𝜃 = (𝑓−𝜄 ⊗ 𝜃)−𝜄 ∈ 𝑀 coh
𝜅̂−𝑤(𝐾0(𝔠𝔟

2), 𝜒𝜃2)

be the twist of 𝑓 by 𝜃 as described in Definition 5.13 and in Proposition 5.11. Then

𝜔𝐽(𝑓)∣𝒯 coh(𝔠𝔟2) = (𝜋1)∗𝑃 ∗2 𝜔𝐽(𝑓) = 𝐶2𝜔𝐽(𝑓 ⊗ 𝜃) (9.4.3)

where

𝐶2 = [𝐾0(𝔠𝔟
2) : 𝐾11(𝔠𝔟

2)]𝐺((𝜃𝑢)−1)∣N𝐿/ℚ(𝒟𝐿/ℚ)∣−𝑤. (9.4.4)

Here, 𝐺((𝜃𝑢)−1) is the Gauss sum defined in equation (5.11.5).
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Proof. We will prove the following slightly more general statement. Let 𝑠(𝑔) =
[𝑔, 𝐹 (𝑔)] be a section of ℒ(𝜅̂, 𝜒0) = ℒ(𝜅̂)⊗ℰ(𝜒∨0 ) on 𝑌0(𝔠). Then 𝑠′ := 𝑠∣𝒯 coh(𝔠𝔟2)
is a section of ℒ(𝜅̂− 𝑤, 𝜒0𝜃

2
0) on 𝑌0(𝔠𝔟

2). Setting 𝑠′(𝑔) = [𝑔, 𝐹 ′(𝑔)] we have:

𝐹 ′(𝑔) =
(
𝐹 ∣𝒯 coh(𝔠𝔟2)

)
(𝑔) =

[
𝐾0(𝔠𝔟

2) : 𝐾11(𝔠𝔟
2)
]
𝜃(det 𝑔)−1

∑
𝑡∈Υ̃

𝜃𝔟(𝑡)𝐹 (𝑔𝑢𝑡).

(9.4.5)
Equation (9.4.3) follows from this statement; the factor ∣N𝐿/ℚ𝒟𝐿/ℚ∣−𝑤 comes from
the definition of the twist of 𝑓 by ∣ ⋅ ∣𝑤, see equation (5.11.2), and the factor
𝐺((𝜃𝑢)−1) comes from equation (5.11.4).

To prove equation (9.4.5), first consider the case that 𝜃𝑢 is trivial so that
𝜃(𝑏) = ∣𝑏∣𝑤𝔸𝐿 for all 𝑏 ∈ 𝔸𝐿. In this case both sides of equation (9.4.5) are equal to

∣det(𝑔)∣−𝑤
𝔸𝐿

𝐹 (𝑔) so there is nothing to prove.

So we may assume that 𝑤 = 0 and 𝜃 = 𝜃𝑢. As in the proof of Lemma 9.3,
it suffices to prove the formula for the restriction 𝑠∣𝐺(𝔸𝑓 )/𝐾0(𝑐), so we may simply
consider 𝑠 to be a section of ℰ(𝜒∨0 ). First we need an auxiliary calculation.

Fix 𝑡 ∈ Υ and suppose that 𝑠(𝑔𝐾0(𝔠)) = [𝑔, 𝐹 (𝑔)] is a section of ℰ(𝜒∨0 )
over 𝐺(𝔸𝑓 )/𝐾0(𝔠), so that 𝐹 : 𝐺(𝔸) → ℂ satisfies 𝐹 (𝑔𝑘) = 𝜒∨

0 (𝑘)−1𝐹 (𝑔) for all
𝑘 ∈ 𝐾0(𝔠). Let 𝑘 =

(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠). Since the elements 𝑐𝑡 and 𝑐𝑡2 are integral, the
element

𝑘 :=

(
𝑎− 𝑎𝑐𝑡

𝑑 𝑏− 𝑎𝑐𝑡2

𝑑
𝑐 𝑑 + 𝑐𝑡

)
is in 𝐾0(𝔠).

If 𝑣 ∤ 𝔟 then 𝑘𝑣.𝑢(𝑡𝑣).𝑘−1𝑣 = ( 1 00 1 ) , while

𝑘𝑣.𝑢(𝑡𝑣).𝑘−1𝑣 =

(
1 𝑎𝑣𝑑

−1
𝑣 𝑡𝑣

0 1

)
if 𝑣∣𝔟.

Hence 𝑘𝑢𝑡𝑘
−1 = 𝑢𝑠 where 𝑠 = 𝑎𝑑−1𝑡 ∈ Υ and

𝐹 (𝑔𝑘𝑢𝑡) = 𝐹 (𝑔𝑘𝑢𝑡𝑘
−1𝑘) = 𝐹 (𝑔𝑢𝑠)𝜒

∨
0 (𝑘−1) = 𝐹 (𝑔𝑢𝑠)𝜒

∨
0 (𝑘)−1. (9.4.6)

Now let us compute (𝜋1)∗𝑃 ∗2 𝐹. First, we have:

(𝑃 ∗2 𝐹 ) (𝑔) =
∑
𝑡∈Υ̃

𝜃(det 𝑔)−1𝜃𝔟(𝑡)𝐹 (𝑔𝑢𝑡).

We will use equation (6.1.2) to push this forward by the mapping 𝜋1.

Let 𝑘1, . . . , 𝑘𝑚 ∈ 𝐾0(𝔠𝔟
2) be a collection of coset representatives for the quo-

tient 𝐾0(𝔠𝔟
2)/𝐾11(𝔠𝔟

2) and set 𝑘𝑖 =
(
𝑎𝑖 𝑏𝑖
𝑐𝑖 𝑑𝑖

)
. Then

(𝜋1)∗𝑃 ∗2 𝐹 (𝑥) =

𝑚∑
𝑖=1

(
𝜒𝜃2

)∨
0

(𝑘𝑖)𝑃
∗
2 𝐹 (𝑥𝑘𝑖).
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As in equation (9.4.6),

𝐹 (𝑥𝑘𝑖𝑢𝑡) = 𝜒∨
0 (𝑘𝑖)

−1𝐹 (𝑥𝑢(𝑎𝑖𝑑
−1
𝑖 𝑡)) = 𝜒(𝑎𝑖)

−1𝐹 (𝑥𝑢𝑠𝑖)

where 𝑠𝑖 = 𝑎𝑖𝑑
−1
𝑖 𝑡. Therefore

(𝜋1)∗𝑃 ∗2 𝐹 (𝑥) =

𝑚∑
𝑖=1

𝜒(𝑎𝑖)𝜃(𝑎𝑖)
2
∑
𝑡∈Υ̃

𝜃(det 𝑥𝑘𝑖)
−1𝜃𝔟(𝑡)𝐹 (𝑥𝑘𝑖𝑢𝑡)

=

𝑚∑
𝑖=1

𝜃(𝑎𝑖)
2
∑
𝑡∈Υ̃

𝜃(𝑎𝑖𝑑𝑖)
−1𝜃(det 𝑥)−1𝜃𝔟(𝑡)𝐹 (𝑥𝑢(𝑎𝑖𝑑

−1
𝑖 𝑡))

=

𝑚∑
𝑖=1

∑
𝑡∈Υ̃

𝜃(𝑎𝑖𝑑
−1
𝑖 )𝜃(det 𝑥)−1𝜃𝔟(𝑡)𝐹 (𝑥𝑢(𝑎𝑖𝑑

−1
𝑖 𝑡))

=
[
𝐾0(𝔠𝔟

2) : 𝐾11(𝔠𝔟
2)
]∑
𝑡∈Υ̃

𝜃(det 𝑥)−1𝜃𝔟(𝑎𝑖𝑑
−1
𝑖 𝑡)𝐹 (𝑥𝑢(𝑎𝑖𝑑

−1
𝑖 𝑡))

=
[
𝐾0(𝔠𝔟

2) : 𝐾11(𝔠𝔟
2)
]
𝜃(det 𝑥)−1

∑
𝑠∈Υ̃

𝜃𝔟(𝑠)𝐹 (𝑥𝑢𝑠)

because multiplication by 𝑎𝑖𝑑
−1
𝑖 permutes the elements of Υ̃, which proves (9.4.5).

□

Remarks.

(1) In the other direction, if 𝑔 �→ [𝑔,𝐻(𝑔)] is a section of ℒ(𝜅̂ − 𝑤, 𝜒0𝜃
2
0) on

𝑌0(𝔠𝔟
2) then

((𝑃2)∗ 𝜋
∗
1𝐻)(𝑔) =

[
𝐾0(𝔠) : 𝐾11(𝔠𝔟

2)
]
𝜃(det 𝑔)

∑
𝑡∈Υ̃

𝜃−1𝔟 (𝑡)𝐻(𝑔𝑢𝑡). (9.4.7)

(2) Exactly the same formula (9.4.2) also gives an isomorphism

𝜋∗1ℰ((𝜒0𝜃
2
0)
∨) → 𝜋∗2ℰ((𝜒0)

∨)

or equivalently, a mapping 𝑃2 : 𝜋∗1ℰ((𝜒0𝜃
2
0)
∨) → ℰ(𝜒∨0 ) because 𝜒0 and 𝜃0

are trivial on 𝐾11(𝔠𝔟
2).

(3) For modular forms in 𝑀𝜅̂(𝐾0(𝔠), 𝜒) (rather than 𝑀 coh
𝜅̂ (𝐾0(𝔠), 𝜒)), change

equation (9.4.2) to

[𝑔, 𝑣] �→ [
𝑔𝑢𝑡, 𝜃(det 𝑔)−1𝜃𝔟(𝑡)−1𝑣

]
which also gives an isomorphism 𝜋∗1ℰ(𝜒0𝜃

2
0) → 𝜋∗2ℰ(𝜒0). Let 𝒯 (𝔠𝔟2) de-

note the resulting correspondence. It converts a section 𝑠(𝑔) = [𝑔, 𝐹 (𝑔)] of
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ℒ∨(𝜅̂(𝜒−10 )) = ℒ(𝜅̂) ⊗ ℰ(𝜒−10 ) (see Remarks following Proposition 6.4) into
the section

(𝐹 ∣𝒯 (𝔠𝔟2))(𝑔) = (𝜋1)∗𝑃 ∗2 (𝐹 )(𝑔)

=
[
𝐾0(𝔠𝔟

2) : 𝐾11(𝔠𝔟
2)
]
𝜃(det 𝑔)

∑
𝑡∈Υ̃

𝜃𝔟(𝑡)𝐹 (𝑔𝑢𝑡),

of ℒ(𝜅̂− 𝑤) ⊗ ℰ(𝜒−10 𝜃−20 ).

9.5 Twisting the cycle 𝒁0(𝖈𝑬)

We now describe how to twist the diagonal chain 𝑍0(𝔠𝐸) by the character 𝜃 =
𝜃𝑢∣ ⋅ ∣𝑤. First, by replacing the Hecke character 𝜒 (and its conductor 𝔠) in Section
9.2 by the character 𝜒𝜃2 (with its conductor 𝔠𝔟2), and by replacing the weight

𝜅̂ = (𝑘, 𝑚̂) ∈ 𝒳 (𝐿) with the weight 𝜅̂ − 𝑤 = (𝑘, 𝑚̂ − 𝑤1) we obtain a canonical
flat section 𝑠 of the local system

ℒ∨(𝜅̂− 𝑤, (𝜒𝜃2)0)

over the diagonal cycle 𝑍0(𝔠𝐸𝔟
2
𝐸) ⊂ 𝑌0(𝔠𝔟

2), where 𝔟𝐸 := 𝔟 ∩ 𝒪𝐸 . Apply the re-
sulting twisting correspondence 𝒯 coh(𝔠𝔟2) (going from left to right in the diagram
(9.4.1)) to this cycle to obtain

𝑍𝜃 := (𝑃2)∗𝜋∗1
(
𝑍0(𝔠𝐸𝔟

2
𝐸)

) ⊂ 𝑌0(𝔠).

The (flat) section 𝑠 becomes a (flat) section

𝑠𝜃 := (𝑃2)∗𝜋∗1(𝑠) of ℒ∨(𝜅̂, 𝜒0)

over the cycle 𝑍𝜃.

Let 𝑓 ∈ 𝑆coh𝜅̂ (𝐾0(𝔠), 𝜒), let 𝐽 ⊂ Σ(𝐿) and let 𝜔𝐽(𝑓) be the corresponding
differential form on 𝑌0(𝔠) with values in ℒ(𝜅̂, 𝜒0). As in Section 9.3, the pairing
from Proposition 7.10 may be used to multiply the section 𝑠 with the differential
form 𝜔𝐽(𝑓), giving a differential form with complex coefficients. Hence the integral∫
𝑍𝜃

𝜔𝐽(𝑓) ∈ ℂ is defined. We now prove the twisted version of Proposition 9.2.

Proposition 9.5. The cycle (𝑍𝜃, 𝑠𝜃) has a canonical lift to intersection homology,

[𝑍𝜃] = (𝑃2)∗ 𝜋
∗
1([𝑍0(𝔠𝐸𝔟

2
𝐸)]) ∈ 𝐼𝐻𝑛(𝑋0(𝔠𝐸),ℒ∨(𝜅̂, 𝜒0)),

and for any 𝑓 ∈ 𝑆coh𝜅̂ (𝐾0(𝔠), 𝜒) and for any 𝐽 ⊂ Σ(𝐿) we have:

⟨[𝜔𝐽 (𝑓)], [𝑍𝜃]⟩𝐾 =

∫
𝑍𝜃

𝜔𝐽(𝑓) = 𝐶2

∫
𝑍0

𝜔𝐽(𝑓 ⊗ 𝜃)

where 𝐶2 is given in equation (9.4.4). If 𝐽 is not a type for 𝐸 then this integral
vanishes. Assume 𝐽 is a type for 𝐸 and take 𝑤 = 𝑚𝜎 +𝑘𝜎/2 (which is independent
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of 𝜎 ∈ Σ(𝐸)). Then 𝑓 ⊗ 𝜃 ∈ 𝑆coh
(𝑘,−𝑘/2)

(𝐾0(𝔠𝔟
2), 𝜒𝜃2) and

⟨[𝜔𝐽 (𝑓)], [𝑍𝜃]⟩𝐾 = 𝐶3

𝑡∑
𝑖=1

(𝜒𝐿𝜃
2)0(𝑔𝑖)

×
∫
𝑍0(𝔠𝔟2∩𝒪𝐸)

𝜄∗𝐽
(

det(𝛼𝑧)−𝑘/2−1𝑗(𝛼𝑧 , i)
𝑘+2(𝑓 ⊗ 𝜃)(𝑔0𝑔𝑖𝛼𝑧)

)
× 𝜒𝐿𝜃

2(det(𝛼𝑧𝑔𝑖))
−1 ∏

𝜎∈𝐽𝐸
𝑦𝑘𝜎+2𝜎 𝑑𝜇𝔠𝐸 ,

where 𝑑𝜇 = 𝑑𝜇𝔠𝔟2∩𝒪𝐸 is the canonical measure on 𝑍0(𝔠𝐸𝔟
2
𝐸) = 𝑌0(𝔠𝐸𝔟

2
𝐸) and

where

𝐶3 = (2𝑖)[𝐿:ℚ](−1)[𝐸:ℚ][𝐾0(𝔠𝔟
2) : 𝐾11(𝔠𝔟

2)]𝐺((𝜃𝑢)−1)∣N𝐿/ℚ𝒟𝐿/ℚ∣−(𝑘𝜎+2𝑚𝜎)/2.

If 𝐽 is not a type for 𝐸 then this integral vanishes.

Proof. By Proposition 9.2 the cycle 𝑍0(𝔠𝐸𝔟
2
𝐸) has a canonical lift to intersection

homology. Since the mappings 𝜋1, 𝜋2 extend to (finite) mappings on the Baily-
Borel compactifications, the same holds for the cycle 𝑍𝜃.

To compute
∫
𝑍𝜃

𝜔𝐽(𝑓), start with 𝑍0(𝔠𝐸𝔟
2
𝐸) on the left side of diagram 9.4.1.

Set 𝑍11(𝔠𝐸𝔟
2
𝐸) = 𝜋∗1(𝑍0(𝔠𝐸𝔟

2
𝐸)), then let 𝑍11(𝑡) be the push-forward by 𝑢(𝑡). Using

equation (6.1.4) we obtain∫
(𝜋2)∗𝑍11(𝑡)

𝜔𝐽(𝑓) =

∫
𝑍11(𝑡)

𝜋∗2𝜔𝐽(𝑓) =

∫
𝑍11(𝔠𝐸𝔟2

𝐸)

𝜔11(𝑡).

where 𝜔11(𝑡) = (⋅𝑢𝑡)
∗𝜋∗2𝜔𝐽(𝑓). Set 𝐶4 := [𝐾0(𝔠𝔟

2) : 𝐾11(𝔠𝔟
2)]. Then

𝐶4

∫
𝑍0(𝔠𝐸𝔟2

𝐸)

(𝜋1)∗𝜔11(𝑡) =

∫
(𝜋1)∗𝜋∗

1𝑍0(𝔠𝐸𝔟2
𝐸)

(𝜋1)∗𝜔11(𝑡)

=

∫
𝑍11(𝔠𝐸𝔟2

𝐸)

𝜋∗1(𝜋1)∗𝜔11(𝑡) = 𝐶4

∫
𝑍11(𝔠𝐸𝔟2

𝐸)

𝜔11(𝑡).

Putting these together, and summing over 𝑡 ∈ Υ̃, and using Proposition 9.4 gives∫
𝑍𝜃

𝜔𝐽(𝑓) =

∫
𝑍0(𝔠𝐸𝔟2

𝐸)

(𝜋1)∗𝑃 ∗2 𝜔𝐽(𝑓) = 𝐶2

∫
𝑍0(𝔠𝐸𝔟2

𝐸)

𝜔𝐽(𝑓 ⊗ 𝜃)

Finally, if 𝑤 = 𝑚𝜎 +𝑘𝜎/2 (which is independent of 𝜎) then upon replacing 𝑍0(𝔠𝐸)
by 𝑍0(𝔠𝐸𝔟

2
𝐸) and upon replacing 𝑓 by 𝑓 ⊗ 𝜃, Proposition 9.2 gives the value of

this integral. □



Chapter 10

The Full Version of Theorem 1.3

10.1 Statement of results

We use the same setup as in the previous chapter: 𝐿/𝐸 is a quadratic extension of
totally real fields, Gal(𝐿/𝐸) = ⟨1, 𝜍⟩, Gal(𝐿/𝐸)∧ = ⟨1, 𝜂⟩, 𝔠 ⊂ 𝒪𝐿 is an ideal, and

𝑛 := [𝐿 : ℚ], 𝑑 := 𝑑𝐿/𝐸 , 𝒟 := 𝒟𝐿/𝐸 , 𝔠𝐸 := 𝔠 ∩ 𝒪𝐸 .

We write 𝐿 = 𝐸(
√

Δ) for a totally positive Δ ∈ 𝐸. There is a distinguished type

𝐽𝐸 =
{
𝜎 ∈ Σ(𝐿) : 𝜎(

√
Δ) < 0

}
for 𝐿/𝐸. We assume that the set Σ(𝐿) is ordered

so that for 𝑧 ∈ 𝔥Σ(𝐿) we have

𝑑𝑧 = 𝑑𝑧𝜎1 ∧ 𝑑𝑧𝜎′
1
∧ ⋅ ⋅ ⋅ ∧ 𝑑𝑧𝜎[𝐸:ℚ]

∧ 𝑑𝑧𝜎′
[𝐸:ℚ]

where 𝐽 ′𝐸 := 𝐽 𝜍
𝐸 =: {𝜎′1, . . . , 𝜎′[𝐸:ℚ]}.

Let 𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× be a Hecke character. Let 𝜒 = 𝜒𝐸 ∘ N𝐿/𝐸 be the

resulting character of 𝐿×∖𝔸×𝐿 and let 𝜒0 be the resulting character of 𝐾0(𝔠). As-
sume that the conductor of 𝜒 divides 𝔠 and that 𝜒𝐸(𝑏∞) = 𝑏−𝑘−2𝑚

∞ for all 𝑏 ∈ 𝔸×𝐸 .
Let 𝜅 = (𝑘,𝑚) be a weight for 𝐸 and let 𝜅̂ = (𝑘, 𝑚̂) be the corresponding weight
for 𝐿. We obtain a “diagonal” cycle 𝑍0 := 𝑍0(𝔠𝐸) with a canonical flat section 𝑆.
Let 𝜃𝑢 be a Hecke character of 𝐿, of finite order, with conductor 𝔟 = 𝔣(𝜃𝑢) and let
𝑤 = 𝑚𝜎 + 𝑘𝜎/2 (which is independent of the choice of 𝜎). Define 𝜃 = 𝜃𝑢∣ ⋅ ∣𝑤𝔸𝐿 .
We assume throughout this chapter that

𝜃∣𝔸×
𝐸

= 𝜒𝐸𝜂.

For a proof that such a character 𝜃 exists, see [Hid8, Lemma 2.1]. Set

𝔠′ = 𝔠𝔟2 and 𝔠′𝐸 := 𝔠′ ∩𝒪𝐸 .

The character 𝜃 may be used to twist the cycle 𝑍0(𝔠
′
𝐸) and its section 𝑆 to obtain

a cycle 𝑍𝜃 and flat section 𝑆𝜃 of the local system ℒ∨(𝜅̂, 𝜒0), which gives rise to an
intersection homology class [𝑍𝜃] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ∨(𝜅̂, 𝜒0)).
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Let 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒) be a simultaneous eigenform for all Hecke opera-
tors. Let 𝐽 ⊂ Σ(𝐿). Then the modular form 𝑓−𝜄 ∈ 𝑆coh𝜅̂ (𝐾0(𝔠), 𝜒) determines
a differential form 𝜔𝐽(𝑓−𝜄) which gives a “middle” intersection cohomology class
[𝜔𝐽(𝑓−𝜄)] ∈ 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅, 𝜒0)). Write

𝔟′ :=
∏{

𝔭 : 𝔭 ∣ 𝑑𝐿/𝐸 and 𝔭 ∤ 𝔣(𝜃)
}

where 𝔣(𝜃) denotes the conductor of 𝜃. In Section 10.2 we will prove the following
theorem:

Theorem 10.1. Assume as above that 𝜃∣𝔸×
𝐸

= 𝜒𝐸𝜂 and that 𝐽 ⊆ Σ(𝐿) is a type for

𝐿/𝐸. If 𝑓 is a base change of a Hilbert cusp form 𝑔 on 𝐸 with nebentypus 𝜒𝐸 , then

⟨[𝜔𝐽(𝑓−𝜄)], [𝑍𝜃]⟩𝐾
is equal to

𝑐1
2[𝐸:ℚ]

𝐿∗,𝑑𝐿/𝐸𝔟∩𝒪𝐸(Ad(𝑔) ⊗ 𝜂, 1)𝐿𝔟′(As(𝑓 ⊗ 𝜃−1), 1)

where

𝑐1 =
𝐶3[𝐾0(𝔠

′
𝐸) : 𝐾1(𝔠

′
𝐸)]N𝐸/ℚ(𝔠′𝐸)2𝑑

7/2
𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)Res𝑠=1𝜁

𝑑𝐿/𝐸𝔠′𝐸 (𝑠)

𝑅𝐸2{𝑘+2}2−2∣(𝒪𝐸/𝔠′𝐸)×∣
with 𝐶3 defined as in Proposition 9.5 and where 𝑅𝐸 is the regulator of 𝐸.

If 𝐽 ⊂ Σ(𝐿) is not a type for 𝐿/𝐸 or 𝑓 is not a base change of a Hilbert cusp
form 𝑔 on 𝐸 with nebentypus 𝜒𝐸 , then

⟨[𝜔𝐽 (𝑓−𝜄)], [𝑍𝜃]⟩𝐾 = 0.

Here {𝑘} :=
∑

𝜎∈Σ(𝐸) 𝑘𝜎 for 𝑘 ∈ ℤΣ(𝐸).

We now prepare some notation so that we may state the full version of The-
orem 1.3. Let

𝑃new : 𝐼m𝐻𝑛(𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) −→ 𝐼m𝐻new
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

be the canonical projection, where 𝐼m𝐻new
𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) is the subspace

spanned by classes that are 𝑓 -isotypical under the action of the Hecke algebra
for some newform 𝑓 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒). Setting 𝛾 = 𝑃new𝑊

∗−1
𝔠 [𝑍𝜃] in our notation

from Section 8.3, we have

Φ𝑃new𝑊∗−1
𝔠 [𝑍𝜃 ],𝜒𝐸

∈ 𝐼m𝐻
𝜒
𝐸

𝑛 (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) ⊗ 𝑆+𝜅 (𝒩 (𝔠), 𝜒𝐸).

by Theorem 8.4. Finally for 𝑔 ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) let

𝐴(𝑔, 𝐽) :=
[𝜔𝐽(𝑔−𝜄), 𝜔Σ(𝐿)−𝐽(𝑔−𝜄)]𝐼𝐻∗

𝐿∗(Ad(𝑔), 1)
=

𝑇 (𝑔, 𝐽)(𝑔, 𝑔)𝑃
𝐿∗(Ad(𝑔), 1)

(10.1.1)
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This nonzero constant depends only on 𝐿, the weight, the nebentypus, the level
and 𝑊 (𝑔) (see (7.4.9)) by Theorem 5.16 and Theorem 7.11. Assuming Theorem
10.1 for the moment, we prove the “full” version of Theorem 1.3:

Theorem 10.2. If 𝔪 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝔫 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 = 𝒪𝐸 and 𝔪, 𝔫 are both
norms from 𝒪𝐿, then the 𝔪th Fourier coefficient of

[𝑊 ∗−1
𝔠 [𝑍𝜃](𝔫),Φ𝑃new𝑊∗−1

𝔠 [𝑍𝜃 ],𝜒𝐸 ]𝐼𝐻∗

is

𝑐21
4

(−1)[𝐸:ℚ]
∑
𝑓

(
𝐿∗,𝑑𝐿/𝐸𝔣(𝜃)∩𝒪𝐸(Ad(𝑓) ⊗ 𝜂, 1)𝐿𝔟′(As(𝑓 ⊗ 𝜃−1), 1)

)2
𝐴(𝑓, ∅)𝐿∗(Ad(𝑓), 1)

𝜆𝑓 (𝔫)𝜆𝑓 (𝔪),

where the sum is over the normalized newforms 𝑓 on 𝐸 of nebentypus 𝜒𝐸 whose
base change 𝑓 to 𝐿 is an element of 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒). If either

𝔪 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 ∕= 𝒪𝐸 or 𝔫 + N𝐿/𝐸(𝔠)𝑑𝐿/𝐸 ∕= 𝒪𝐸 ,

then the 𝔪th Fourier coefficient is zero.

Here
𝒩 (𝔠) := 𝔪2𝔡𝐿/𝐸(𝔠𝐸)

∏
𝔭∣𝔠𝐸

𝔭

where 𝔪2 ⊂ 𝒪𝐸 is an ideal divisible only by dyadic primes, which we may take to be
𝒪𝐸 if 𝔠+2𝒪𝐿 = 𝒪𝐿 and 𝔡𝐿/𝐸 is an ideal divisible only by primes ramifying in 𝐿/𝐸.

Proof. By Theorem 8.5, the 𝔪th Fourier coefficient of [𝑊 ∗−1
𝔠 [𝑍𝜃](𝔫),Φ𝑊∗−1

𝔠 [𝑍𝜃 ]
]𝐼𝐻∗

is zero if 𝔪 + N𝐿/𝐸(𝔠′)𝑑𝐿/𝐸 ∕= 𝒪𝐸 or 𝔫+ N𝐿/𝐸(𝔠′)𝑑𝐿/𝐸 ∕= 𝒪𝐸 . Again by Theorem
8.5, if 𝔪 and 𝔫 are norms and 𝔪 + N𝐿/𝐸(𝔠′)𝑑𝐿/𝐸 = 𝔫 + N𝐿/𝐸(𝔠′)𝑑𝐿/𝐸 = 𝒪𝐸 then
this coefficient is equal to

1

4

∑
𝐽⊂Σ(𝐸)

∑
𝑓

∫
𝑍𝜃

𝜔𝐽(𝑓−𝜄)
∫
𝑍𝜃

𝜔Σ(𝐿)−𝐽(𝑓−𝜄)

𝑇 (Σ(𝐿) − 𝐽, 𝑓)(𝑓, 𝑓)𝑃
𝜆𝑓 (𝔫)𝜆𝑓 (𝔪).

The theorem now follows immediately from Theorem 10.1 and Theorem 5.16 to-
gether with the observation that 𝑇 (Σ(𝐿)−𝐽, 𝑓) = (−1)∣𝐽∣𝑇 (∅, 𝑓). We only remark
that one uses the fact that the number of types for 𝐿/𝐸 is 2[𝐸:ℚ]. □



170 Chapter 10. The Full Version of Theorem 1.3

10.2 Rankin-Selberg integrals

In the last chapter, we defined certain cycles 𝑍𝜃 on 𝑌0(𝔠) and gave an integral ex-
pression for ⟨[𝜔𝐽 (𝑓−𝜄)], [𝑍𝜃]⟩𝐾 . In this section we apply the Rankin-Selberg method
to this integral expression to prove Theorem 10.1. Our argument follows [Hid8,
Section 6].

Let 𝐽 ⊆ Σ(𝐿) be a type for 𝐿/𝐸 (see Section 9.1), and assume as in Theorem
10.2 that 𝜃∣𝔸×

𝐸
= 𝜒𝐸𝜂. For each 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒) and 𝑠 ∈ ℂ let

𝐼(𝑓, 𝑠) :=

∫
𝐸×

+∖𝔸×
𝐸,+

∫
𝐸∖𝔸𝐸

(𝑓 ⊗ 𝜃−1) (𝜄𝐽 ( 𝑦 𝑥
0 1 )) ∣𝑦∣𝑠𝔸𝐸𝑑𝑥𝑑×𝑦

when this integral is defined (e.g., for Re(𝑠) sufficiently large). Here 𝔸×𝐸,+ (resp.

𝐸×+ ) is the set of (𝑏𝑣) ∈ 𝔸×𝐸 (resp. 𝛼 ∈ 𝐸×) such that 𝑏𝜎 > 0 (resp. 𝜎(𝛼) > 0) for
all 𝜎 ∈ Σ(𝐸). Moreover 𝑑𝑥 and 𝑑𝑦 are the Haar measures of Section C.4. We have
the following lemma:

Lemma 10.3. If 𝑓 ∈ 𝑆𝜅̂(𝐾0(𝔠), 𝜒) is a simultaneous eigenform for all Hecke oper-
ators, then

𝐼(𝑓, 𝑠) =
∣𝑑𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)

1
2 ∣𝑠+2∣𝑑𝐸/ℚ∣1/2Γ𝐸(𝑘 + (𝑠 + 2)1)

(4𝜋){𝑘}+[𝐸:ℚ](𝑠+2)

×
∑

𝔪⊂𝒪𝐸
𝑎(𝔪𝒪𝐿, 𝑓 ⊗ 𝜃−1)N𝐸/ℚ(𝔪)−𝑠−2.

Here Γ𝐸(𝑘) :=
∏

𝜎∈Σ(𝐿) Γ(𝑘𝜎), and, as above, {𝑘} :=
∑

𝜎∈Σ(𝐿) 𝑘𝜎 for 𝑘 ∈ ℂΣ(𝐿).

Proof. To ease notation, write 𝑔 := 𝑓 ⊗ 𝜃−1. Using a slight modification of the
proof of Theorem 5.8 one sees that the Fourier expansion of 𝑔 ∘ 𝜄𝐽 is

∣𝑦∣𝔸𝐿
∑′

𝜉∈𝐿×
𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑔)𝑞(𝑘,−𝑘/2)(𝜉𝑦, 𝜉𝑥)

where the ′ indicates that the sum is over those 𝜉 ∈ 𝐿× such that 𝜎(𝜉) < 0 for
𝜎 ∈ 𝐽 and 𝜎(𝜉) > 0 for 𝜎 ∈ 𝐽 ′ := 𝐽 𝜍 . Thus∫

𝐸×
+∖𝔸×

𝐸,+

∫
𝐸∖𝔸𝐸

𝑔 (𝜄𝐽 ( 𝑦 𝑥
0 1 )) ∣𝑦∣𝑠𝔸𝐸𝑑𝑥𝑑×𝑦

=

∫
𝐸×

+∖𝔸×
𝐸,+

∫
𝐸∖𝔸𝐸

∑′

𝜉∈𝐿×
𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑔)∣(𝜉𝑦)𝑘/2∣

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝜉)𝑦𝜎 ∣)𝑒𝐿(𝜉𝑥)∣𝑦∣𝑠+2𝔸𝐸
𝑑𝑥𝑑×𝑦.
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The character 𝑒𝐿(𝜉𝑥) restricted to 𝔸𝐸 is trivial if and only if 𝜉 = −𝜍(𝜉). In view
of this, the well-known computation of the volume of 𝐸∖𝔸𝐸 yields∫

𝐸∖𝔸𝐸
𝑒𝐿(𝜉𝑥)𝑑𝑥 =

{√
𝑑𝐸/ℚ if 𝜉 = −𝜍(𝜉)

0 otherwise.

Thus ∫
𝐸×

+∖𝔸×
𝐸,+

∫
𝐸∖𝔸𝐸

∑′

𝜉∈𝐿×
𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑔)∣(𝜉𝑦)𝑘/2∣

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝜉)𝑦𝜎∣)𝑒𝐿(𝜉𝑥)∣𝑦∣𝑠+2𝔸𝐸
𝑑𝑥𝑑×𝑦

=
√

𝑑𝐸/ℚ

∫
𝐸×

+ ∖𝔸×
𝐸,+

∑′

𝜉∈𝐿×
𝜉=−𝜍(𝜉)

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑔)∣(𝜉𝑦∞)𝑘/2∣

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝜉)𝑦𝜎∣)∣𝑦∣𝑠+2𝔸𝐸
𝑑×𝑦

Choose 𝑢𝐽 ∈ 𝒪𝐸 −0 such that 𝜎(𝑢𝐽Δ1/2) > 0 if and only if 𝜎 ∈ 𝐽 . Note that
the requirement that 𝜉 satisfies 𝜉 = −𝜍(𝜉) and 𝜎(𝜉) < 0 if and only if 𝜎 ∈ 𝐽 is
equivalent to the requirement that 𝜉 = 𝜉′𝑢−1𝐽 Δ−1/2 for some 𝜉′ ∈ 𝐸×+ . Translating
the positivity conditions on 𝜉 to positivity conditions on 𝜉′, we obtain∫

𝐸×
+ ∖𝔸×

𝐸,+

∑′

𝜉∈𝐿×
𝜉=−𝜍(𝜉)

𝑎(𝜉𝑦𝒟𝐿/ℚ, 𝑔)∣(𝜉𝑦∞)𝑘/2∣ exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝜉)𝑦𝜎∣)∣𝑦∣𝑠+2𝔸𝐸
𝑑𝑥𝑑×𝑦

=

∫
𝐸×

+∖𝔸×
𝐸,+

∑
𝜉′∈𝐸×

+

𝑎(𝜉′𝑢−1𝐽 Δ−1/2𝑦𝒟𝐿/ℚ, 𝑔)∣(𝜉′𝑢−1𝐽 Δ−1/2𝑦∞)𝑘/2∣

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝜉′𝑢−1𝐽 Δ−1/2)𝑦𝜎∣)∣𝑦∣𝑠+2𝔸𝐸
𝑑×𝑦

=

∫
𝔸×
𝐸,+

𝑎(𝑢−1𝐽 Δ−1/2𝑦𝒟𝐿/ℚ, 𝑔)∣(𝑢−1𝐽 Δ−1/2𝑦∞)𝑘/2∣

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦𝜎∣)∣𝑦∣𝑠+2𝔸𝐸
𝑑×𝑦

By writing this global integral as an infinite product of local integrals, we see
that the above is equal to∫

𝔸×
𝐸,+

𝑎(𝑢−1𝐽 Δ−1/2𝑦𝒟𝐿/ℚ, 𝑔)∣(𝑢−1𝐽 Δ−1/2𝑦∞)𝑘/2∣ (10.2.1)

× exp(−2𝜋Σ𝜎∈Σ(𝐿)∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦𝜎∣)∣𝑦∣𝑠+2𝔸𝐸
𝑑×𝑦

=

⎛⎝ ∏
𝜎∈Σ(𝐸)

∫ ∞

0

∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦∣𝑘𝜎 exp(−4𝜋∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦∣)∣𝑦∣𝑠+2∞
𝑑𝑦

∣𝑦∣

⎞⎠
×

∏
𝔭

∫
𝐸×

𝔭

𝑎(𝑦𝑢−1𝐽 Δ−1/2𝒟𝐿/ℚ, 𝑔)∣𝑦∣𝑠+2𝔭 𝑑×𝑦𝔭
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Here we are using the fact that the coefficients 𝑎(⋅, 𝑔) are multiplicative in the
sense that 𝑎(𝔪𝔫, 𝑔) = 𝑎(𝔪, 𝑔)𝑎(𝔫, 𝑔) if 𝔪 + 𝔫 = 𝒪𝐿. We evaluate the factor cor-
responding to the infinite places and each of the factors corresponding to finite
places separately. First, the factor corresponding to the infinite places is⎛⎝ ∏

𝜎∈Σ(𝐸)

∫ ∞

0

∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦∣𝑘𝜎 exp(−4𝜋∣𝜎(𝑢−1𝐽 Δ−1/2)𝑦∣)∣𝑦∣𝑠+2∞
𝑑𝑦

∣𝑦∣

⎞⎠
=

∏
𝜎∈Σ(𝐸)

∣𝜎(𝑢−1𝐽 Δ−1/2)∣−𝑠−2(4𝜋)−𝑘𝜎−𝑠−2Γ(𝑘𝜎 + 𝑠 + 2).

By definition of the different, we may write 𝑢−1𝐽 Δ−1/2𝒟𝐿/ℚ = 𝒟0𝒪𝐿 for a
fractional ideal 𝒟0 ⊂ 𝐸. Moreover

∣N𝐸/ℚ(𝒟0)∣ = ∣𝑑𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)
1
2
∏
𝜎∈𝐽

𝜎(𝑢−1𝐽 Δ−1/2)∣.

With this in mind we see that the factor corresponding to the finite places satisfies∏
𝔭

∫
𝐸×
𝑣(𝔭)

𝑎(𝑢−1𝐽 Δ−1/2𝑦𝒟𝐿/ℚ, 𝑔)∣𝑦∣𝑠+2𝑣(𝔭)𝑑
×𝑦 (10.2.2)

=
∏
𝔭

∫
𝐸×
𝑣(𝔭)

𝑎(𝑦, 𝑔)∣(𝒟0)−1𝑣(𝔭)𝑦∣𝑠+2𝑣(𝔭)𝑑
×𝑦

=
∏
𝔭

∣(𝒟0)𝑣(𝔭)∣−𝑠−2
𝑣(𝔭)

∞∑
𝑗=1

𝑎(𝔭𝑗, 𝑔)N𝐸/ℚ(𝔭)−𝑗𝑠−2𝑗

=

(
∣𝑑𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)

1
2
∏
𝜎∈𝐽

𝜎(𝑢−1𝐽 Δ−1/2)∣
)𝑠+2∏

𝔭

∞∑
𝑗=1

𝑎(𝔭𝑗 , 𝑔)N𝐸/ℚ(𝔭)−𝑗𝑠−2𝑗 .

Combining (10.2.1) and (10.2.2) yields the lemma. □

One can use Rankin’s method to give another expression for 𝐼(𝑓, 𝑠). In order
to state it precisely, we first set some notation. Let 𝐵′ be the algebraic ℚ-group
whose points in a ℚ-algebra 𝐴 are

𝐵′(𝐴) :=

{(
𝑎 𝑏
0 1

)
: 𝑎 ∈ (𝐸 ⊗ℚ 𝐴)× and 𝑏 ∈ (𝐸 ⊗ℚ 𝐴)

}
⊆ Res𝐸/ℚGL2(𝐴).

Let Res𝐸/ℚGL2(ℝ)+ be the identity component of Res𝐸/ℚGL2(ℝ). Set

Res𝐸/ℚGL2(𝔸)+ : = Res𝐸/ℚGL2(ℝ)+Res𝐸/ℚGL2(𝔸𝑓 )

Res𝐸/ℚGL2(ℚ)+ : = Res𝐸/ℚGL2(ℚ) ∩ Res𝐸/ℚGL2(𝔸)+

𝐵′(ℚ)+ : = 𝐵′(ℚ) ∩ Res𝐸/ℚGL2(𝔸)+

𝐵′(𝔸)+ : = 𝐵′(𝔸) ∩ Res𝐸/ℚGL2(𝔸)+
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Moreover let 𝒪×𝐸,+ := 𝒪×𝐸 ∩ 𝐸×+ . Let 𝒩 : Res𝐸/ℚGL2(𝔸) → 𝔸×𝐸 be defined by

𝒩 (𝛼) :=

{
𝑦 if 𝛼 = ( 𝑦 ∗

0 1 ) 𝑏𝑢 for 𝑦, 𝑏 ∈ 𝔸×𝐸 , 𝑢 ∈ 𝐾𝐸,∞𝐾0(𝔠
′
𝐸)

0 otherwise.

Now let ℰ be the Eisenstein series defined by

ℰ(𝛼, 𝑠) : =
∑{

∣𝒩 (𝛾𝛼)∣𝑠𝔸𝐸 : 𝛾 ∈ (𝒪×𝐸,+𝐵
′(ℚ)+)∖Res𝐸/ℚGL2(ℚ)+

}
=

∑{∣𝒩 (𝛾𝛼)∣𝑠𝔸𝐸 : 𝛾 ∈ (𝒪×𝐸𝐵′(ℚ))∖Res𝐸/ℚGL2(ℚ)
}
.

This Eisenstein series is absolutely convergent if Re(𝑠) > 1, as can be verified
using (10.2.4) below.

As above, let 𝑍0(𝔠
′
𝐸) be the image of Res𝐸/ℚGL2(𝔸) ↪→ Res𝐿/ℚGL2(𝔸) →

𝑌0(𝔠
′), where the first arrow is the diagonal embedding and the second is the

canonical projection. Then we have the following proposition:

Proposition 10.4. For Re(𝑠) > 0 we have

𝐼(𝑓, 𝑠) =

∫
𝑍0(𝔠′𝐸)

det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2

×ℰ(𝛼, 𝑠 + 1)𝑑𝜇𝔠′
𝐸
.

The proof is essentially the same as the computation in [Hid5, Section 4] (see
also [Hid8]).

Proof. As above, write 𝑔 = 𝑓 ⊗ 𝜃−1 to ease notation. We have

𝐼(𝑓, 𝑠) =

∫
𝐵′(ℚ)+∖𝐵′(𝔸)+

𝑔(𝜄𝐽 (𝛼))∣det(𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝐵′(𝛼)

where 𝑑𝜇𝐵′ is the measure defined in Section 5.7 and Re(𝑠) > 0. Now

𝑔(𝜄𝐽(𝛼)) = 𝑔(det(𝜄𝐽 (𝛼))−1𝜄𝐽 (𝛼))𝜒𝜃−2(det(𝜄𝐽 (𝛼))).

When restricted to 𝛼 ∈ Res𝐸/ℚGL2(𝔸) this is simply 𝑔−𝜄(𝜄𝐽 (𝛼)). Thus

𝐼(𝑓, 𝑠) =

∫
𝐵′(ℚ)+∖𝐵′(𝔸)+

𝑔−𝜄(𝜄𝐽 (𝛼))∣det(𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝐵′(𝛼)

=

∫
𝐵′(ℚ)+∖𝐵′(𝔸)+

𝑔−𝜄(𝜄𝐽 (𝛼))∣𝒩 (𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝐵′(𝛼).

We wish to use the decomposition

Res𝐸/ℚGL2(𝔸)+ = Res𝐸/ℚGL2(ℚ)+𝐵′(𝔸)+𝐾0(𝔠
′
𝐸)𝐾𝐸,∞ (10.2.3)
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(see [Hid5, Section 4]) to rewrite 𝐼(𝑓, 𝑠) as an integral over 𝑍0(𝔠
′
𝐸). For this pur-

pose, note that the invariance properties of 𝑔−𝜄 together with the fact that 𝜒𝜃−2

is trivial when restricted to 𝔸×𝐸 implies that for 𝛼 ∈ 𝐵(𝔸)+𝐾0(𝔠
′
𝐸)𝐾𝐸,∞

det(𝜄𝐽 (𝛼∞))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼∞), i)𝑘+2𝒩 (𝜄𝐽 (𝛼∞))𝑘+2

is invariant under left multiplication by 𝐵′(ℚ)+ and right multiplication by
𝐾𝐸,∞𝐾0(𝔠

′
𝐸). Moreover ∣𝒩 (𝛼)∣𝑠+1𝔸𝐸

is invariant under left multiplication by 𝐵′(ℚ)+

and right multiplication by 𝐾𝐸,∞𝐾0(𝔠
′
𝐸). Therefore applying our previous expres-

sion for 𝐼(𝑓, 𝑠) we have that 𝐼(𝑓, 𝑠) is equal to∫
𝐵′(ℚ)+∖𝐵′(𝔸)+

𝑔−𝜄(𝜄𝐽 (𝛼))∣𝒩 (𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝐵′(𝛼)

=

∫
𝐵′(ℚ)+∖𝐵′(𝔸)+

det(𝜄𝐽 (𝛼∞))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼∞), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛼∞))𝑘+2∣𝒩 (𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝐵′(𝛼)

=

∫
𝐵′(ℚ)+∖𝐷+

𝐸×𝐾0(𝔠′𝐸)/𝐾0(𝔠′𝐸)
det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2∣𝒩 (𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝔠′

𝐸

where 𝐷𝐸 := 𝐵′(ℝ)/𝐾𝐸,∞, 𝐷+
𝐸 is the connected component of 𝐷𝐸 containing i,

where 𝛼𝑧 ∈ Res𝐸/ℚGL2(ℝ)+ is chosen so that 𝛼𝑧i = 𝑧, and where 𝛼 = 𝛼𝑧𝛼0 for
some 𝛼0 ∈ Res𝐸/ℚGL2(𝔸𝑓 ). In the last equality we have used the comments on the
relationship between 𝑑𝜇𝐵′ and 𝑑𝜇𝔠′𝐸 contained in Section 5.7. Using the fact that

𝒪×𝐸,+ is naturally a subgroup of the group of diagonal matrices in 𝐾𝐸,∞𝐾0(𝔠
′
𝐸)

together with (10.2.3), we have that the above is equal to∫
𝑍0(𝔠′𝐸)

∑
𝛾

det(𝜄𝐽 (𝛾𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛾𝛼))𝑗(𝜄𝐽 (𝛾𝛼𝑧), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛾𝛼𝑧))𝑘+2∣𝒩 (𝛾𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝔠′𝐸 .

where the sum is over

𝛾 ∈ 𝒪×𝐸,+𝐵
′(ℚ)+∖Res𝐸/ℚGL2(ℚ)+.

This infinite sum converges absolutely for Re(𝑠) > 0, a fact that follows from
the absolute convergence of the Eisenstein series ℰ(𝑥, 𝑠) for Re(𝑠) > 1. Now for
𝛾∞ ∈ Res𝐸/ℚGL2(ℝ) one has the cocycle relation 𝑗(𝛾∞𝛼𝑧 , i) = 𝑗(𝛾∞, 𝑧)𝑗(𝛼𝑧, i)
and one verifies that

𝒩 (𝛾∞𝛼𝑧) =
det(𝛾∞)

∣𝑗(𝛾, 𝑧)∣2𝒩 (𝛼𝑧). (10.2.4)
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Using these facts, with the same sum over 𝛾, the above integral becomes∫
𝑍0(𝔠′𝐸)

det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2
∑
𝛾

∣𝒩 (𝛾𝛼)∣𝑠+1𝔸𝐸
𝑑𝜇𝔠′𝐸

=

∫
𝑍0(𝔠′𝐸)

det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2ℰ(𝛼, 𝑠 + 1)𝑑𝜇𝔠′𝐸 .

As noted above, the sum defining the Eisenstein series ℰ(𝛼, 𝑠) converges absolutely
for Re(𝑠) > 1 so these formal manipulations are justified. □

We can now prove Theorem 10.1:

Proof of Theorem 10.1. By Proposition 9.5, we can assume that 𝐽 ⊂ Σ(𝐿) is a
type for 𝐿/𝐸. By Lemma 10.3 and the discussion in Section 5.12.4, for 𝑠 with
Re(𝑠) > 0 we have

𝜁𝔠
′∩𝒪𝐸 (2(𝑠 + 1))𝐼(𝑓, 𝑠) = 𝑐2𝐿(As(𝑓 ⊗ 𝜃−1), 𝑠 + 1). (10.2.5)

where

𝑐2 =
(𝑑𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)1/2)𝑠+2𝑑

1/2
𝐸/ℚΓ𝐸(𝑘 + (𝑠 + 2)1)

(4𝜋){𝑘}+[𝐸:ℚ](𝑠+2)
.

By Proposition 10.4, we therefore have

𝑐2𝐿(As(𝑓 ⊗ 𝜃−1), 𝑠 + 1) (10.2.6)

= 𝜁𝔠
′
𝐸 (2(𝑠 + 1))

∫
𝑍0(𝔠′𝐸)

det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2

×𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2ℰ(𝛼, 𝑠 + 1)𝑑𝜇𝔠′𝐸

It follows from the analytic properties of the Asai 𝐿-function (see Section
5.12.4) and the absolute convergence of ℰ(𝛼, 𝑠) for 𝑠 > 1 that both sides of (10.2.6)
are holomorphic functions of 𝑠 in the half-plane Re(𝑠) > 1. Moreover, the fact that
ℰ(𝛼, 𝑠) can be meromorphically continued to whole complex plane with a simple
pole at 𝑠 = 1 (see [Hid5, Section 6] or [Hid6, Section 9.1 Theorem 1] or [Hid8])
implies the same is true of the right-hand side (we could have also applied the
results of [Ram2] to come to this conclusion).

By (RES2) and the equation directly above it in the appendix of [Hid8] one
has

Res𝑠=1𝜁
𝑐′𝐸 (2𝑠)ℰ(𝛼, 𝑠) = N(𝔠′𝐸)−2∣(𝒪𝐸/𝔠

′
𝐸)×∣2

[𝐸:ℚ]−2𝜋[𝐸:ℚ]𝑅𝐸

𝑑𝐸/ℚ
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where 𝑅𝐸 is the regulator of 𝐸. Taking residues at 𝑠 = 0 on both sides of (10.2.6)
we obtain

𝑐4Γ𝐸(𝑘 + 2)Res𝑠=1𝐿(As(𝑓 ⊗ 𝜃−1), 𝑠)

=

∫
𝑍0(𝔠′𝐸)

det(𝜄𝐽 (𝛼𝑧))−𝑘/2−1𝑔−𝜄(𝜄𝐽 (𝛼))𝑗(𝜄𝐽 (𝛼𝑧), i)𝑘+2𝒩 (𝜄𝐽 (𝛼𝑧))𝑘+2𝑑𝜇𝔠′𝐸

where

𝑐4 =
N𝐸/ℚ(𝔠′𝐸)2𝑑

7/2
𝐸/ℚN𝐸/ℚ(𝑑𝐿/𝐸)

𝑅𝐸(4𝜋){𝑘+2}2[𝐸:ℚ]−2𝜋[𝐸:ℚ]∣(𝒪𝐸/𝔠′𝐸)×∣ .

We now wish to apply Proposition 9.5 to relate this last integral to the pairing
⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾 . For this purpose we remark that in the case at hand the character
𝜒𝜃−2 is trivial when restricted to 𝔸×𝐸 . This implies that the additional summation
over 𝑔𝑖 in Proposition 9.5 just multiplies the integral there by a factor. With this
in mind we see that

𝑐4Γ𝐸(𝑘 + 2)Res𝑠=1𝐿(As(𝑓 ⊗ 𝜃−1), 𝑠) = 𝐶−13 [𝐾0(𝔠
′
𝐸) : 𝐾11(𝔠

′
𝐸)]−1⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾

(10.2.7)
where 𝐶3 is defined as in Proposition 9.5.

We claim that if ⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾 ∕= 0 then 𝑓 is a base change of a modular
form on 𝐸. In order to see this, note first that ⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾 ∕= 0 implies that
Res𝑠=1𝐿(As((𝑓 ⊗ 𝜃−1)), 𝑠) ∕= 0. Write 𝑔 = 𝑓 ⊗ 𝜃−1 to ease notation. As recalled in
Section 5.12.4,

𝐿𝒟𝐿/𝐸𝔠′(𝑔 × 𝑔𝜍 , 𝑠) = 𝐿𝑑𝐿/𝐸(𝔠
′∩𝒪𝐸)(As(𝑔) ⊗ 𝜂, 𝑠)𝐿𝑑𝐿/𝐸(𝔠

′∩𝒪𝐸)(As(𝑔), 𝑠). (10.2.8)

Let 𝜋(𝑔), 𝜋(𝑓), etc. be the (unitary) cuspidal automorphic representations attached
to 𝑔, 𝑓, etc. With our normalization, 𝐿𝒟𝐿/𝐸𝔠′(𝑔× (𝑔𝜍), 𝑠) has a pole at 𝑠 = 1 if and
only if the contragredient 𝜋(𝑔)∨ satisfies 𝜋(𝑔)∨ ∼= 𝜋(𝑔)𝜍 [JaS2, Proposition 3.6].
This implies that

𝜋(𝑓 𝜍 ⊗ (𝜃𝜍)−1) ∼= 𝜋(𝑓 ⊗ 𝜃−1)𝜍

∼= 𝜋(𝑓 ⊗ 𝜃−1)∨

∼= 𝜋(𝑓) ⊗ 𝜒−1𝜃.

Thus 𝜋(𝑓 𝜍) ⊗ (𝜃𝜍𝜃)−1𝜒 ∼= 𝜋(𝑓). It is easy to check that (𝜃𝜍𝜃)−1𝜒 = 𝜒triv, so we
conclude that 𝜋(𝑓 𝜍) ∼= 𝜋(𝑓). By the theory of base change [Lan], this implies that
𝑓 is a base change of a Hilbert modular form ℎ on 𝐸. Thus our claim is proven if
we show that 𝐿(As(𝑔), 𝑠) has a pole at 𝑠 = 1 if and only if 𝐿𝑑𝐿/𝐸(𝔠

′∩𝒪𝐸)(As(𝑔), 𝑠)
does. To prove this, we show that any pole 𝑠0 of 𝐿𝔭(As(𝑔), 𝑠) satisfies Re(𝑠0) < 1.
Suppose that 𝔭 ∤ 𝔣(𝜋(𝑔)) ∩ 𝒪𝐸 . Then for any prime 𝔓 above 𝔭 we have the well-
known estimate

N𝐿/ℚ(𝔓)−1/5 < ∣𝑎𝑖,𝔓(𝑔)∣ < N𝐿/ℚ(𝔓)1/5
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(see [Sha, (4.1.3)]). We note that one actually knows ∣𝑎𝑖,𝔓(𝑔)∣ = 1 by the Ramanu-
jan conjecture (see [Bla]) but we won’t need this. The absolute convergence then
follows from an elementary bounding argument. If 𝔭 ∣ 𝔣(𝜋(𝑔)) ∩ 𝒪𝐸 , then 𝜋(𝑔) is
ramified, and in this case we have strong bounds on the 𝔓-power Fourier coeffi-
cients of 𝑔 which easily imply the desired holomorphicity (see [She, Theorem 3.3]).

We now show that, under the assumption that ⟨[𝜔𝐽(𝑓−𝜄)], 𝑍𝜃⟩𝐾 ∕= 0, the
Hilbert modular form ℎ on 𝐸 whose base change to 𝐿 is 𝑓 has nebentypus 𝜒𝐸 .
Its nebentypus is either 𝜒𝐸 or 𝜒𝐸𝜂. Suppose that the nebentypus of ℎ is 𝜒𝐸𝜂. By
Proposition 5.17, we obtain

𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(As(𝑓 ⊗ 𝜃−1), 𝑠) = 𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(Ad(ℎ), 𝑠)𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(𝜂, 𝑠). (10.2.9)

As proven above, the left-hand side has a pole at 𝑠 = 1. On the other hand,

𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(Ad(ℎ), 𝑠)𝜁𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(𝑠) = 𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(ℎ× (ℎ⊗ (𝜒𝐸𝜂)−1), 𝑠)

for Re(𝑠) > 1. Since the pole of the right-hand side at 𝑠 = 1 is simple [JaS2, Propo-
sition 3.6], it follows that 𝐿𝑑𝐿/𝐸(𝔠∩𝒪𝐸)(Ad(ℎ), 𝑠) has no pole at 𝑠 = 1, contradicting
(10.2.9).

Now assume that 𝑓 = ℎ̂ is the base change of a Hilbert modular form ℎ on
𝐸 with nebentypus 𝜒𝐸 . In this case (10.2.7) and Proposition 5.17 imply that

𝑐4Γ𝐸(𝑘 + 2)Res𝑠=1𝜁
𝑑𝐿/𝐸𝔠′𝐸 (𝑠)𝐿𝑑𝐿/𝐸𝔟∩𝒪𝐸(Ad(ℎ) ⊗ 𝜂, 1)𝐿𝔟′(As(𝑓 ⊗ 𝜃−1), 1)

= 𝐶−13 [𝐾0(𝔠
′
𝐸) : 𝐾11(𝔠

′
𝐸)]−1⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾

where 𝔟′ =
∏

𝔭∣𝑑𝐿/𝐸
𝔭∤𝔣(𝜃)∩𝒪𝐸

𝔭. Using the definition of the adjoint Gamma factors from

Section 5.12.3 we see that this implies

𝑐1𝐿
∗,𝑑𝐿/𝐸𝔟∩𝒪𝐸(Ad(ℎ) ⊗ 𝜂, 1)𝐿𝔟′(As(𝑓 ⊗ 𝜃−1), 1) = ⟨[𝜔𝐽(𝑓)], [𝑍𝜃]⟩𝐾 . □





Chapter 11

Eisenstein Series with Coefficients
in Intersection Homology

Thus far we have ignored classes in 𝐼m𝐻
[𝐿:ℚ]
inv (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) and their Poincaré

duals in intersection homology. We now take up the study of these classes. We will
assume throughout this chapter that the following conditions hold:

∙ We have that 𝜅̂ = (0, 𝑚̂) ∈ 𝒳 (𝐿) for some 𝑚 = [𝑚]1 ∈ 1
2ℤ1.

∙ 𝜒0 = 𝜒triv0, where 𝜒triv is the trivial character.

As stated in Section 7.2, the group 𝐼m𝐻
[𝐿:ℚ]
inv (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) is zero unless these

conditions hold, so these assumptions are loss of generality. We also continue to
assume the notational conventions of Section 8.1.

11.1 Eisenstein series

It turns out that the formal Fourier series associated to certain elements of

𝐼m𝐻
[𝐿:ℚ]
inv (𝑋0(𝔠),ℒ(𝜅̂, 𝜒0))

are Eisenstein series with coefficients in intersection homology. In order to make
this precise, we first set notation for certain Eisenstein series. For each 𝔠𝐸 ⊂ 𝒪𝐸

and character 𝜗 : 𝐸×∖𝔸×𝐸 → ℂ× that is trivial at the infinite places and whose
conductor divides 𝔠𝐸 , let

ℰ ′𝔠𝐸,𝜗 (( 𝑦 𝑥
0 1 ))

be the Fourier series given by

∣𝑦∣𝔸𝐸
∑
𝜉∈𝐸×
𝜉≫0

𝜎′𝔠𝐸 ,𝜗(𝜉𝑦𝒟𝐸/ℚ)𝑞𝜅(𝜉𝑥, 𝜉𝑦).

     
 J. Getz and M. Goresky, Hilbert Modular Forms with Coefficients in Intersection 

nd Quadratic Base Change, Progress in Mathematics 298, 
     DOI 10.1007/978-3-0348-0351-9_11, © Springer Basel 2012

Homology a
179



180 Chapter 11. Eisenstein Series with Coefficients in Intersection Homology

Here for each ideal 𝔠𝐸 ⊂ 𝒪𝐸 , the function 𝜎′𝔠𝐸 ,𝜗 is defined on the set of fractional
ideals of 𝐸 by setting

𝜎′𝔠𝐸 ,𝜗(𝔞) := 𝜎′𝔠𝐸 ,𝜗,[𝑚](𝔞) :=

{∑
𝔟⊆𝔞

𝔞/𝔟+𝔠𝐸=𝒪𝐸
𝜗(𝔞/𝔟)N𝐸/ℚ(𝔟)1−[𝑚] if 𝔞 is integral

0 otherwise.

In the definition of 𝜎′𝔠𝐸 ,𝜗, the sum is over integral ideals. We have also commit-
ted a standard abuse of notation, in that whenever we wrote 𝜗(𝔟) for some ideal
𝔟 ⊂ 𝒪𝐸 we should have written 𝜗(𝑏) for some idèle trivial at the infinite places
and the places dividing 𝔠′𝐸 whose associated ideal is 𝔟. This is well defined by the
assumption that the conductor of 𝜗 divides 𝔠𝐸 .

The following proposition is well known:

Proposition 11.1 (Shimura). Let 𝔠𝐸 ⊂ 𝒪𝐸. If 𝔠𝐸 ∕= 𝒪𝐸 , then

ℰ ′𝔠𝐸 ,𝜗 ∈ 𝑀(0,𝑚)(𝐾0(𝔠𝐸), 𝜗).

One can obtain this proposition, for example, from the results contained in [Hid5,
Section 6]) after twisting by an appropriate power of ∣ ⋅ ∣𝔸𝐸 (see also [Shim4,
Proposition 3.4] and [Hid6, Theorem 1, Section 9.1]).

11.2 Invariant classes revisited

Let 𝔠 ⊂ 𝒪𝐿 be an ideal. In (7.2.4) we defined

𝐼m𝐻 inv
𝑖 (𝑋0(𝔠),ℒ((0, 𝑚̂), 𝜒0))

to be

𝒵𝜍

⎛⎝⊕
𝜙

𝐻𝑖(𝔤,𝐾∞;ℂ𝜙⊗ 𝐿((0, 𝑚̂), 𝜒triv0))

⎞⎠ ,

the sum is over 𝜙 = 𝜒 ∘ det : 𝐺(ℚ)∖𝐺(𝔸) → ℂ× such that the quasicharacter 𝜒
is unramified at all finite places and satisfies 𝜒∞(𝑏∞) = 𝑏−𝑚̂

∞ . We now make this
space more explicit. For each subset 𝐽 ⊂ Σ(𝐿), consider the differential form on
𝔥Σ(𝐿) given by

𝜐𝐽 :=
⋀
𝜎∈𝐽

𝑦−2𝜎 𝑑𝑥𝜎 ∧ 𝑑𝑦𝜎.

Then, by [Har, Section 3.2], we have

𝐻2𝑖+1(𝔤,𝐾∞;ℂ𝜙⊗ 𝐿((0, 𝑚̂), 𝜒triv0)) = 0

and
𝐻2𝑖(𝔤,𝐾∞;ℂ𝜙⊗ 𝐿((0, 𝑚̂), 𝜒triv0)) =

〈
𝜐𝐽 ⊗ 𝜙 : ∣𝐽 ∣ = 𝑖

〉
.
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11.3 Definition of the 𝑽𝝌𝑬
(𝖒)

Let 𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× be a quasi-character satisfying 𝜒𝐸(𝑏∞) = 𝑏−𝑚∞ . We assume
for simplicity that

𝜒𝐸 = 𝜒′2𝐸 for some quasi-character 𝜒′𝐸 : 𝐸×∖𝔸×𝐸 → ℂ×

We assume moreover that 𝜒𝐸 ∘N𝐿/𝐸 is unramified at all finite places. Fix an ideal
𝔠 ⊂ 𝒪𝐿. For any 𝐽 ⊂ Σ(𝐿) of order [𝐿 : ℚ]/2 set

𝑉𝐽 = 𝒵𝜍
(
𝜐𝐽 ⊗ (𝜒𝐸 ∘ N𝐿/𝐸 ∘ det)

) ∈ 𝐼m𝐻[𝐿:ℚ](𝑋0(𝔠),ℒ(𝜅̂, 𝜒triv0)). (11.3.1)

We wish to define classes 𝑉𝐽,𝜒𝐸 (𝔪) in analogy with the definition in (8.3.3).

Let 𝔪 ⊂ 𝒪𝐸 . If 𝔪 = N𝐿/𝐸(𝔪′) for some 𝔪′ ⊂ 𝒪𝐿, 𝔪 + 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸) = 𝒪𝐸 ,

define 𝑉𝐽,𝜒𝐸 (𝔪) := 𝑇𝔠,𝜒𝐸 (𝔪)∗𝑉𝐽 , otherwise, define 𝑉𝐽,𝜒𝐸 (𝔪) = 0.

Here 𝑇𝔠𝐸,𝜒𝐸 (𝔪) is the Hecke operator introduced in Section 8.2.

11.4 Statement and proof of Theorem 11.2

Assume as above that 𝜒𝐸 : 𝐸×∖𝔸×𝐸 → ℂ× is a quasi-character such that 𝜒𝐸 = 𝜒′2𝐸
for a quasicharacter 𝜒′𝐸 : 𝐸×∖𝔸×𝐸 → ℂ×. We assume moreover that 𝜒𝐸 ∘ N𝐿/𝐹 is
unramified at every finite place and that 𝜒𝐸(𝑏∞) = 𝑏−𝑚

∞ . Suppose 𝜅 = (0,𝑚) ∈
𝒳 (𝐿) and 𝔠𝐸 ⊂ 𝒪𝐿. Choose an auxilliary ideal 𝔟′ ⊂ 𝒪𝐸 such that 𝔟′ ∕= 𝒪𝐸 if
(𝔠∩𝒪𝐸)𝑑𝐿/𝐸 = 𝒪𝐸 , and set 𝔠𝐸 := 𝔟′(𝔠∩𝒪𝐸)𝑑𝐿/𝐸 . Finally assume that 𝐽 ⊂ Σ(𝐿)
has order [𝐿 : ℚ]/2 and define

Φ𝑉𝐽 ,𝜒𝐸 ,𝔟 := 𝑉𝐽 ⊗ 1

2

(ℰ ′𝔠𝐸 ,1 ⊗ 𝜒′𝐸𝜂 + ℰ ′𝔠𝐸 ,1 ⊗ 𝜒′𝐸
)

∈ 𝐼m𝐻 inv
[𝐿:ℚ](𝑋0(𝔠),ℒ(𝜅̂, 𝜒0)) ⊗𝑀𝜅(𝐾0(𝒩 ′(𝔠)), 𝜒𝐸)

Here 𝒩 ′(𝔠) := 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸)3𝔟′, and the twisting operator ⊗𝜒′𝐸 was defined in
Proposition 5.11.

The main result of this chapter is the following:

Theorem 11.2. If 𝔪 + 𝔠𝐸 = 𝒪𝐸 and 𝔪 is either a norm from 𝒪𝐿 or 𝜂(𝔪) = −1
then the 𝔪th Fourier coefficient of Φ𝑉𝐽 ,𝜒𝐸 ,𝔟 is 𝑉𝐽,𝜒𝐸 (𝔪).

Remarks.

(1) In analogy with Theorem 8.3, Theorem 11.2 admits a generalization where

𝐼m𝐻[𝐿:ℚ](𝑋0(𝔠),ℒ(𝜅̂, 𝜒))

is replaced by an arbitrary Hecke module. We omit the (straightforward)
details.

(2) The auxilliary ideal 𝔟′ was introduced for simplicity so that we always work
with an Eisenstein series that does not have a constant term at ∞.
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The notion of the degree of a Hecke operator will be useful in the proof of
Theorem 11.2. For any ℤ-algebra 𝐴 ⊆ ℂ we recall the homomorphism

deg : 𝕋𝔠 ⊗ℤ 𝐴 −→ 𝐴

defined by letting deg(𝐾0(𝔠)𝛾𝐾0(𝔠)) be the number of summands in a decompo-
sition

𝐾0(𝔠)𝛾𝐾0(𝔠) =

deg(𝐾0(𝔠)𝛾𝐾0(𝔠))∑
𝑖=1

𝛾𝑖𝐾0(𝔠)

for some 𝛾𝑖 ∈ 𝑅(𝔠) and extending 𝐴-linearly. See [Shim1] for a proof that deg is
well defined and is an algebra homomorphism. One can check1 that

deg(𝑇𝔠(𝔪)) = 𝜎′𝔠,1(𝔪) := 𝜎′𝔠,1,[𝑚](𝔪), (11.4.1)

where by the subscript 1 we mean the trivial character and we define the function
𝜎 for ideals of 𝒪𝐿 as we did for ideals of 𝒪𝐸 in Section 11.1 above.

Proof of Theorem 11.2. We must show that if 𝔫+ 𝔠𝐸 = 𝒪𝐸 and 𝜂(𝔫) = −1 or 𝔫 is
a norm from 𝒪𝐿 then

𝑉𝐽,𝜒𝐸 (𝔫) =
𝜒′𝐸(𝔫)

2

(
𝜂(𝔫)𝜎′𝔠𝐸 ,1(𝔫) + 𝜎′𝔠𝐸 ,1(𝔫)

)
𝑉𝐽 (11.4.2)

If 𝜂(𝔫) = −1 this is obvious, so we assume that 𝔫 is a norm from 𝒪𝐿 for the

remainder of the proof. We defined 𝑇𝔠,𝜒𝐸 multiplicatively, so it suffices to prove
(11.4.2) for prime powers.

Suppose that 𝔭 ⊂ 𝒪𝐸 is a prime coprime to 𝑑𝐿/𝐸(𝔠 ∩ 𝒪𝐸)𝔟 splitting as

𝔭 = 𝔓𝔓 in 𝒪𝐿. Then we have

𝑉𝐽,𝜒𝐸 (𝔭𝑟) : = 𝑇𝔠𝐸(𝔭𝑟)∗𝑉𝐽 = 𝜒′𝐸(N𝐿/𝐸(𝔓𝑟)) deg(𝑇𝔠(𝔓
𝑟)))𝑉𝐽

= 𝜒′𝐸(𝔭𝑟)𝜎′𝔠,1(𝔓
𝑟)𝑉𝐽 = 𝜒′𝐸(𝔭𝑟)𝜎′𝔠𝐸 ,1(𝔭

𝑟)𝑉𝐽

It is easy to see that (11.4.2) in the case 𝔫 = 𝔭𝑟 follows from this.

Now assume that 𝔭 ⊂ 𝒪𝐸 is a prime coprime to 𝑑𝐿/𝐸(𝔠 ∩𝒪𝐸)𝔟 that is inert
in 𝐿/𝐸 (we denote by 𝔓 the integral closure of 𝔭 in 𝒪𝐿). We have

𝑉𝐽,𝜒𝐸 (𝔭2𝑟) := 𝑇𝔠𝐸(𝔭2𝑟)∗𝑉𝐽

= 𝑇𝔠(𝔓
𝑟)∗𝑉𝐽 + 𝜒𝐸(𝔭)N𝐸/ℚ(𝔭)𝑇𝔠(𝔓

𝑟−1)∗𝑉𝐽

= 𝜒′𝐸(N𝐿/𝐸(𝔓𝑟)) deg(𝑇𝔠(𝔓
𝑟))𝑉𝐽

+ 𝜒𝐸(𝔭)N𝐸/ℚ(𝔭)𝜒′𝐸(N𝐿/𝐸(𝔓𝑟−1)) deg(𝑇𝔠(𝔓
𝑟−1))𝑉𝐽

=
(
𝜒′𝐸(𝔭2𝑟)𝜎′𝔠,1(𝔓

𝑟) + (𝜒′2𝐸)(𝔭)N𝐸/ℚ(𝔭)𝜒′𝐸(𝔭2𝑟−2)𝜎′𝔠,1(𝔓
𝑟−1)

)
𝑉𝐽

= 𝜒′𝐸(𝔭2𝑟)𝜎′𝔠𝐸 ,1(𝔭
2𝑟)𝑉𝐽 .

This implies (11.4.2) in the case 𝔫 = 𝔭2𝑟 for inert 𝔭. □

1See [Bu, (6.4) p. 494] for the case of 𝑇𝔠(𝔭) when 𝔭 ∤ 𝔠.



Appendix A

Proof of Proposition 2.4

A.1 Cellular cosheaves

Let 𝐾 be a finite regular cell complex. A cellular cosheaf 1 is a gadget E that as-
signs to each cell 𝜎 ∈ 𝐾 an 𝑅 module E𝜎 and to each face 𝜏 < 𝜎 a homomorphism
Φ𝜎𝜏 : E𝜎 → E𝜏 such that whenever 𝜏 < 𝜔 < 𝜎 are faces we have Φ𝜎𝜏 = Φ𝜔𝜏 ∘Φ𝜎𝜔 .
Thus, E is a contravariant functor from the category (which we also denote by
𝐾) whose objects are the cells of 𝐾 and whose morphisms 𝜏 → 𝜎 are inclusions
of faces 𝜏 < 𝜎. A simplicial local system is a cellular cosheaf such that all the
homomorphisms Φ𝜎𝜏 are isomorphisms.

An elementary 𝑟 chain with coefficients in a cellular cosheaf E is an equiv-
alence class of formal products 𝑎𝜎 where 𝜎 ∈ 𝐾 is an 𝑟-dimensional cell and
𝑎 ∈ E𝜎, modulo the identification 𝑎𝜎 ∼ (−𝑎)𝜎′ where 𝜎′ is the same cell but with
the opposite orientation. The chain module 𝐶𝑟(𝐾,E) is the collection of all finite
formal linear combinations of elementary cellular 𝑟 chains. The boundary of an
elementary 𝑟 chain 𝑎𝜎 is

∂(𝑎𝜎) =
∑
𝜏

Φ𝜎𝜏 (𝑎)𝜏

where the sum is taken over those 𝜏 < 𝜎 of dimension 𝑟 − 1.

Let 𝐻𝑟(𝐾,E) be the homology of the complex 𝐶∗(𝐾,E). It is called the ho-
mology of 𝐾 with coefficients in the cosheaf E. If 𝐾 ′ is a (finite) refinement of 𝐾
then the cosheaf E on 𝐾 determines a cosheaf E′ on 𝐾 ′ by declaring E′(𝜎) = E(𝜏)
where 𝜎 ∈ 𝐾 ′, and 𝜏 ∈ 𝐾 is the unique cell containing the interior 𝜎𝑜. Then re-
finement determines a natural injection 𝐶𝑟(𝐾,E) → 𝐶𝑟(𝐾 ′,E′).

If 𝜎 is a cell in a convex linear cell complex 𝐾 and if 𝜎 ∈ 𝜎𝑜 is a point in
its interior, define the stellar subdivision of 𝐾 with respect to 𝜎 to be the convex

1Recall that every simplex 𝜎 has a canonical open neighborhood, namely the open star 𝑆𝑡𝑜(𝜎) of
𝜎. The reason for the terminology “cellular cosheaf” is that if 𝜏 < 𝜎 then the open stars satisfy
the reverse containment: 𝑆𝑡𝑜(𝜎) ⊂ 𝑆𝑡𝑜(𝜏).
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linear cell complex in which the cell 𝜎 has been divided into the collection of cones
𝜎∗𝜏 (where 𝜏 varies over the cells in ∂𝜎), together with the zero-dimensional cell 𝜎.

This definition differs slightly from that in some other texts such as [Hud].
Even if 𝐾 is a simplicial complex, the resulting subdivision 𝐾 ′ is only a cell com-
plex. The first barycentric subdivision of 𝐾 may be obtained by starring (i.e.,
taking the stellar subdivision) with respect to all the simplices of 𝐾 in order of
increasing dimension.

Proposition A.1. Let E be a cellular cosheaf on a convex linear cell complex 𝐾 and
let 𝐾 ′ be a refinement of 𝐾 with corresponding cosheaf E′. Then the refinement
mapping induces a canonical isomorphism

𝐻𝑟(𝐾,E) ∼= 𝐻𝑟(𝐾 ′,E′)

for all 𝑟.

Proof. (Most of the classical proofs of the invariance of homology under subdi-
vision are either very complicated, or else they do not work in this setting.) Let
us consider the case that 𝐾 ′ is a stellar subdivision of 𝐾 with respect to a single
barycenter 𝜎 ∈ 𝜎𝑜 of a cell of dimension 𝑟. In this case, we need to show that
the homology of the quotient complex 𝐷∗ = 𝐶∗(𝐾 ′,E′)/𝐶∗(𝐾,E) vanishes. Let
𝐿 denote the subcomplex of 𝐾 corresponding to ∂𝜎. For 𝑗 ∕= 0, 𝑟 the quotient
𝐷𝑗 = 𝐶𝑗(𝐾

′,E′)/𝐶𝑗(𝐾,E) may be identified with the group 𝐶𝑗−1(𝐿,E𝜎) (with
constant coefficients), while 𝐷0 = E𝜎 and 𝐷𝑟 = 𝐶𝑟−1(𝐿,E𝜎)/E𝜎, this last being
the quotient under the diagonal embedding E𝜎 → 𝐶𝑟−1(𝐿,E𝜎). In other words,
the complex 𝐷∗ is the chain complex (with constant coefficients) for the 𝑟 − 1-
dimensional sphere, augmented in degrees 0 and 𝑟, so 𝐻𝑟(𝐷∗) = 0 for all 𝑟.

The stellar subdivisions of 𝐾 form a cofinal system in the directed set of all
finite refinements of 𝐾, so we conclude that the homology 𝐻∗(𝐾,E) is invariant
under refinement. □

We remark for completeness that a simplicial sheaf is a covariant functor from
the category 𝐾 to the category of 𝑅-modules. The cohomology of a simplicial sheaf
is defined in a way that is dual to the homology of a cosheaf.

A.2 Proof of Lemma 2.3

Let 𝐾 be a regular cell complex, 𝐿 a closed subcomplex, set 𝑋 = ∣𝐾∣ and
𝑌 = ∣𝐾∣ − ∣𝐿∣ with 𝑖 : 𝑌 → 𝑋 the inclusion mapping. Let E be a local coef-
ficient system on 𝑌. Then we obtain a cellular cosheaf 𝑖!E on 𝑋 which assigns to
any cell 𝜎 ∈ 𝐾 the group

𝑖!E(𝜎) =

{
𝐸𝜎 if 𝜎𝑜 ⊂ 𝑌

0 otherwise.
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It follows immediately from the definitions that the chain groups 𝐶𝑟(𝐾, 𝑖!E) =

𝐶𝐾
𝑟 (𝑌,E) are identical, hence 𝐻𝑟(𝐾, 𝑖!E) ∼= 𝐻̂𝐾

𝑟 (𝑌,E). Proposition A.1 then im-
plies that the cellular Borel-Moore homology groups 𝐻𝐾

𝑟 (𝑌,E) are invariant under
(finite) refinements, which proves Lemma 2.3. □

A.3 Proof of Proposition 2.4

In this section, 𝐾 is a finite convex linear cell complex, 𝐿 is a closed subcomplex,
𝑋 = ∣𝐾∣, 𝑌 = ∣𝐾∣ − ∣𝐿∣, and E is a local coefficient system (of 𝑅 modules) on 𝑌.
Set 𝐴 = ∣𝐿∣ ⊂ 𝑋. We have a triangulation 𝑇 of 𝑌 (with infinitely many simplices)
that refines 𝐾 and we wish to consider the map on homology that is induced from
the injection 𝐶𝐾

𝑟 (𝑌,E) → 𝐶𝐵𝑀,𝑇
𝑟 (𝑌,E) → 𝐶𝐵𝑀

𝑟 (𝑌,E).

First let us consider the case that 𝐸 extends as a local system over all of
𝑋. Then the chain group 𝐶𝐾

𝑖 (𝑌,E) is canonically isomorphic to the quotient
group 𝐶𝑖(𝐾,E)/𝐶𝑖(𝐿,E), since both complexes have bases that are indexed by
𝑖-dimensional simplices 𝜎 ∈ 𝐾 such that 𝜎 ∕∈ 𝐿, in other words, such that 𝜎𝑜 ⊂ 𝑌.
It is also easy to see that the boundary homomorphisms are compatible with
this isomorphism, hence 𝐻̂𝐾

𝑟 (𝑌,E) ∼= 𝐻𝑟(𝑋,𝐴;E). On the other hand, the map-
ping 𝐶𝑟(𝐾,E)/𝐶𝑟(𝐿,E) → 𝐶𝐵𝑀

𝑟 (𝑌,E) also induces an isomorphism on homology,
which may be checked by building up 𝑋 from 𝐴, one simplex at a time.

Now consider the general case, when 𝐸 does not necessarily extend as a local
system over 𝑋. By taking the barycentric subdivision if necessary, we may assume
that 𝐾 is a simplicial complex and that 𝐿 is a full subcomplex, meaning that if 𝜎 is
a simplex of 𝐾 and all its vertices are in 𝐿 then 𝜎 ∈ 𝐿. Let 𝑀 be the subcomplex
of 𝐾 consisting of simplices that are disjoint from 𝐴 = ∣𝐿∣. Then 𝑀 is also a full
subcomplex of 𝐾 (for if 𝜎 is a simplex of 𝐾 whose vertices are in 𝑀, then the
simplex 𝜎 is disjoint from 𝐴 so it lies in 𝑀). Let us now consider the simplices
of 𝐾 that are neither in 𝑀 or 𝐿. The vertices of such a simplex 𝜎 fall into two
classes: those in 𝐿 and those in 𝑀. Thus we have isolated two faces 𝜏𝐿 ∈ 𝐿 and
𝜏𝑀 ∈ 𝑀 of 𝜎 such that 𝜎 = 𝜏𝐿 ∗ 𝜏𝑀 is the join of these faces. In other words,
every point 𝑥 ∈ 𝜎 lies on a unique line segment 𝐼𝑥 with one endpoint in 𝜏𝐿 and
the other endpoint in 𝜏𝑀 . In this way, the mapping ∣𝐿∣ → {0} and ∣𝑀 ∣ → {1}
extends uniquely, linearly, and continuously to a simplicial mapping 𝑓 : 𝑋 → [0, 1].
(See, for example, [Mun] Lemma 70.1, p. 414.) Let us denote by 𝑋𝑆 = 𝑓−1(𝑆) for
any subset 𝑆 ⊂ [0, 1]. Then 𝑌 = 𝑋[0,1). The simplicial mapping 𝑓 is necessarily a
product mapping over the open interval (0, 1). We obtain in this way a “collaring”
𝑋(0,1) ∼= 𝑋{ 1

2} × (0, 1) of a neighborhood of infinity.

It follows that there is a piecewise linear homeomorphism 𝑌 → 𝑋[0, 12 ), which
then induces canonical isomorphisms

𝐻𝐵𝑀
𝑟 (𝑌,E) → 𝐻𝐵𝑀

𝑟 (𝑋[0, 12 ),E) ∼= 𝐻𝑟(𝑋[0, 12 ], 𝑋{ 1
2};E) (A.3.1)

since E extends across 𝑋{ 1
2}.
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We now wish to make a similar identification of 𝐻̂𝐾
𝑟 (𝑌,E).

Let us refine the interval [0, 1] by adding a vertex { 12}, and then refine 𝐾 into
a regular cell complex such that 𝑓−1(12 ) is a subcomplex: each simplex 𝜎 = 𝜏𝐿 ∗𝜏𝑀
is decomposed into two cells, 𝜎∩𝑓−1([0, 12 ]) and 𝜎∩𝑓−1([ 12 , 1]) whose intersection is

the cell 𝜎∩𝑓−1(12 ). Let 𝐾 ′ denote this (cellular) refinement of 𝐾 and let 𝐶𝐾′
𝑟 (𝑌,E)

𝑀︷︸︸︷ 𝐿︷︸︸︷

𝜏𝑀

𝜎
𝜏𝐿

0 1
2 1

�
f

Figure A.3: Decomposing simplices of 𝐾

be the cellular Borel-Moore chains on 𝑌 with respect to this pseudo-cellulation 𝐾 ′

of 𝑌. The chain group decomposes into three subgroups 𝐶𝐾′
𝑟 (𝑌,E) = 𝐴𝑟⊕𝐵𝑟⊕𝐶𝑟,

each of which consists of formal linear combinations of 𝑟-dimensional cells 𝜎 ∈ 𝐾 ′

with 𝜎𝑜 ⊂ 𝑋[0, 12 ) in case 𝐴𝑟 , with 𝜎𝑜 ⊂ 𝑋{ 1
2} in case 𝐵𝑟, and with 𝜎𝑜 ⊂ 𝑋( 12 ,1) in

case 𝐶𝑟. The boundary homomorphism decomposes as follows.

𝐴𝑟+1 ⊕ 𝐵𝑟+1 ⊕ 𝐶𝑟+1

𝐴𝑟

�
⊕ 𝐵𝑟

���
⊕ 𝐶𝑟

�

Each cell in 𝐶𝑟 is the product of a cell in 𝐵𝑟−1 with the open interval (12 , 1) so
the subcomplex 𝐵 ⊕ 𝐶 is acyclic. Hence the left arrow in the following diagram
induces an isomorphism on homology groups. The right arrow in this diagram is
an isomorphism of chain complexes:

𝐴⊕𝐵 ⊕ 𝐶 −−−−→ (𝐴⊕𝐵 ⊕ 𝐶)/(𝐵 ⊕ 𝐶) ←−−−− (𝐴⊕𝐵)/𝐵

Altogether, we obtain a canonical isomorphism

𝐻̂𝐾′
𝑟 (𝑌,E) ∼= 𝐻𝑟(𝐴⊕𝐵/𝐵) = 𝐻𝑟(𝑋[0, 12 ], 𝑋

1
2
;E).

Combining this with the isomorphisms of Lemma 2.3 and equation (A.3.1) gives
the desired isomorphism

𝐻̂𝐾
𝑟 (𝑌,E) ∼= 𝐻̂𝐾′

𝑟 (𝑌,E) ∼= 𝐻𝐵𝑀
𝑟 (𝑌,E). □



Appendix B

Recollections on Orbifolds

If a compact group acts with finite isotropy on a smooth manifold, then the quo-
tient space is an orbifold. The singularities in such a space are “mild” in that it is
possible to develop a theory of differential forms on such a space which supports the
theorems of Stokes and de Rham. In this section we review the definition and basic
properties of orbifolds, or V-manifolds, as described in [Sat], [ChR], and elegantly
reformulated in [MP]. A good general reference is [Adem]. See also [Kaw], [Bai], and
[Mo2]. Although none of this material is new, we have filled in some technical de-
tails, particularly with respect to refinement of an orbifold atlas. As a consequence,
several hypotheses appearing in [Sat], [Kaw], and [ChR] may be omitted from the
definition of an orbifold. There are slight differences among the various definitions
and terminologies. The orbifolds considered here are reduced in the sense of [ChR].

B.1 Effective actions

Let 𝐺 be a finite group of diffeomorphisms of an 𝑛-dimensional connected manifold
𝑀. Assume the action is effective: every element 𝑔 ∈ 𝐺 acts non-trivially except
for the identity element 1 ∈ 𝐺. Write 𝑔 ⋅𝑚 for the action of 𝑔 ∈ 𝐺 on 𝑚 ∈ 𝑀 and
let 𝑑𝑔(𝑚) : 𝑇𝑚𝑀 → 𝑇𝑔⋅𝑚𝑀 be the differential of this mapping. For each 𝑚 ∈ 𝑀
let 𝐺𝑚 ⊂ 𝐺 denote the isotropy group of 𝐺, and for each 𝑔 ∈ 𝐺 let 𝑀𝑔 denote
the set of points in 𝑀 that are fixed by 𝑔. A choice of 𝐺-invariant Riemannian
metric on 𝑀 determines a system of geodesics on 𝑀 such that the exponential
mapping is 𝐺-equivariant in the sense that the following diagram commutes over
some neighborhood 𝑊𝑚 of the origin in 𝑇𝑚𝑀 :

𝑇𝑚𝑀 −−−−→
𝑑𝑔(𝑚)

𝑇𝑔⋅𝑚𝑀

exp

⏐⏐" ⏐⏐"exp
𝑀 −−−−→

𝑔
𝑀

(B.1.1)

187
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See [Koba, Section VI Proposition 1.1 and Section IV Proposition 2.5]. This has
several immediate consequences.

(A) For any 𝑔 ∈ 𝐺 the fixed point set 𝑀𝑔 is a union of smoothly embedded closed
submanifolds of 𝑀.

For if 𝑔 ⋅𝑚 = 𝑚 then there exists a neighborhood 𝑈𝑚 of 𝑚 such that 𝑀𝑔 ∩𝑈𝑚 =
exp(𝑉 ) where 𝑉 = {𝑣 ∈ 𝑇𝑚𝑀 ∣ 𝑑𝑔(𝑚)(𝑣) = 𝑣} ∩ 𝑊𝑚 is an open set in a vector
space.

(B) Let 𝑔 ∈ 𝐺. If there exists a point 𝑚 ∈ 𝑀𝑔 such that 𝑑𝑔(𝑚) : 𝑇𝑥𝑀 → 𝑇𝑥𝑀
is the identity mapping, then 𝑔 = 1.

For, if 𝑑𝑔(𝑚) = 𝐼 then 𝑔 fixes a whole neighborhood of 𝑚. Therefore the set of
points 𝑦 ∈ 𝑀 such that 𝑑𝑔(𝑦) = 𝐼 is both open and closed, so 𝑔 acts trivially on
𝑀. Since the action is effective, 𝑔 = 1.

(C) The set 𝑀0 of points on which 𝐺 acts freely is open and dense in 𝑀.

In fact 𝑀0 is the complement of the finitely many closed submanifolds 𝑀𝑔 (for
𝑔 ∕= 1), each of which has codimension ≥ 1.

Lemma B.1 ([MP]). Let 𝑀 ′ be another connected 𝑛-dimensional manifold with
an effective action by a finite group 𝐺′. Let 𝑖 : 𝑀/𝐺 → 𝑀 ′/𝐺′ be an embedding.
Suppose 𝑓 : 𝑀 → 𝑀 ′ is a smooth embedding which covers the mapping 𝑖. Then

(1) There exists a unique mapping 𝜆 : 𝐺 → 𝐺′ such that 𝑓 is equivariant with
respect to 𝜆 (meaning that 𝜆(𝑔) ⋅ 𝑓(𝑚) = 𝑓(𝑔 ⋅𝑚)).

(2) The mapping 𝜆 is an injective group homomorphism. Its image is

𝐼𝑚(𝜆) = {𝑔′ ∈ 𝐺′∣ 𝑔′ ⋅ 𝑓(𝑀) = 𝑓(𝑀)} .
For each 𝑚 ∈ 𝑀 the mapping 𝜆 induces an isomorphism of isotropy groups
𝐺𝑚

∼= 𝐺′𝑓(𝑚).

(3) If there exists 𝑔′ ∈ 𝐺′ such that 𝑓(𝑀)∩ 𝑔′ ⋅ 𝑓(𝑀) ∕= 𝜙 then 𝑓(𝑀) = 𝑔′ ⋅ 𝑓(𝑀)
and 𝑔′ is in the image of 𝜆.

(4) If ℎ : 𝑀 → 𝑀 ′ is another smooth embedding that covers the same embedding
𝑖 then there exists a unique 𝑔′ ∈ 𝐺′ such that ℎ(𝑚) = 𝑔′ ⋅ 𝑓(𝑚) for all 𝑚.

Let ℳ𝑆 be the category of 𝑛-manifolds with finite symmetry. An object
in ℳ𝑆 is a pair (𝑀,𝐺) where 𝑀 is a smooth connected 𝑛-manifold and 𝐺 is a
finite group acting effectively on 𝑀. A morphism (𝑀,𝐺) → (𝑀 ′, 𝐺′) is a smooth
equivariant open embedding 𝑓 : 𝑀 → 𝑀 ′ which induces an open embedding 𝑖 :
𝑀/𝐺 → 𝑀 ′/𝐺′. In this case we say that the embedding 𝑓 covers the embedding 𝑖.

Proof of Lemma B.1. We will prove (4) first. Assume we are given mappings 𝑓, ℎ :
𝑀 → 𝑀 ′ which cover the mapping 𝑖. If 𝑀0 and (𝑀 ′)0 denote the subsets on which
𝐺 and 𝐺′ act freely then the set 𝑊 = 𝑀0 ∩ 𝑓−1((𝑀 ′)0)∩ ℎ−1((𝑀 ′)0) is open and
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dense in 𝑀 ; the projection 𝜋 : 𝑊 → 𝑊/𝐺 is a smooth unramified covering; and
the restriction 𝑖 : 𝑊/𝐺 → (𝑀 ′)0/𝐺′ is a smooth embedding of smooth manifolds.
Fix a point 𝑚0 ∈ 𝑊. Then 𝑓(𝑚0) and ℎ(𝑚0) lie in the same fiber (𝜋′)−1(𝑖𝜋(𝑚0))
where 𝜋′ : 𝑀 ′ → 𝑀 ′/𝐺′ is the projection. Therefore there is a unique 𝑔′0 ∈ 𝐺′

such that ℎ(𝑚0) = 𝑔′0 ⋅ 𝑓(𝑚0). We will show that ℎ(𝑚) = 𝑔′0 ⋅ 𝑓(𝑚) for all 𝑚 ∈ 𝑀.

From covering space theory we know that ℎ(𝑚) = 𝑔′0 ⋅ 𝑓(𝑚) for all 𝑚 in
the connected component of 𝑊 that contains the point 𝑚0, and this equality also
holds in the closure of this connected component. The same remarks apply to
every connected component of 𝑊. Let 𝑊0 denote the union of those connected
components of 𝑊 such that ℎ(𝑚) = 𝑔′0𝑓(𝑚) for all 𝑚 in the closure 𝑊 0 of 𝑊0.

Recall that 𝑊 is the complement of a finite collection of closed submanifolds
of 𝑀 having dimension ≤ 𝑛− 1. Choose a point 𝑚1 ∈ 𝑀 on one of these subman-
ifolds that separates the region 𝑊0 from some other region, say 𝑊1, for which the
corresponding group element 𝑔′1 ∕= 𝑔′0.

Choose a 𝐺′-invariant Riemannian metric 𝑏(⋅, ⋅) on 𝑀 ′ and consider its pull-
back 𝑓∗(𝑏) to 𝑀. This is a smooth metric on 𝑀 and its restriction to 𝑊 is the
pullback 𝑓∗(𝑏) = 𝜋∗𝑖∗(𝑏̄) of a smooth metric 𝑏̄ on 𝑀0/𝐺′. Therefore 𝑓∗(𝑏) is 𝐺-
invariant on 𝑊 so by continuity it is 𝐺 invariant on all of 𝑀. Similarly, the metric
ℎ∗(𝑏) coincides with 𝑓∗(𝑏) on 𝑊 so they coincide everywhere, and ℎ is also an
isometry. By [Koba] Section VI Proposition 1.1 we again have a diagram which
commutes over some neighborhood of the origin in 𝑇𝑚1𝑀 :

𝑇𝑚1𝑀 −−−−−−→
𝑑(𝑔′

0𝑓)(𝑚)
𝑇𝑓(𝑚1)𝑀

′

exp

⏐⏐" ⏐⏐"exp
𝑀 −−−−→

𝑔′
0⋅𝑓

𝑀 ′

𝜋

⏐⏐" ⏐⏐"𝜋′

𝑀/𝐺 −−−−→
𝑖

𝑀 ′/𝐺′

(B.1.2)

and there is a similar diagram for ℎ. On the one hand ℎ(𝑚) = 𝑔′0 ⋅𝑓(𝑚) for 𝑚 in the
region 𝑊 0 (hence 𝑑ℎ(𝑚1) = 𝑑𝑔′0 ∘𝑑𝑓(𝑚1)) but on the other hand ℎ(𝑚) = 𝑔′1 ⋅𝑓(𝑚)
for 𝑚 in the region 𝑊1 (hence 𝑑ℎ(𝑚1) = 𝑑𝑔′1∘𝑑𝑓(𝑚1)). Therefore the group element
(𝑔′1)

−1𝑔′0 fixes the point 𝑓(𝑚1) and acts on 𝑇𝑚1𝑀
′ by the identity mapping, so by

(B) above, 𝑔′1 = 𝑔′0. In summary, the set of points 𝑚 where ℎ(𝑚) = 𝑔′0 ⋅𝑓(𝑚) is both
open and closed, hence ℎ = 𝑔′0⋅𝑓. This completes the proof of part (4) of the lemma.

To prove part (1), let us return to the original basepoint 𝑚0 ∈ 𝑀. Since 𝐺
acts freely on 𝑚0 and since 𝐺′ acts freely on 𝑓(𝑚0), for any 𝑔 ∈ 𝐺 there is a
unique element, call it 𝜆(𝑔) ∈ 𝐺′ such that 𝑓(𝑔 ⋅𝑚0) = 𝜆(𝑔) ⋅𝑓(𝑚0). The mappings
𝑚 �→ 𝑓(𝑔 ⋅𝑚) and 𝑚 �→ 𝜆(𝑔) ⋅𝑓(𝑚) both cover the mapping 𝑖 and they agree at the
point 𝑚0 so by the preceding paragraph, they coincide everywhere. Moreover this
implies that 𝑓(𝑔1𝑔2 ⋅𝑚) = 𝜆(𝑔1)⋅𝑓(𝑔2 ⋅𝑚) = 𝜆(𝑔1)⋅𝜆(𝑔2)⋅𝑓(𝑚) which proves that 𝜆
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is a group homomorphism. It is clearly injective: if 𝜆(𝑔) = 1 then 𝑓(𝑔𝑥0) = 𝑓(𝑥0).
But 𝑓 is an embedding so 𝑔𝑥0 = 𝑥0 hence 𝑔 = 1. This proves part (2).

For part (3), suppose 𝑓(𝑀) ∩ 𝑔′ ⋅ 𝑓(𝑀) ∕= 𝜙. Then the set 𝑓−1(𝑔′ ⋅ 𝑓(𝑀))
is open and non-empty. Since 𝑀0 is dense in 𝑀 there exist 𝑚1,𝑚2 ∈ 𝑀0 such
that 𝑓(𝑚1) = 𝑔′ ⋅ 𝑓(𝑚2). It follows that 𝜋(𝑚1) = 𝜋(𝑚2) so there exists a unique
𝑔 ∈ 𝐺 such that 𝑚2 = 𝑔 ⋅𝑚1. The embeddings 𝑚 �→ 𝑓(𝑔 ⋅𝑚) and 𝑚 �→ 𝑔′ ⋅ 𝑓(𝑚)
agree at the point 𝑚1 so they coincide. Therefore 𝑔′ = 𝜆(𝑔) and hence 𝑔′ ⋅ 𝑓(𝑀) =
𝑓(𝑔 ⋅𝑀) = 𝑓(𝑀). □

This lemma allows us to remove several hypotheses in [Sat] and [Kaw] con-
cerning the definition of an orbifold.

B.2 Definitions

Throughout the remainder of this appendix, fix a locally compact Hausdorff space
𝑋 and a regular, commutative Noetherian ring 𝑅 (with unit) of finite cohomo-
logical dimension (e.g., a principal ideal domain). An 𝑅-orbifold chart (also called
a local uniformization) on 𝑋 is a collection 𝒞 = (𝑈,𝑀,𝐺, 𝜙) where 𝑈 ⊂ 𝑋 is a
connected open subset, (𝑀,𝐺) is an object in ℳ𝑆 such that every rational integer
dividing ∣𝐺∣ is invertible in 𝑅, and 𝜙 : 𝑀 → 𝑋 is a continuous 𝐺-invariant mapping
which induces a homeomorphism 𝜙 : 𝑀/𝐺 → 𝑈 ⊂ 𝑋 onto an open subset 𝑈 of 𝑋.
Suppose 𝒞 = (𝑈,𝑀,𝐺, 𝜙) and 𝒞′ = (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) are charts such that 𝑈 ⊂ 𝑈 ′.
We say these charts are compatible, and we write 𝒞 → 𝒞′, if there exists a morphism
𝑓 : (𝑀,𝐺) → (𝑀 ′, 𝐺′) in ℳ𝑆 that covers the inclusion 𝑖 : 𝑈 → 𝑈 ′. In this case we
also write 𝑓 : (𝑈,𝑀,𝐺, 𝜙) → (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) and we refer to 𝑓 as an embedding of
charts or as a morphism of charts. By Lemma B.1 such a morphism 𝑓 : 𝑀 → 𝑀 ′,
if one exists, is uniquely determined up to the action by elements of 𝐺′.

Let us say that an open covering 𝒰 of 𝑋 is good if each 𝑈 ∈ 𝒰 is connected
and if 𝒰 is closed under pairwise intersections: if 𝑈1, 𝑈2 ∈ 𝒰 and 𝑈1 ∩𝑈2 ∕= 𝜙 then
𝑈1 ∩ 𝑈2 ∈ 𝒰 .
Definition B.2.1. An 𝑅-orbifold atlas 𝔘 on 𝑋 consists of a good open cover 𝒰 and
an assignment, for each 𝑈 ∈ 𝒰 of an 𝑅-orbifold chart (𝑈,𝑀,𝐺, 𝜙) over 𝑈, such
that: if 𝑈 ⊂ 𝑈 ′ are elements of 𝒰 then the charts (𝑈,𝑀,𝐺, 𝜙) and (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′)
are compatible. We say that 𝔘 is an orbifold atlas over the cover 𝒰 .

We use this somewhat restrictive notion of a “good” open cover, which re-
quires all pairwise intersections 𝑈 ∩ 𝑈 ′ to be connected (or empty), in order to
facilitate the proof of Proposition B.3 below. However this condition may be weak-
ened to the more standard, but equivalent condition

∙ If 𝑈,𝑈 ′ ∈ 𝒰 and if 𝑥 ∈ 𝑈 ∩ 𝑈 ′ then there exists 𝑉 ∈ 𝒰 such that 𝑥 ∈ 𝑉 ⊂
𝑈 ∩ 𝑈 ′.

In fact, any open cover of an orbifold 𝑋 admits a “good” refinement [Mo1].
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Remark. If 𝑋 admits a 𝑅-orbifold atlas then 𝑋 is a 𝑅-homology manifold.

One annoying aspect of these definitions is the fact that, given an 𝑅-orbifold
atlas and an arrangement of open sets sets in 𝒰 ,

𝑈1 −−−−→ 𝑈2⏐⏐" ⏐⏐"
𝑈3 −−−−→ 𝑈4

it may be impossible to choose the morphisms so that the corresponding diagram
commutes:

(𝑀1, 𝐺1) −−−−→ (𝑀2, 𝐺2)⏐⏐" ⏐⏐"
(𝑀3, 𝐺3) −−−−→ (𝑀4, 𝐺4)

Consequently some constructions become quite difficult when using the definition
of orbifold as given in [Kaw].

On the other hand, suppose 𝑈1 ⊂ 𝑈2 ⊂ 𝑈3 are open sets in 𝑋 and suppose 𝑅-
orbifold charts 𝒞𝑖 = (𝑈𝑖,𝑀𝑖, 𝐺𝑖, 𝜙𝑖) are given over each of these (with 1 ≤ 𝑖 ≤ 3).
It is easy to see that if 𝒞1 → 𝒞2 (meaning that these charts are compatible) and
if 𝒞2 → 𝒞3 then 𝒞1 → 𝒞3. Moreover we have the following:

Lemma B.2. Let 𝒞1, 𝒞2, 𝒞3 be charts with 𝑈1 ⊂ 𝑈2 ⊂ 𝑈3 as above. Suppose 𝒞1 → 𝒞3
and 𝒞2 → 𝒞3. Then 𝒞1 → 𝒞2.
Proof. Let 𝑓1 : (𝑀1, 𝐺1) → (𝑀3, 𝐺3) and 𝑓2 : (𝑀2, 𝐺2) → (𝑀3, 𝐺3) be morphisms
that cover the inclusions 𝑈1 ⊂ 𝑈3 and 𝑈2 ⊂ 𝑈3 respectively. Let 𝑀0

1 be the set of
points 𝑚 such that 𝐺3 acts freely on 𝑓1(𝑚), cf. Lemma B.1 part (2). Then there
exists 𝑔3 ∈ 𝐺3 such that 𝑔3 ⋅𝑓1(𝑚) ∈ 𝑓2(𝑀2). We claim that 𝑔3 ⋅𝑓1(𝑀1) ⊂ 𝑓2(𝑀2),
from which it will follow that 𝑓−12 ∘ (𝑔3 ⋅ 𝑓1) : 𝑀1 → 𝑀2 is a morphism covering
the inclusion 𝑈1 ⊂ 𝑈2.

From the theory of covering spaces we know that 𝑓2(𝑀2) contains the image
𝑔3 ⋅𝑓1(𝑀1) of the connected component 𝑀𝑚

1 of 𝑀0
1 that contains the point 𝑚. So,

just as in the proof of Lemma B.1 we must consider the behavior of the mapping 𝑓3
at a point 𝑚1 ∈ 𝑀1 that separates several regions of 𝑀0

1 . A choice of 𝐺3-invariant
Riemannian metric on 𝑀3 determines 𝐺𝑗 -invariant Riemannian metrics on 𝑀𝑗

(for 𝑗 = 1, 2) and we have a diagram which commutes in some neighborhood of
the origins,

𝑇𝑚1𝑀1
𝑑(𝑔3𝑓1)(𝑚1)−−−−−−−−→ 𝑇𝑚3𝑀3

𝑑𝑓2(𝑚2)←−−−−− 𝑇𝑚2𝑀2

exp

⏐⏐" exp

⏐⏐" ⏐⏐"exp
𝑀1 −−−−→

𝑔3⋅𝑓1
𝑀3 ←−−−−

𝑓2
𝑀2
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where 𝑚3 = 𝑔3 ⋅ 𝑓1(𝑚1) and 𝑚2 = 𝑓−12 (𝑚3). Since 𝑑𝑓2 is an isomorphism, 𝑔3 ⋅ 𝑓1
takes a whole neighborhood of 𝑥1 into the image, 𝑓2(𝑀2). Therefore the set of
points in 𝑀1 that are taken by 𝑔3 ⋅ 𝑓1 into 𝑓2(𝑀2) is both open and closed in 𝑀1.
This proves the claim, and hence completes the proof of the lemma. □

B.3 Refinement

A good open covering 𝒰 of 𝑋 is said to refine a good open covering 𝒰 ′ if every
𝑈 ∈ 𝒰 is contained in some 𝑈 ′ ∈ 𝒰 ′. An 𝑅-orbifold atlas 𝔘 over a good open cover
𝒰 is said to refine an 𝑅-orbifold atlas 𝔘′ over a good open cover 𝒰 ′ if 𝒰 refines 𝒰 ′
and if the chart (𝑈,𝑀,𝐺, 𝜙) is compatible with the chart (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) whenever
𝑈 ∈ 𝒰 is contained in 𝑈 ′ ∈ 𝒰 ′.
Proposition B.3. Let 𝒰 ,𝒰 ′ be good open covers such that 𝒰 refines 𝒰 ′. Let 𝔘′ be
an 𝑅- orbifold atlas over 𝒰 ′. Then there exists an 𝑅-orbifold atlas over 𝒰 that
refines 𝔘′.

Proof. For each 𝑈 ∈ 𝒰 choose a chart (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) in 𝔘′ such that 𝑈 ⊂ 𝑈 ′.
Choose a connected component 𝑀 of the fiber product 𝐹𝑃 = 𝑈 ×𝑈 ′ 𝑀 ′ :

𝐹𝑃 −−−−→ 𝑀 ′

𝜙

⏐⏐" ⏐⏐"𝜙′

𝑈 −−−−→ 𝑈 ′

The group 𝐺′ acts on 𝐹𝑃 so we may define 𝐺 = {𝑔′ ∈ 𝐺′∣ 𝑔′(𝑀) = 𝑀} . Since this
is a subgroup of 𝐺′, we have that every rational integer dividing ∣𝐺∣ is invertible in
𝑅. We claim that these choices {(𝑈,𝑀,𝐺, 𝜙)∣ 𝑈 ∈ 𝒰} form an atlas 𝔘 that refines
the atlas 𝔘′.

First we must show that the charts

𝒞1 = (𝑈1,𝑀1, 𝐺1, 𝜙1) and 𝒞2 = (𝑈2,𝑀2, 𝐺2, 𝜙2)

are compatible whenever 𝑈1 ⊂ 𝑈2 are elements of 𝒰 . Let 𝒞′1, 𝒞′2 be the charts in 𝔘′

that were associated to 𝑈1 and 𝑈2 respectively, and let 𝒞′12 be the chart correspond-
ing to 𝑈 ′1∩𝑈 ′2 ∈ 𝒰 ′. Consider the diagram of inclusions and chart compatibilities,

𝑈 ′1 � 𝑈 ′1 ∩ 𝑈 ′2 � 𝑈 ′2 𝒞′1 � 𝒞′12 � 𝒞′2

𝑈1

�

� 𝑈2

�

𝒞1

�

�

�

𝒞2

�

Applying Lemma B.2 to 𝑈1 ⊂ 𝑈 ′1 ∩ 𝑈 ′2 ⊂ 𝑈 ′1 gives 𝒞1 → 𝒞′12. Applying the same
lemma to 𝑈1 ⊂ 𝑈2 ⊂ 𝑈 ′2 gives 𝒞1 → 𝒞2 as needed. Therefore 𝔘 is an atlas. To show
that it is a refinement of 𝔘′ we need to prove that the chart 𝒞 = (𝑈,𝑀,𝐺, 𝜙) in 𝔘 is
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compatible with chart 𝒞′1 = (𝑈 ′1,𝑀 ′
1, 𝐺

′
1, 𝜙

′
1) in 𝔘′ whenever 𝑈 ⊂ 𝑈 ′1. For this pur-

pose let 𝒞′2 = (𝑈 ′2,𝑀
′
2, 𝐺

′
2, 𝜙

′
2) be the chart in 𝔘′ that was associated to 𝑈 during

the construction of the atlas 𝔘. Then there is a chart 𝒞′12 = (𝑈 ′1∩𝑈 ′2,𝑀
′
12, 𝐺

′
12, 𝜙

′
12)

in 𝔘′ that lies over 𝑈 ′1∩𝑈 ′2 so we have a diagram of inclusions and compatibilities,

𝑈 ′2 � 𝑈 ′1 ∩ 𝑈 ′2 𝒞′2 � 𝒞′12

𝑈

�

�

�

𝑈 ′1
�

𝒞

� �

𝒞′1
�

Lemma B.2 applied to 𝑈 ⊂ 𝑈 ′1 ∩ 𝑈 ′2 ⊂ 𝑈 ′2 implies that 𝒞 → 𝒞′12 → 𝒞′1 as
claimed. □

Definition B.3.1. An 𝑅-orbifold structure on 𝑋 is an equivalence class of 𝑅-
orbifold atlases, two being equivalent if they have a common refinement. The
orbifold is orientable (resp. complex) if, for each chart (𝑈,𝑀,𝐺, 𝜙) the manifold
𝑀 is orientable (resp. complex) and the action of 𝐺 on 𝑀 is orientation pre-
serving (resp. holomorphic). The orbifold is subanalytic if 𝑋 is a subanalytic set
and for each chart (𝑈,𝑀,𝐺, 𝜙) the manifold 𝑀 is subanalytic, the group 𝐺 acts
subanalytically on 𝑀, and the mapping 𝜙 : 𝑀/𝐺 → 𝑋 is subanalytic.

The word “orbifold” replaces “𝑅-orbifold” if the ring 𝑅 is understood. Notice
that any 𝑅-orbifold is automatically a ℚ-orbifold, though not conversely.

B.4 Stratification

Let (𝑈,𝑀,𝐺, 𝜙) be a chart on 𝑋. Decompose 𝑀 into strata according to the
isomorphism type of the isotropy groups, that is, if 𝐻 is a finite group, set

𝑀𝐻 = {𝑚 ∈ 𝑀 ∣ 𝐺𝑚
∼= 𝐻} .

It follows from (A) in Section B.1 that 𝑀𝐻 is a disjoint union of smoothly embed-
ded submanifolds of 𝑀. (Its connected components may have varying dimensions.)
The group 𝐺 preserves 𝑀𝐻 so if 𝑚 ∈ 𝑀𝐻 then 𝜙−1(𝜙(𝑚)) ⊂ 𝑀𝐻 . The projection
𝑀𝐻 → 𝑀𝐻/𝐺 is a local diffeomorphism so the quotient 𝑀𝐻/𝐺 is also a union of
smooth manifolds. The open dense subset on which 𝐺 acts freely is 𝑀0 = 𝑀{1}. If
𝑓 : (𝑈,𝑀,𝐺, 𝜙) → (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) is an embedding of charts then 𝐺′𝑓(𝑚) = 𝜆(𝐺𝑚)

for all 𝑚 ∈ 𝑀 (where 𝜆 : 𝐺 → 𝐺′ is the injection from Lemma B.1). Hence
𝑓(𝑀𝐻) ⊂ 𝑀 ′

𝐻 and 𝜙(𝑀𝐻) ⊂ 𝜙′(𝑀 ′
𝐻) so we may define

𝑋𝐻 =
∪
𝒞
𝜙(𝑀𝐻)
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where the union is taken over all charts 𝒞 in an atlas. Then each connected compo-
nent of 𝑋𝐻 is a smooth manifold, topologically embedded in 𝑋 ; the sets 𝑋𝐻 and
𝑋𝐻′ are disjoint if 𝐻 ∕= 𝐻 ′, and the subset 𝑋0 =

∪
𝒞 𝜙(𝑀0) is open and dense in 𝑋.

Proposition B.4. There exists an embedding of 𝑋 into Euclidean space so that the
decomposition of 𝑋 into connected components of the various 𝑋𝐻 forms a (locally
finite) Whitney stratification of 𝑋. The topological space 𝑋 can be triangulated so
that the closure of each stratum becomes a closed subcomplex.

Proof. The quotient of a finite-dimensional real vector space 𝑉 under the action
of a finite group can be embedded as a semi-analytic subset of Euclidean space
so that the decomposition into strata 𝑉𝐻 satisfies the Whitney conditions. Every
Whitney stratified subset of a manifold can be triangulated so that the closure of
each stratum is a subcomplex. These two facts can be used to prove the Propo-
sition. Details for the embedding results may be found in [Bie], [Sja, Section 6],
[Schwa] [Pro], [Ma2], [Cu]. Details for the triangulation results may be found in
[Mo1, Section 1.2], [Ya], [Gre1]. □

B.5 Sheaves and cohomology

In the next few paragraphs we recall the definition of the cohomology of an 𝑅-
orbifold, and [Sat] the complex of differential forms that may be used to compute
it provided 𝑅 = ℝ or 𝑅 = ℂ. In general, the cohomology (in the orbifold sense) of
an orbifold 𝑋 differs from the (singular) cohomology of the underlying topological
space 𝑋. But if the coefficient ring is the rational or real numbers, then these
coincide.

Suppose a finite group 𝐺 acts on a smooth manifold 𝑀 with orbit space
𝜋 : 𝑀 → 𝑀/𝐺. A 𝐺-equivariant sheaf, or 𝐺-sheaf (of 𝑅-modules) F on 𝑀 is a
sheaf together with an isomorphism 𝜙𝑔 : 𝑔∗(F) → F for each 𝑔 ∈ 𝐺, such that
𝜙𝑔 ∘ 𝑔∗(𝜙ℎ) = 𝜙ℎ𝑔 for all 𝑔, ℎ ∈ 𝐺. The category of 𝐺-sheaves is abelian and it
has enough injectives. An equivariant section 𝑠 : 𝑀 → F is a section such that
𝜙𝑔(𝑠(𝑔 ⋅𝑚)) = 𝑠(𝑚) for all 𝑚 ∈ 𝑀 and 𝑔 ∈ 𝐺. Let Γ𝐺(𝑀,F) denote the abelian
group of equivariant sections. The equivariant cohomology is the right derived
functor, 𝐻 𝑖

𝐺 = 𝑅𝑖Γ𝐺. Thus, if F is a 𝐺-sheaf on 𝑀 then 𝐻 𝑖
𝐺(𝑀,F) is obtained

as the cohomology of the complex of global invariant sections of any resolution
F → I0 → I1 → ⋅ ⋅ ⋅ by injective 𝐺-sheaves.

Let 𝐸𝐺 be a universal space for 𝐺 with corresponding classifying space
𝐵𝐺 = 𝐸𝐺/𝐺. An equivariant sheaf F on 𝑀 pulls up to an equivariant sheaf on

𝐸𝐺×𝑀 and it passes to a sheaf, which we denote by F̂, on the Borel construction
𝐸𝐺×𝐺 𝑀. There is a natural isomorphism

𝐻 𝑖
𝐺(𝑀,F) ∼= 𝐻 𝑖(𝐸𝐺×𝐺 𝑀, F̂).
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Suppose 𝐴 is a module over a ring in which ∣𝐺∣ is invertible and suppose 𝐺 acts
linearly on 𝐴. This action determines a locally constant sheaf (or local system)
A = 𝐸𝐺×𝐺𝐴 on 𝐵𝐺. The resulting cohomology is the group cohomology ([Weib]
Prop. 6.1.10),

𝐻𝑖(𝐺,𝐴) = 𝐻𝑖
𝐺({point}, 𝐴) ∼= 𝐻 𝑖(𝐵𝐺,A) =

{
𝐴𝐺 for 𝑖 = 0

0 otherwise
(B.5.1)

where 𝐴𝐺 denotes the submodule of invariants in 𝐴.

For any 𝐺-sheaf F on 𝑀 the group 𝐺 acts on the push-forward 𝜋∗(F) and
we let

F = 𝜋∗(F)𝐺

be the sheaf of invariants. It is the sheafification of the presheaf whose sections
over an open set 𝑈 ⊂ 𝑀/𝐺 are Γ𝐺(𝜋−1(𝑈),F). If 𝑦 ∈ 𝑀 and if 𝐺𝑦 denotes the

isotropy group at 𝑦 then there is a natural identification, F
𝐺𝑦
𝑦

∼= F𝜋(𝑦) between

the 𝐺𝑦-invariants in the stalk F𝑦 and the stalk of F at 𝜋(𝑦) ∈ 𝑀/𝐺.

If 𝐺 acts freely on 𝑀 then F ∼= 𝜋∗(F) and 𝐻𝑖
𝐺(𝑋,F) ∼= 𝐻𝑖(𝑋/𝐺,F). But

if 𝐺 acts with nontrivial isotropy on 𝑋 then 𝐻𝑖
𝐺(𝑋,F) is usually non-zero (but

torsion) for infinitely many values of 𝑖. However if ∣𝐺∣ is invertible in the coefficient
ring then we regain an isomorphism between the two cohomology groups:

Proposition B.5. Suppose a finite group 𝐺 acts on a smooth manifold 𝑀. Let F
be a sheaf on 𝑀 of modules over a ring 𝑅 in which ∣𝐺∣ is invertible. Then there
is a natural isomorphism

𝐻 𝑖(𝑀/𝐺,F) ∼= 𝐻𝑖
𝐺(𝑀,F).

Proof. Let 𝑦 ∈ 𝑀. The mapping 𝑞 : 𝐸𝐺 ×𝐺 𝑀 → 𝑀/𝐺 has for its fiber over the
point 𝜋(𝑦) the classifying space 𝐸𝐺/𝐺𝑦 = 𝐵𝐺𝑦 of the stabilizer group 𝐺𝑦 . The

restriction of the sheaf F̂ to this fiber is the locally trivial sheaf corresponding to
the representation of 𝐺𝑦 on the stalk F𝑦. The stalk of 𝑅𝑏𝑞∗(F̂) may therefore be
identified with 𝐻𝑏(𝐺𝑦,F𝑦). So the Leray-Serre spectral sequence for the map 𝑞
has, as its 𝐸2 page,

𝐸𝑎,𝑏
2 = 𝐻𝑎(𝑀/𝐺,𝑅𝑏𝑞∗(F̂)) =⇒ 𝐻𝑎+𝑏

𝐺 (𝑀,F).

By equation (B.5.1) this cohomology sheaf vanishes for 𝑏 ∕= 0, while 𝐻0(𝐺𝑦,F𝑦) ∼=
F𝑦 is the vector space of invariants, F

𝐺𝑦
y . So the natural morphism F → 𝑅0𝑞∗(F)

is an isomorphism of sheaves. □

Let 𝑋 be a locally compact topological space with an 𝑅-orbifold atlas 𝔘.
Recall from [MP] for example, that a sheaf F on the 𝑅-orbifold 𝑋 is a choice, for
each chart (𝑈,𝑀,𝐺, 𝜙), of a 𝐺-sheaf FU of 𝑅-modules on 𝑀, and an isomorphism
𝜓𝑓 : 𝑓∗(FU′) → FU of 𝐺-sheaves of 𝑅-modules whenever 𝑓 : (𝑈,𝑀,𝐺, 𝜙) →
(𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) is an embedding of charts. The morphisms 𝜓𝑓 are required to be
compatible: 𝜓𝑓 ′𝑓 = 𝜓𝑓 ′𝜓𝑓 if 𝑓, 𝑓 ′ are composable morphisms.
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A section 𝑠 of the sheaf F is a choice of invariant section 𝑠𝑈 ∈Γ𝐺(𝜙−1(𝑈),FU)
in each chart (𝑈,𝑀,𝐺, 𝜙) which are compatible: 𝜓𝑓 ∘ 𝑓∗(𝑠′) = 𝑠 for each mor-
phism 𝑓 : (𝑈,𝑀,𝐺, 𝜙) → (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′) and section 𝑠′ ∈ Γ𝐺′(𝜙−1(𝑈 ′),FU′),
𝑠 ∈ Γ𝐺(𝜙−1(𝑈),FU). In other words, the sections Γ(𝑋,F) (in this 𝑅-orbifold
sense) are precisely the sections Γ(𝑋,F) (in the topological sense) of the sheaf F
which is obtained from the presheaf of invariant sections in each chart.

The category of sheaves (of abelian groups) on the 𝑅-orbifold 𝑋 is abelian
and it has enough injectives. The cohomology 𝐻𝑖(𝑋,F) is defined to be the right
derived functor 𝑅𝑖Γ(𝑋,F). It may be nonzero for infinitely many values of 𝑖.

If we start with a sheaf F0 of 𝑅-modules on 𝑋 (in the topological sense) then
it pulls up to a 𝐺-equivariant sheaf in each chart (𝑈,𝑀,𝐺, 𝜙) so it gives a sheaf F in
the 𝑅-orbifold sense, on which each stabilizer group 𝐺𝑦 acts trivially. Therefore the
resulting sheaf F on 𝑋 coincides with the original sheaf F0. Therefore we obtain,

Proposition B.6. Let F0 be a sheaf of 𝑅-modules on the topological space 𝑋. Let F
denote the resulting sheaf in the 𝑅-orbifold sense. Then the isomorphism F ∼= F0

induces an isomorphism 𝐻∗(𝑋,F0) ∼= 𝐻∗(𝑋,F) between the (singular) cohomol-
ogy of (𝑋,F0) and the cohomology in the sense of 𝑅-orbifolds of (𝑋,F). □

B.6 Differential forms

For the remainder of this chapter, we take 𝑅 = ℚ and we drop it from our notation.
A local system E of real vector spaces on an orbifold 𝑋 is a sheaf of real vector
spaces such that each EU is a local system. Let E be a local system of real vector
spaces on the orbifold 𝑋. The sheaf of differential 𝑝-forms on the orbifold 𝑋 is the
sheaf which in each chart (𝑈,𝑀,𝐺, 𝜙) is given by the sheaf Ω𝑝

𝐺(𝑀,E). It is easy to
check that this collection satisfies the required compatibility conditions for a sheaf
on an orbifold. Thus, a differential 𝑝-form with coefficients in E on 𝑋 is a choice,
for each chart (𝑈,𝑀,𝐺, 𝜙), of a smooth differential form 𝜔𝑈 ∈ Ω𝑝(𝑀,E𝑈 ) which is
𝐺-invariant, such that 𝑓∗(𝜔𝑈 ′) = 𝜔𝑈 whenever 𝑓 : (𝑈,𝑀,𝐺, 𝜙) → (𝑈 ′,𝑀 ′, 𝐺′, 𝜙′)
is a morphism of charts. If 𝜔, 𝜂 are 𝐺-invariant differential forms then so is 𝑑𝜔 and
𝜔∧𝜂 so we obtain exterior differentials and products on this complex of differential
forms.

The differential 𝑝 forms Ω𝑝(𝑋,E) in fact form a fine sheaf (in the orbifold
sense), Ω𝑝(𝑋,E) on 𝑋. It follows that the de Rham theorem holds:

Proposition B.7. Let E be a local system of real vector spaces on the orbifold
𝑋. Then the cohomology of the complex of smooth differential forms Ω∙(𝑋,E) is
canonically isomorphic to the cohomology 𝐻𝑖(𝑋,E). □

According to the remarks in Section B.5 the differential 𝑝 forms on the orb-
ifold 𝑋 are precisely the global sections (in the usual sense) of the (topological)
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sheaf
Ω

𝑝
(𝑋,E) (B.6.1)

of invariant sections of Ω𝑝(𝑋,E). Let us examine this sheaf in more detail.

Let 𝑋0 denote the part of 𝑋 over which the isotropy groups are trivial. Then
the restriction Ω

𝑝
(𝑋,E)∣𝑋0 is canonically isomorphic to the usual sheaf of differ-

ential forms Ω𝑝(𝑋0,E). Thus, a differential form 𝜔 on the orbifold 𝑋 is simply a
smooth differential form on 𝑋0 which, near the singular points of 𝑋, satisfies an
equivariance condition:

(EQ) if (𝑈,𝑀,𝐺, 𝜙) is a chart, then the pullback of 𝜔 to 𝑀0 extends (uniquely) to
a smooth, 𝐺-invariant differential form on 𝑀.

Since the sheaf (B.6.1) is fine, we conclude, in analogy with Proposition B.5 that
the cohomology of the complex of differential forms is naturally isomorphic to
𝐻∗(𝑋,E). In summary, we have:

Proposition B.8 ([Sat]). Let E be a local system (in the topological sense) of real
vector spaces on a locally compact Hausdorff space 𝑋. Assume that 𝑋 is endowed
with an orbifold structure. Let Ω∙(𝑋,E) be the complex of smooth differential forms
on 𝑋0 (with coefficients in E) which satisfy the above equivariance condition (EQ)
near the singularities of 𝑋. Denote by 𝐻∗

𝑑𝑅(𝑋,E) the cohomology of this complex.

Then the inclusion of sheaves E → Ω
∙
(𝑋,E) is a fine resolution of E and it in-

duces an isomorphism 𝐻∗
𝑑𝑅(𝑋,E) ∼= 𝐻∗(𝑋,E) between the de Rham cohomology

and the singular cohomology, and an isomorphism 𝐻∗
𝑑𝑅,𝑐(𝑋,E) ∼= 𝐻∗

𝑐 (𝑋,E) be-
tween the compactly supported de Rham cohomology and the singular cohomology
with compact supports. □

B.7 Groupoids

For completeness we mention that the theoryof orbifolds can be developed in a
more natural and global manner within the context of topological groupoids, see
[MP], [Mo2], [Mo1], [Adem]. Recall that a groupoid is a category in which ev-
ery morphism is invertible, and a topological groupoid is a groupoid object in the
category of Hausdorff topological spaces. In practice this means the following: a
topological groupoid is a collection of topological spaces and continuous mappings,

𝑋1

𝑋0

𝑠
�
𝑢
�

𝑡
�

� 𝑋−1 = 𝑋

with various properties. First, the pair (𝑋1, 𝑋0) form a (topological) category
such that every morphism is invertible, where the objects are the points of 𝑋0,
and the morphisms are the points in 𝑋1. The maps 𝑠, 𝑡 assign to each morphism
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its source and target respectively, so each element 𝑓 ∈ 𝑋1 may be thought of as
an arrow 𝑓 : 𝑥 → 𝑦 where 𝑥, 𝑦 ∈ 𝑋0. The mapping 𝑢 : 𝑋0 → 𝑋1 in the above
diagram associates to each 𝑥 ∈ 𝑋0 the (two-sided) identity (or unit) morphism (so
𝑠𝑢(𝑥) = 𝑡𝑢(𝑥) = 𝑥 for all 𝑥 ∈ 𝑋0). The composition of morphisms is a continuous
mapping 𝑚 : 𝑋1 ×𝑋0 𝑋1 → 𝑋1 with its obvious relations to 𝑠, 𝑡, 𝑢 and we usu-
ally write 𝑓𝑓 ′ rather than 𝑚(𝑓, 𝑓 ′) for 𝑓, 𝑓 ′ ∈ 𝑋1 with 𝑠(𝑓) = 𝑡(𝑓 ′). Associativity
of composition says that a certain diagram commutes. The (two-sided) inverse
𝜄 : 𝑋1 → 𝑋1 swaps 𝑠 and 𝑡 and acts as an inverse, that is, if 𝑓 : 𝑥 → 𝑦 then
𝜄(𝑓)𝑓 = 𝑢(𝑥) and 𝑓𝜄(𝑓) = 𝑢(𝑦). If 𝑥 ∈ 𝑋0 then the set

𝐺𝑥 = {𝑓 ∈ 𝑋1∣ 𝑠(𝑓) = 𝑡(𝑓) = 𝑥}

forms a group, the isotropy group of 𝑥. The image of the mapping (𝑠, 𝑡) : 𝑋1 →
𝑋0 ×𝑋0 is an equivalence relation and the quotient space of 𝑋0 with respect to
this equivalence relation is the “orbit space” 𝑋 in the above diagram.

Orbifold structures on 𝑋 correspond to effective proper étale Lie groupoids.
The “proper étale” part means that 𝑠 and 𝑡 are proper local homeomorphisms.
The “Lie” part means that the spaces 𝑋1, 𝑋0 are smooth manifolds, the mappings
𝑠, 𝑡, 𝑢, 𝜄,𝑚 are smooth, and 𝑠 and 𝑡 are submersions. It follows that each isotropy
group 𝐺𝑥 is compact and discrete, hence finite.

Given a proper étale Lie groupoid 𝑋1, 𝑋0 with quotient space 𝑋 we obtain an
orbifold atlas on 𝑋 as follows. It can be shown that each point 𝑥 ∈ 𝑋0 has a neigh-
borhood 𝑈 such that the isotropy group 𝐺𝑥 acts on 𝑈 and such that the restriction

𝑈1 = {𝑓 ∈ 𝑋1∣ 𝑓 : 𝑎 → 𝑏 with 𝑎, 𝑏 ∈ 𝑈} ⇉ 𝑈

is isomorphic to the groupoid 𝐺𝑥 × 𝑈 ⇉ 𝑈. The groupoid is effective if each of
these actions 𝐺𝑥×𝑈 ⇉ 𝑈 is effective. In this case, composing with the projection
𝑈 → 𝑈/𝐺𝑥 gives a chart on 𝑋. The resulting covering admits a “good” refinement.
We omit the tedious verification of the claim that restricting these charts to this
refinement defines an atlas on 𝑋.

If a compact group 𝐺 acts smoothly on a manifold 𝑀 such that each sta-
bilizer subgroup 𝐺𝑥 is finite then we obtain a proper étale Lie groupoid with
𝑋1 = 𝐺 × 𝑀 and 𝑋0 = 𝑀 where 𝑠(𝑔, 𝑥) = 𝑥 and 𝑡(𝑔, 𝑥) = 𝑔 ⋅ 𝑥. The quotient
space is 𝑋 = 𝑀/𝐺. If such an action exists locally (that is, if 𝑋 has an orbifold
atlas) then these local actions can be patched together to give a proper étale Lie
groupoid over 𝑋 in several different possible ways, [Hae], [MP], [Mo1].

Many operations with orbifolds (morphisms, sheaves, cohomology, derived
categories) are most naturally formulated in the language of groupoids.



Appendix C

Basic Adèlic Facts

C.1 Adèles and idèles

Let 𝐿 be an algebraic number field. A place of 𝐿 is an equivalence class 𝑣 of
valuations on 𝐿, two being equivalent if they induce the same topology on the
completion 𝐿𝑣. Normalizations for these absolute values are specified in Section
C.3. Write 𝑣∣∞ or 𝑣 < ∞ if 𝑣 is an archimedean or non-archimedean valuation,
respectively. Each non-archimedean place 𝑣 corresponds to a prime ideal 𝔭𝑣 in 𝒪𝐿.
We also write Σ(𝐿) for the set of infinite places. For 𝑣 < ∞ the valuation ring is
𝒪𝑣 = {𝑥𝑣 ∈ 𝐿𝑣 : ∣𝑥𝑣∣𝑣 ≤ 1} .

The adèle ring 𝔸𝐿 is the product 𝔸𝐿 := 𝔸𝐿𝑓 ×𝔸𝐿∞ where 𝔸𝐿∞ =
∏

𝑣∣∞ 𝐿𝑣

and 𝔸𝐿𝑓 is the restricted direct product

𝔸𝐿𝑓 :=
∏′
𝑣<∞

𝐿𝑣 =
{

(𝑥𝑣) ∈ ∏
𝑣<∞

𝐿𝑣 : 𝑥𝑣 ∈ 𝒪𝑣 for almost all 𝑣
}
.

There is a unique topology on 𝔸𝐿 such that for any finite set 𝑆 ⊃ Σ(𝐿) of places,
the induced topology on ∏

𝑣∈𝑆
𝐿𝑣 ×

∏
𝑣/∈𝑆

𝒪𝑣

agrees with the product topology. We usually identify the field 𝐿 with its image
under the diagonal embedding 𝐿 → 𝔸𝐿. Its image is a discrete subgroup of 𝔸𝐿

and the quotient 𝐿∖𝔸𝐿 is compact. For 𝑥 ∈ 𝔸𝐿 = 𝔸𝐿𝑓 ×𝔸𝐿∞ we write 𝑥 = 𝑥0𝑥∞
or 𝑥 = 𝑥𝑓𝑥∞. If 𝑣 < ∞ corresponds to the prime ideal 𝔭 we sometimes write 𝑥𝔭

rather than 𝑥𝑣 for the 𝑣-component of an adèle 𝑥. We also write 𝒪̂𝐿 =
∏

𝑣<∞𝒪𝑣.

The idèle group 𝔸×𝐿 is the group of invertible adèles. It consists of elements
(𝑥𝑣) such that 𝑥𝑣 ∕= 0 for all places 𝑣, and such that 𝑥𝑣 ∈ 𝒪×𝑣 for almost all places
𝑣 < ∞. There is a unique topology on 𝔸×𝐿 such that for any finite set 𝑆 ⊃ Σ(𝐿)
the induced topology on ∏

𝑣∈𝑆
𝐿×𝑣 × ∏

𝑣/∈𝑆
𝒪×𝑣

is the product topology. We write 𝒪×𝐿 =
∏

𝑣<∞𝒪×𝑣 .
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As in Section 1.2, any finite idèle 𝑥0 ∈ 𝔸×𝐿𝑓 gives rise to a fractional ideal,

[𝑥0] =
∏
𝔭

𝔭ord𝔭(𝑥𝔭)

where the product is over all prime ideals. Then [𝑥0𝑦0] = [𝑥0] for any 𝑦0 ∈ 𝒪×𝐿 =∏
𝑣<∞𝒪×𝑣 . The ideal [𝑥0] is integral iff 𝑥0 ∈ 𝒪̂𝐿 =

∏
𝑣<∞𝒪𝑣.

The inverse different and the local inverse different are the fractional ideals

𝒟−1𝐿/ℚ =
{
𝑥 ∈ 𝐿 : Tr𝐿/ℚ(𝑥𝒪𝐿) ⊂ ℤ

}
𝒟−1𝑣 =

{
𝑥𝑣 ∈ 𝐿𝑣 : Tr𝐿𝑣/ℚ𝑝(𝑥𝑣𝒪𝑣) ⊂ ℤ𝑝

}
where 𝑣∣𝑝 is a finite place of 𝐿. Then 𝒟−1𝐿/ℚ = 𝐿 ∩ ∏

𝑣<∞𝒟−1𝑣 . The norm of the

different 𝒟𝐿/ℚ is the discriminant 𝑑𝐿/ℚ.

Let 𝒟̃𝐿/ℚ ∈ 𝔸×𝐿𝑓 be any finite idéle such that [𝒟̃−1𝐿/ℚ] = 𝒟−1𝐿/ℚ. It follows

immediately that (see the definition of 𝑒𝐿𝑓 below):

Lemma C.1. For any finite idèle 𝑦 ∈ 𝔸×𝐿 , the ideal [𝑦𝒟̃𝐿/ℚ] is integral iff 𝑒𝐿𝑓 (𝑦𝑧) =

1 for all 𝑧 ∈ 𝒪̂𝐿. □

C.2 Characters of 𝑳∖𝔸𝑳

Let 𝐿 be a number field with the discrete topology. Its Pontrjagin dual 𝐿∨ is the
compact abelian group 𝐿∖𝔸𝐿, as we will now explain. If 𝑣 is a place of 𝐿 lying
over a finite prime 𝑝 ∈ ℚ, define the standard additive character 𝑒𝑣 : 𝐿𝑣 → ℂ× to
be the composition

𝐿𝑣 −−−−→
𝑇𝑟

ℚ𝑝 −−−−→ ℚ𝑝/ℤ𝑝 −−−−→ ℚ/ℤ −−−−→
𝑒

ℂ×

where 𝑒(𝑥) = exp(−2𝜋𝑖𝑥), so that

𝑒𝑣(𝑧𝑣) = exp(−2𝜋𝑖𝑇 𝑟(𝑧𝑣))

for any 𝑧𝑣 ∈ 𝐿𝑣. If 𝑣 is an archimedian place of 𝐿 set 𝑒𝑣(𝑧𝑣) = exp(2𝜋𝑖𝑧𝑣) ∈ ℂ×

for any 𝑧𝑣 ∈ 𝐿𝑣. Together, these functions define a continuous additive character

𝑒𝐿 : 𝔸𝐿 → ℂ× by 𝑒𝐿(𝑧) =
∏
𝑣

𝑒𝑣(𝑧𝑣)

which clearly decomposes as the product 𝑒𝐿𝑓(𝑧0)𝑒𝐿∞(𝑧∞). The character 𝑒𝐿 is
trivial on 𝐿 ⊂ 𝔸𝐿, and every other continuous additive character of 𝐿∖𝔸𝐿 is of
the form 𝑧 �→ 𝑒𝐿(𝑎𝑧) for some 𝑎 ∈ 𝐿. Thus we obtain a mapping

𝐿× (𝐿∖𝔸𝐿) → 𝑈(1) ⊂ ℂ×

given by (𝑎, 𝑧) �→ 𝑒𝐿(𝑎𝑧), which identifies 𝐿∨ ∼= 𝐿∖𝔸𝐿 and (𝐿∖𝔸𝐿)∨ ∼= 𝐿.
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Let us normalize the Haar measure (see Section C.4) on 𝐿∖𝔸𝐿 so as to have
total volume 1. The Fourier transform of a continuous function ℎ : 𝐿∖𝔸𝐿 → ℂ×

is the function ℎ̂ : (𝐿∖𝔸𝐿)∨ → ℂ defined by

ℎ̂(𝜏) =

∫
𝐿∖𝔸𝐿

ℎ(𝑧)𝜏(𝑧)𝑑𝑧

which can therefore be interpreted as the function ℎ̂ : 𝐿 → ℂ given by

ℎ̂(𝑤) =

∫
𝐿∖𝔸𝐿

ℎ(𝑧)𝑒𝐿(𝑤𝑧)𝑑𝑧.

Consequently the Fourier inversion formula gives

ℎ(𝑧) =
∑
𝑤∈𝐿

ℎ̂(𝑤)𝑒𝐿(𝑤𝑧). (C.2.1)

C.3 Characters of GL1(𝑳)∖GL1(𝔸𝑳)

The normalized absolute value ∣ ⋅ ∣𝔸 = ∣ ⋅ ∣𝔸𝐿 : 𝔸𝐿 → ℝ≥0 is the product ∣𝑥∣𝔸 =∏
𝑣 ∣𝑥𝑣∣𝑣 where

∣𝑥∣𝑣 =

{
∣𝑥∣ if 𝐿𝑣 = ℝ

𝑥𝑥̄ if 𝐿𝑣 = ℂ

if 𝑣 is an infinite place, and where ∣𝜋∣𝑣 = 1/𝑞 if 𝑣 is a finite place with residue field
having 𝑞 elements, and 𝜋 is a uniformizing parameter for 𝐿𝑣. Then ∣𝑥𝑦∣𝔸 = ∣𝑥∣𝔸∣𝑦∣𝔸.
Artin’s product theorem says that ∣𝑥∣𝔸 = 1 for all 𝑥 ∈ 𝐿×. If 𝑥 ∈ 𝔸𝐿 then multi-
plication by 𝑥 induces a mapping ⋅𝑥 : 𝔸𝐿 → 𝔸𝐿 which takes the Haar measure 𝜇
to the Haar measure ∣𝑥∣𝔸𝜇, cf. Section C.4.

The norm map N𝐿/ℚ : 𝐿 → ℚ extends to a map N𝐿/ℚ : 𝔸𝐿 → 𝔸ℚ by

(𝑥𝑣)𝑣 �→
⎛⎝∏

𝑣∣𝑢
N𝑢(𝑥𝑣)

⎞⎠
𝑢

Then ∣𝑥∣𝔸𝐿 = ∣N𝐿/ℚ(𝑥)∣𝔸ℚ
for all 𝑥 ∈ 𝔸𝐿.

The ideal class group of 𝐿 is the (finite) group of equivalence classes of frac-
tional ideals, under the equivalence relation 𝔪 ∼ 𝜆𝔪 for any 𝜆 ∈ 𝐿×. The narrow
class group, which is defined when 𝐿 is totally real, consists of the equivalence
classes of fractional ideals under the same relation, but with the restriction that
𝜆 ≫ 0. The idèle class group, which is not compact, is the quotient of the idèles
𝔸×𝐿 = GL1(𝔸𝐿) by the principal idèles 𝐿× = GL1(𝐿). The mapping which assigns
to any finite idèle 𝑥 ∈ 𝔸×𝐿,𝑓 the corresponding fractional ideal [𝑥] is trivial on

𝒪̂×𝐿 =
∏

𝑣<∞𝒪×𝑣 . It takes 𝐿× to the principal ideals and it induces a bijection

𝐿×∖𝔸×𝐿/𝒪̂×𝐿𝔸×𝐿,∞ −→ ideal class group
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where 𝔸×𝐿,∞ =
∏

𝑣∈Σ(𝐿) 𝐿
×
𝑣 = (ℝ×)Σ(𝐿). Similarly we obtain a bijection

𝐿×∖𝔸×𝐿/𝒪̂×𝐿𝔸+𝐿,∞ −→ narrow class group (C.3.1)

where 𝔸+𝐿,∞ =
∏

𝑣∈Σ(𝐿) 𝐿
>0
𝑣 = (ℝ>0)Σ(𝐿).

A Hecke character or quasicharacter is a continuous homomorphism

𝜙 : 𝐿×∖𝔸×𝐿 = GL1(𝐿)∖GL1(𝔸𝐿) → ℂ×.

It can be expressed as a product 𝜙 =
∏

𝑣 𝜙𝑣 of continuous local characters 𝜙𝑣 :
𝐿×𝑣 → ℂ×. For any 𝑣 < ∞ the restriction 𝜙𝑣∣𝒪×𝑣 takes values in the unit circle, and
𝜒𝑣 is unramified if 𝜙𝑣∣𝒪×𝑣 is trivial, in which case there exists a complex number 𝑠 ∈
ℂ such that 𝜙𝑣(𝑥𝑣) = ∣𝑥𝑣∣𝑠𝑣 for all 𝑥𝑣 ∈ 𝐿×𝑣 . If 𝜙𝑣 is ramified then its conductor is
𝔣(𝜙𝑣) = 𝔭𝑚𝑣 where 𝔭𝑣 is the prime ideal corresponding to 𝑣, and where 𝑚 > 0 is the
smallest integer such that 𝜙𝑣∣(1 + 𝔭𝑚𝑣 ) is trivial. In this case there exists a unitary
character 𝜓𝑣 : 𝐿×𝑣 → ℂ× and 𝑠 ∈ ℂ so that 𝜙𝑣(𝑥𝑣) = 𝜓𝑣(𝑥𝑣)∣𝑥𝑣∣𝑠𝑣 for all 𝑥𝑣 ∈ 𝐿×𝑣 .

Let 𝐴GL1 ⊆ GL1(𝔸𝐿) be the connected component of the identity in the
maximal ℚ-split subtorus of R𝐿/ℚGL1; thus 𝐴GL1

∼= ℝ>0, and

GL1(𝔸𝐹 ) = 𝐴GL1

0GL1(𝔸𝐹 ),

where 0GL1(𝔸𝐹 ) is the kernel of ∣ ⋅ ∣𝔸𝐿 (this is essentially the construction of Sec-
tion 4.1 in a special case). For any Hecke character 𝜙 there exists a unique 𝑠 ∈ ℂ
such that, for all 𝑥 ∈ 𝔸𝐿,

𝜙(𝑥) = 𝜓(𝑥)∣𝑥∣𝑠𝔸
where 𝜓 = ⊗𝑣𝜓𝑣 is a (unitary) character trivial on 𝐴GL1

. The continuity of 𝜙
implies that 𝜙𝑣 is unramified, i.e., trivial on 𝒪×𝑣 , for almost all 𝑣. If 𝑠 is real then
the complex conjugate 𝜙 satisfies

𝜙(𝑥) = 𝜙−1(𝑥)∣𝑥∣2𝑠 and ∣𝜙(𝑥)∣ = ∣𝑥∣𝑠𝔸. (C.3.2)

For the Hecke characters in this book the value of 𝑠 is real (in fact it is a rational
integer).

If 𝜓 =
∏

𝑣<∞ 𝜓𝑣 is a Hecke character of finite order, its conductor

𝔣 =
∏
𝑣<∞

𝔣(𝜓𝑣) =
∏
𝑣<∞

𝔭𝑛𝑣𝑣 ⊂ 𝒪𝐿

is the largest integral ideal such that{
𝜓𝑣∣(1 + 𝜛𝑛𝑣

𝑣 𝒪𝑣) = 1 if 𝔭𝑣∣𝔣
𝜓𝑣∣𝒪×𝑣 = 1 if 𝔭𝑣 ∕ ∣𝔣

where 𝜛𝑣 is a uniformizing parameter for 𝒪𝑣. Consequently 𝜓 defines a one-
dimensional representation of∏

𝔭𝑣 ∣𝔣
𝒪×𝑣 /(1 + 𝜛𝑛𝑣

𝑣 𝒪𝑣) =
∏
𝔭𝑣∣𝔣

(𝒪𝑣/𝜛
𝑛𝑣
𝑣 𝒪𝑣)

×
.
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Moreover, if 𝔪 is a fractional ideal relatively prime to the conductor 𝔣(𝜓) of 𝜓 then
𝜓(𝑚0) = 𝜓(𝑚′0) whenever 𝑚0,𝑚

′
0 ∈ 𝔸×𝐿 are finite idèles such that [𝑚0] = [𝑚′0] =

𝔪, which is to say that 𝜓 determines a character on the group of fractional ideals
relatively prime to 𝔣(𝜓).

Let 𝐿𝑎𝑏 be the maximal abelian extension of 𝐿. According to class field the-
ory, the Artin map

[⋅, 𝐿] : GL1(𝐿)∖GL1(𝔸𝐿) → Gal(𝐿𝑎𝑏/𝐿)

is surjective. A Hecke character has finite order if and only if it factors through the
Artin map, which induces a one to one correspondence between Hecke characters
of finite order and characters of finite order of Gal(𝐿𝑎𝑏/𝐿). For 𝐿 = ℚ there is a
(multiplicative) group isomorphism

GL1(ℚ)∖GL1(𝔸ℚ) ∼= ℝ+ × ℤ̂×

and every Hecke character 𝜓 of finite order factors through the projection to
(ℤ/𝑁ℤ)× for some 𝑁. The conductor of 𝜓 is the smallest positive such 𝑁.

If 𝜙 =
∏

𝑣 𝜙𝑣 is a Hecke character and 𝔠 ⊂ 𝒪𝐿 is an (integral) ideal we de-
fine the restricted Hecke character 𝜙𝔠 =

∏
𝔭𝑣∣𝔠 𝜙𝑣. In particular, if 𝑥 ∈ 𝔸×𝐿 then

∣𝑥∣𝔠 =
∏

𝔭𝑣 ∣𝔠 ∣𝑥𝑣∣𝑣.

C.4 Haar measure on the adèles

References for this section include [KnL, Sections 5, 6, and 7], [RamV, Sec-
tion 5]. Recall that a locally compact topological group 𝐺 admits a left invariant
(Haar) measure 𝜇𝐺 which is uniquely determined up to a multiplicative constant.
The modulus function Δ : 𝐺 → ℝ is the unique function such that 𝜇𝐺(𝑈𝑔) =
Δ(𝑔)𝜇𝐺(𝑈) for any open set 𝑈 ⊂ 𝐺 and any 𝑔 ∈ 𝐺. It is independent of the choice
of (left) Haar measure 𝜇𝐺. A left Haar measure is also right invariant iff Δ ≡ 1,
in which case the topological group 𝐺 is said to be unimodular. Abelian groups,
compact groups, and reductive groups are unimodular. In particular, if 𝐹 is a lo-
cally compact field then the group GL(𝑛, 𝐹 ) is unimodular. A left Haar measure
for GL(𝑛,ℝ) is given by

𝜇𝐺(𝑈) =

∫
𝑈

∣det(𝑋)∣−𝑛𝑑𝑋 =

∫
𝑈

∣det(𝑋)∣−𝑛
∏

𝑖,𝑗
𝑑𝑋𝑖𝑗 (C.4.1)

where 𝑑𝑋 denotes Lebesgue measure on ℝ𝑛2

, which is identified with the set of
𝑛× 𝑛 matrices.

Let 𝐺 be a locally compact topological group with left Haar measure 𝜇𝐺.
Let 𝐾 ⊂ 𝐺 be a closed subgroup with left Haar measure 𝜇𝐾 . Then there exists a
𝐺-invariant measure 𝑑𝑥 on 𝐷 = 𝐺/𝐾 if and only if Δ𝐺∣𝐾 = Δ𝐾 and in this case,
the measure 𝑑𝑥 may be normalized so that∫

𝐺

𝑓𝑑𝜇𝐺 =

∫
𝐷

∫
𝐾

𝑓(𝑔𝑘)𝑑𝜇𝐾(𝑘)𝑑𝑥(𝑔𝐾).
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for any compactly supported continuous function 𝑓 : 𝐺 → ℝ. If 𝐺 is a real Lie
group and 𝐾 is a closed Lie subgroup then 𝐷 = 𝐺/𝐾 is a smooth manifold. If it
is orientable then a 𝐺-invariant measure on 𝐷 is the same thing as a 𝐺-invariant
differential form 𝑑𝑥 of top degree on 𝐷.

Now let Γ ⊂ 𝐺 be a countable discrete subgroup which acts freely on 𝐷.
Then counting measure on Γ determines a measure 𝑑𝑦 on the quotient 𝑌 = Γ∖𝐷
which coincides with the restriction of the measure 𝑑𝑥 to a fundamental domain ℱ
of Γ in 𝐷. For any compactly supported continuous function 𝑓 : 𝐷 → ℝ we have:∫

𝐷

𝑓(𝑥)𝑑𝑥 =

∫
ℱ

∑
𝛾∈Γ 𝑓(𝛾𝑥)𝑑𝑥 =

∫
𝑌

∑
𝛾∈Γ 𝑓(𝛾𝑦)𝑑𝑦.

Moreover, the same holds under the weaker assumption that the action is almost
free, that is, for all 𝑥 ∈ 𝐷 the isotropy group Γ𝑥 is finite, and the set of points
𝑥 ∈ 𝐷 for which Γ𝑥 ∕= {1} has measure zero.

Standard normalizations for Haar measures on adèlic groups are defined as
follows. If 𝐿 is an algebraic number field and 𝑣 is a finite place of 𝐿, there is a
unique Haar measure 𝑑𝑥𝑣 on 𝐿𝑣 such that

∫
𝒪𝑣 𝑑𝑥𝑣 = 1 where 𝒪𝑣 is the valuation

ring of 𝐿𝑣. If 𝑣 is an infinite place then 𝑑𝑥𝑣 denotes Lebesgue measure (on ℝ or
ℂ). Let 𝑆 be a finite set of places of 𝐿 that includes all the infinite places. Then
the product measure

∏
𝑣 𝑑𝑥𝑣 is well defined on the open set

𝔸𝑆 :=
∏

𝑣∈𝑆 𝐿𝑣 ×
∏

𝑣/∈𝑆 𝒪𝑣

and there exists a unique Haar measure on 𝔸𝐿 whose restriction to each such 𝔸𝑆

is the above product measure. Similarly, if 𝑣 < ∞ there is a unique Haar measure
𝑑×𝑥𝑣 on the multiplicative group 𝐿×𝑣 such that

∫
𝒪×
𝑣
𝑑×𝑥𝑣 = 1 and in fact

𝑑×𝑥𝑣 =
𝑞

𝑞 − 1
∣𝑥∣−1𝑣 𝑑𝑥𝑣

where 𝑞 denotes the order of the residue field. If 𝑣∣∞ then 𝑑×𝑥𝑣 := ∣𝑥∣−1𝑣 𝑑𝑥𝑣. Then
there exists a unique Haar measure 𝑑×𝔸𝑥 on 𝔸×𝐿 such that, for every finite set 𝑆 of
places which contains all the infinite places, the restriction of 𝑑×𝔸𝑥 to the open set

𝔸×𝑆 :=
∏

𝑣∈𝑆 𝐿×𝑣 ×
∏

𝑣/∈𝑆 𝒪×𝑣
is the product measure

∏
𝑣 𝑑
×𝑥𝑣.

Similarly, for 𝑣 < ∞ there is a unique Haar measure 𝑑𝑥𝑣 on GL2(𝐿𝑣) normal-
ized so that GL2(𝒪𝑣) has volume 1. For 𝑣∣∞ a normalized Haar measure is given
by (C.4.1). Then there exists a unique Haar measure 𝑑𝑥𝔸 on GL2(𝔸𝐿) such that
for every finite set 𝑆 of places, containing all the infinite places, the restriction of
𝑑𝑥𝔸 to the open set ∏

𝑣∈𝑆 GL2(𝐿𝑣) ×
∏

𝑣/∈𝑆 GL2(𝒪𝑣)

is the product measure
∏

𝑣 𝑑𝑥𝑣.



Appendix D

Fourier Expansions of
Hilbert Modular Forms

In this appendix we prove Theorem 5.8, which provides explicit Fourier expansions
for Hilbert modular forms. Our approach is based on the theory of Whittaker mod-
els. General references for this section include [Ga, Appendix A.2], [Gel, Sect. 3],
and [RamV, Chapter 5].

D.1 Statement of the theorem

In this paragraph we give a restatement of Theorem 5.8. Let 𝐿 be a totally
real number field. Let ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) be a modular form (for notation see
Section 5.4). Thus, 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) is a weight, 𝔠 ⊂ 𝒪𝐿 is an ideal, and
𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× is a (continuous) quasicharacter such that 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚

∞
for all 𝑏 ∈ 𝔸×𝐿 . Consequently 𝜒∣ ⋅ ∣𝑘+2𝑚 is a (unitary) character, i.e., its image is
contained in 𝑈(1) ⊆ ℂ×.

Theorem 5.8 describes the Fourier expansion of ℎ (( 𝑦 𝑥
0 1 )) . Since this is a

function of two variables one might expect a double Fourier series. Instead, we
take a Fourier expansion with respect to the 𝑥 variable, with Fourier coefficients
that are functions of 𝑦 = 𝑦𝑓𝑦∞. It turns out that the dependence on 𝑦∞ is com-
pletely determined, and that the dependence on 𝑦𝑓 is very coarse. As in Section
5.9, corresponding to the weight 𝜅 = (𝑘,𝑚), for each 𝜎 ∈ Σ(𝐿), define

𝑊𝑚𝜎 : ℝ× −→ ℂ by 𝑊𝑚(𝑦) = ∣𝑦∣−𝑚𝜎𝑒−2𝜋∣𝑦∣ (D.1.1)

For 𝑥 ∈ 𝔸𝐿 and 𝑦 ∈ 𝔸×𝐿 , set

𝑞𝜅(𝑥, 𝑦) = 𝑞𝜅(𝑥, 𝑦∞) := 𝑒𝐿(𝑥)
∏

𝜎∈Σ(𝐿)
𝑊𝑚𝜎 (𝑦𝜎). (D.1.2)
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Theorem 5.8. Let ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) be a Hilbert modular form. Then ℎ admits a
Fourier series,

ℎ

((
𝑦 𝑥
0 1

))
= ∣𝑦∣𝔸𝐿

⎛⎜⎜⎝𝑐(𝑦) +
∑
𝜉∈𝐿×
𝜉≫0

𝑏(𝜉𝑦𝑓 )𝑞𝜅(𝜉𝑥, 𝜉𝑦)

⎞⎟⎟⎠ , (D.1.3)

valid for all 𝑥 ∈ 𝔸𝐿 and all 𝑦 ∈ 𝔸×𝐿 . Moreover, each coefficient 𝑏(𝜉𝑦𝑓 ) ∈ ℂ de-
pends only on the fractional ideal [𝜉𝑦𝑓 ]𝒟𝐿/ℚ ∈ ℐ𝐿 (where 𝒟𝐿/ℚ is the different),
and 𝑏(𝜉𝑦𝑓 ) vanishes unless this ideal is integral.

Addendum. The constant term 𝑐(𝑦) vanishes if ℎ is a cusp form or if 𝑘 /∈ ℤ1 or
if the ideal [𝑦𝑓 ]𝒟𝐿/ℚ is not integral. Otherwise it is a sum,

𝑐(𝑦) = 𝑐0(𝑦𝑓 )∣𝑦−𝑚
∞ ∣ + 𝑐1(𝑦𝑓 )∣𝑦−𝑘−1−𝑚

∞ ∣ (D.1.4)

of two terms. Here, 𝑐0(𝑦𝑓 ) and 𝑐1(𝑦𝑓 ) only depend on the fractional ideal [𝑦𝑓 ]𝒟𝐿/ℚ.

If the functions 𝐹𝑖(𝑧) of (5.4.4) on 𝔥Σ(𝐿) (corresponding to ℎ) are holomorphic,
then 𝑐1(⋅) = 0.

D.2 Fourier analysis on GL2(𝑳)∖GL2(𝔸𝑳)

Fix a Hilbert modular form ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒). The goal of Theorem 5.8 is the
computation of ℎ (( 𝑦 𝑥

0 1 )) . For this purpose, fix 𝑔 ∈ GL2(𝔸𝐿) and consider the
function defined on 𝐿∖𝔸𝐿,

𝜙(𝑥) = 𝜙ℎ,𝑔(𝑥) = ℎ (( 1 𝑥
0 1 ) 𝑔) .

By equation (C.2.1), it has a Fourier expansion,

𝜙(𝑥) =
∑
𝜉∈𝐿

𝜙(𝜉)𝑒𝐿(𝜉𝑥) where 𝜙(𝜉) =

∫
𝐿∖𝔸𝐿

ℎ (( 1 𝑧
0 1 ) 𝑔) 𝑒𝐿(𝜉𝑧)𝑑𝑧.

We wish to describe the Fourier coefficient 𝜙(𝜉) when 𝜉 ∕= 0. Using the fact that ℎ
is left GL2(𝐿)-invariant and setting 𝑤 = 𝜉𝑧 and 𝑑𝑤 = ∣𝜉∣𝔸𝑑𝑧 = 𝑑𝑧 gives, for 𝜉 ∈ 𝐿,

𝜙(𝜉) =

∫
𝐿∖𝔸𝐿

ℎ
((

𝜉 0
0 1

)
( 1 𝑧
0 1 ) 𝑔

)
𝑒𝐿(𝜉𝑧)𝑑𝑧 =

∫
𝐿∖𝔸𝐿

ℎ
((

𝜉 𝑤
0 1

)
𝑔
)
𝑒𝐿(𝑤)𝑑𝑤

=

∫
𝐿∖𝔸𝐿

ℎ
(
( 1 𝑤
0 1 )

(
𝜉 0
0 1

)
𝑔
)
𝑒𝐿(𝑤)𝑑𝑤 = 𝜙ℎ,𝑔′(1)

where 𝑔′ =
(
𝜉 0
0 1

)
𝑔. We may rephrase this by writing, for 𝜉 ∕= 0,

𝜙(𝜉) = 𝑊ℎ

((
𝜉 0
0 1

)
𝑔
)

and 𝜙(0) = 𝑊ℎ0(𝑔)
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where

𝑊ℎ(𝑔) :=

∫
𝐿∖𝔸𝐿

ℎ (( 1 𝑤
0 1 ) 𝑔) 𝑒𝐿(𝑤)𝑑𝑤 (D.2.1)

𝑊ℎ0(𝑔) :=

∫
𝐿∖𝔸𝐿

ℎ (( 1 𝑤
0 1 ) 𝑔) 𝑑𝑤. (D.2.2)

Then, as a function of 𝑔 ∈ GL2(𝔸𝐿), 𝑊ℎ is a Whittaker function (see below),

𝑊ℎ (( 1 𝑥
0 1 ) 𝑔) = 𝑒𝐿(𝑥)𝑊ℎ(𝑔) and 𝑊ℎ0 (( 1 𝑥

0 1 ) 𝑔) = 𝑊ℎ0(𝑔) (D.2.3)

for all 𝑥 ∈ 𝔸𝐿. If ℎ is cuspidal then 𝑊ℎ0(⋅) = 0. We also note that for all 𝑏 ∈ 𝔸×𝐿 ,

𝑊ℎ

((
𝑏 0
0 𝑏

)
𝑔
)

= 𝜒(𝑏)𝑊ℎ(𝑔) and 𝑊ℎ0

((
𝑏 0
0 𝑏

)
𝑔
)

= 𝜒(𝑏)𝑊ℎ0(𝑔). (D.2.4)

Now let us specialize to the case that 𝑔 =
(
𝑦 0
0 1

)
. The growth conditions on ℎ

imply that the Fourier coefficients 𝜙(𝜉) vanish unless 𝜉 = 0 or 𝜉 ≫ 0. We obtain
the expansion:

ℎ ( 𝑦 𝑥
0 1 ) =

∑
𝜉∈𝐿

𝜙(𝜉)𝑒𝐿(𝜉𝑥) = 𝑊ℎ0(
(
𝑦 0
0 1

)
) +

∑
𝜉≫0

𝑊ℎ(
(
𝜉𝑦 0
0 1

)
)𝑒𝐿(𝜉𝑥) (D.2.5)

To proceed further we need to separate 𝑊ℎ into finite and archimedean factors.

D.3 Whittaker models

A Whittaker function is a smooth mapping 𝑊 : GL2(𝔸𝐿) → ℂ such that

𝑊 (( 1 𝑥
0 1 ) 𝑔) = 𝑒𝐿(𝑥)𝑊 (𝑔)

for all 𝑥 ∈ 𝔸𝐿 and all 𝑔 ∈ GL2(𝔸𝐿). Let 𝒲 denote the space of all Whit-
taker functions. Let (𝜋, 𝑉𝜋) be an automorphic representation of GL2(𝔸𝐿) and
let 𝐾 ′

∞ ⊆ GL2(𝔸𝐿∞) be a maximal compact subgroup. A Whittaker model of
(𝜋, 𝑉𝜋) is a (𝔤,𝐾 ′∞) × GL2(𝔸𝐿𝑓 )-submodule 𝒲𝜋 ⊂ 𝒲 together with a GL2(𝔸𝐿)-
equivariant isomorphism 𝑉𝜋 → 𝒲𝜋. A Whittaker functional for (𝜋, 𝑉𝜋) is a con-
tinuous linear mapping Λ : 𝑉𝜋 → ℂ such that

Λ (( 1 𝑥
0 1 )𝜙) = 𝑒𝐿(𝑥)𝜙

for all 𝜙 ∈ 𝑉𝜋 and all 𝑥 ∈ 𝔸𝐿. Such a functional determines a GL2(𝔸𝐿)-intertwining
operator 𝐻 : 𝑉𝜋 → 𝒲 by 𝐻(𝜙)(𝑔) = Λ(𝜋(𝑔)(𝜙)) and hence it determines a Whit-
taker model, 𝒲𝜋 = 𝐻(𝑉𝜋). Conversely, a Whittaker model 𝐻 : 𝑉𝜋 → 𝒲𝜋 deter-
mines a Whittaker functional by Λ(𝜙) = 𝐻(𝜙)(𝑒) (where 𝑒 is the identity in GL2).
A fundamental result of Gelfand, Kazhdan and Shalika states:

Theorem D.1. If (𝜋, 𝑉𝜋) is an automorphic representation of GL2 then the space
of Whittaker functionals on 𝑉𝜋 is at most one-dimensional. Consequently, if 𝜋
has a Whittaker model, then it has exactly one Whittaker model. The analogous
statement also holds over local fields.



208 Appendix D. Fourier Expansions of Hilbert Modular Forms

D.4 Decomposition of 𝑾𝒉

Now let ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) be a modular form as in Section D.2 and let (𝜋, 𝑉𝜋) be
the (𝔤,𝐾 ′

∞)×GL2(𝔸𝐿𝑓)-submodule of 𝒜(GL2, 𝜒) that is generated by ℎ. Through-
out this section we will assume that ℎ is a simultaneous eigenform of 𝑇𝔠(𝔭) for al-
most all prime ideals 𝔭 ⊂ 𝒪𝐿. In this case 𝜋 is irreducible so it is an automorphic
representation (see Section E.1). It has a natural Whittaker model

𝐻 : 𝑉𝜋 → 𝒲𝜋 ⊂ 𝒲 (D.4.1)

which associates to any 𝜙 ∈ 𝑉𝜋 the Whittaker function

𝑊𝜙(𝑔) :=

∫
𝐿∖𝔸𝐿

𝜙 (( 1 𝑤
0 1 ) 𝑔) 𝑒𝐿(𝑤)𝑑𝑤.

(This is compatible with the previous notation for 𝑊ℎ(𝑔).) The intertwining op-
erator 𝐻 is in fact (𝔤,𝐾1∞) × GL2(𝔸𝐿𝑓 )-equivariant. Choose a factorization

(𝜋, 𝑉𝜋) ∼= ⊗′𝑣(𝜋𝑣 , 𝑉𝜋,𝑣) = (𝜋∞, 𝑉𝜋,∞) ⊗ (𝜋𝑓 , 𝑉𝜋,𝑓 )

of 𝜋 into a restricted tensor product of irreducible admissible representations 𝜋𝑣
of GL2(𝐿𝑣), where 𝑣 ranges over the places of 𝐿. The modular form ℎ does not
necessarily factor into a product of forms ℎ∞ℎ𝑓 but the following holds.

Lemma D.2. If ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) is a simultaneous eigenform for almost all Hecke
operators, then its image 𝜙 ∈ 𝑉𝜋,∞ ⊗ 𝑉𝜋,𝑓 decomposes,

𝜙 = 𝜙∞ ⊗ 𝜙𝑓 and 𝑊ℎ = 𝑊𝜙∞𝑊𝜙𝑓

where 𝜙∞ ∈ 𝑉𝜋,∞, where 𝜙𝑓 ∈ 𝑉𝜋,𝑓 , and where

𝑊𝜙∞ : GL2(𝔸𝐿∞) −→ ℂ

𝑊𝜙𝑓 : GL2(𝔸𝐿𝑓 ) −→ ℂ.

are Whittaker functions, meaning that they satisfy the obvious local analog of
(D.2.3) above [Bu, Theorem 3.5.4], viz.

𝑊𝜙∞ (( 1 𝑥
0 1 ) 𝑔) = 𝑒∞(𝑥)𝑊𝜙∞(𝑔) (D.4.2)

𝑊𝜙𝑓 ((( 1 𝑥
0 1 ) 𝑔) = 𝑒𝑓 (𝑥)𝑊𝜙𝑓 (𝑔). (D.4.3)

Proof. The Whittaker model 𝒲𝜋 decomposes into a restricted tensor product of
local Whittaker models, ⊗′𝑣𝒲𝜋,𝑣. By the global and local uniqueness of Whittaker
models, the intertwining operator 𝐻 preserves these decompositions. Consequently
a decomposition 𝜙 = 𝜙∞𝜙𝑓 with 𝜙∞ ∈ 𝑉𝜋,∞ and 𝜙𝑓 ∈ 𝑉𝜋,𝑓 will give rise to a de-
composition 𝑊ℎ = 𝑊𝜙∞𝑊𝜙𝑓 into Whittaker functions.
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So it suffices to show that the image 𝜙 ∈ 𝑉𝜋,∞ ⊗ 𝑉𝜋,𝑓 of ℎ decomposes.
Express 𝜙 as a finite sum,

𝜙 =
∑
𝑖

𝜙𝑖∞ ⊗ 𝜙𝑖𝑓 (D.4.4)

where 𝜙𝑖∞ ∈ 𝑉𝜋,∞ and 𝜙𝑖𝑓 ∈ 𝑉𝜋,𝑓 . For each 𝑖 we claim that 𝜙𝑖∞ = 𝑐𝑖𝜙1∞ for some
𝑐𝑖 ∈ ℂ×. This suffices to prove the lemma.

Since 𝐾1∞ ∼= SO2(ℝ)Σ(𝐿) acts on 𝜋∞, we may decompose 𝜙 into isotypic com-
ponents under this action. The group SO2(ℝ)Σ(𝐿) is isomorphic to (ℝ/ℤ)Σ(𝐿), and
hence has Pontryagin dual ℤΣ(𝐿). By refining the decomposition of 𝜙 if necessary,
we may assume that for each 𝑖 we have

𝜋(𝑢∞)𝜙𝑖∞ =
∏

𝜎∈Σ(𝐿)
𝑒𝜎(𝑡𝑖𝜎𝜃𝜎)𝜙𝑖∞

for some (𝑡𝑖𝜎) ∈ ℤΣ(𝐿), where

𝑢∞ :=
((

cos(2𝜋𝜃𝜎) sin(2𝜋𝜃𝜎)
− sin(2𝜋𝜃𝜎) cos(2𝜋𝜃𝜎)

))
𝜎∈Σ(𝐿)

∈ SO2(ℝ)Σ(𝐿).

On the other hand, 𝜋(𝑢∞)𝜙 =
∏

𝜎∣∞ 𝑒𝜎(𝑘𝜎 + 2)𝜙 by definition of 𝑀𝜅(𝐾0(𝔠), 𝜒).
By linear independence of characters, we conclude that 𝑡𝑖𝜎 = 𝑘𝜎 + 2 for all 𝑖 and
𝜎 ∈ Σ(𝐿).

On the other hand, by [Bu, Proposition 2.5.2, Theorem 2.5.4, Theorem 2.5.5],
up to a multiplicative constant, there is a unique vector 𝜓∞ ∈ 𝑉𝜋,∞ such that

𝜋(𝑢∞)𝜓∞ =
∏
𝜎∣∞

𝑒𝜎(𝑘𝜎 + 2)𝜓∞. (D.4.5)

For each 𝑖, it follows that 𝜙𝑖∞ is some nonzero multiple of 𝜙1∞ (and as a conse-
quence, we see that 𝜙∞ is some multiple of 𝜓∞ and satisfies equation (D.4.5)). □

D.5 Computing 𝑾𝝓∞ and 𝑾𝒉0

So far we have shown that a simultaneous eigenform ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) (for almost
all Hecke operators) has a Fourier expansion (D.2.5) and the resulting Fourier
coefficients factor: 𝑊ℎ = 𝑊𝜙∞𝑊𝜙𝑓 . The “constant term” 𝑊ℎ0 must be treated
separately.

Proposition D.3. The archimedean part 𝑊𝜙∞ of the Whittaker function 𝑊ℎ sat-
isfies the following equation, for any 𝑦 ∈ 𝔸𝐿∞ :

𝑊𝜙∞
((

𝑦 0
0 1

))
=

∏
𝜎∈Σ(𝐿)

∣𝑦𝜎∣𝑊𝑚𝜎 (𝑦𝜎) (D.5.1)
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There exists functions 𝑐0, 𝑐1 : 𝔸×𝐿𝑓 → ℂ such that for all 𝑦 ∈ 𝔸𝐿, the constant
term is the sum

𝑊ℎ0

((
𝑦 0
0 1

))
= 𝑐0(𝑦𝑓 )∣𝑦∞∣1−𝑚 + 𝑐1(𝑦𝑓 )∣𝑦∞∣−𝑘−𝑚.

Proof. Consider the (𝔤,𝐾1
∞)-module generated by 𝑊𝜙∞ ; it is a realization of the

admissible (𝔤,𝐾1
∞)-module 𝜋∞. Since the map (D.4.1) is an intertwining map,

(D.4.5) implies that

𝜋(𝑢∞)𝑊𝜙∞ =

⎛⎝∏
𝜎∣∞

𝑒𝜎(𝑘𝜎 + 2)

⎞⎠𝑊𝜙∞ (D.5.2)

for
𝑢∞ :=

((
cos(2𝜋𝜃𝜎) sin(2𝜋𝜃𝜎)
− sin(2𝜋𝜃𝜎) cos(2𝜋𝜃𝜎)

))
𝜎∈Σ(𝐿)

∈ SO2(ℝ)Σ(𝐿).

Since ℎ and 𝑊𝜙∞ both satisfy the invariance property (D.5.2), it follows that the
constant term 𝑊ℎ0 satisfies (D.5.2) as well:

𝜋(𝑢∞)𝑊ℎ0 =

⎛⎝∏
𝜎∣∞

𝑒𝜎(𝑘𝜎 + 2)

⎞⎠𝑊ℎ0. (D.5.3)

Write 𝑤(𝑎) := 𝑊𝜙∞

((
𝑎1/2 0
0 𝑎−1/2

))
and 𝑤0(𝑎, 𝑔𝑓 ) := 𝑊ℎ0

((
𝑎1/2 0
0 𝑎−1/2

)
𝑔𝑓

)
,

where 𝑎 ∈ ℝΣ(𝐿) and 𝑔𝑓 ∈ GL2(𝔸𝐿𝑓 ). The Iwasawa decomposition provides co-
ordinates on GL2(𝔸𝐿∞) and we can write

𝑔∞ =
(

𝑏 0
0 𝑏

)(
𝑎1/2 0
0 𝑎−1/2

)(
1 𝑥
0 1

)((
cos(2𝜋𝜃𝜎) sin(2𝜋𝜃𝜎)
− sin(2𝜋𝜃𝜎) cos(2𝜋𝜃𝜎)

))
𝜎∈Σ(𝐿)

(D.5.4)

with 𝑎, 𝑏 ∈ (ℝ×)Σ(𝐿) and 𝜃, 𝑥 ∈ ℝΣ(𝐿). Using (D.2.3), (D.2.4), (D.5.2) and (D.5.3),
we obtain

𝑊𝜙∞(𝑔∞) := 𝑤(𝑎)𝑏−𝑘−2𝑚𝑒∞(𝑥)
∏

𝜎∈Σ(𝐿)
𝑒𝜎((𝑘𝜎 + 2)𝜃𝜎) (D.5.5)

𝑊ℎ0(𝑔∞𝑔𝑓 ) = 𝑤0(𝑎, 𝑔𝑓 )𝑏−𝑘−2𝑚 ∏
𝜎∈Σ(𝐿)

𝑒𝜎((𝑘𝜎 + 2)𝜃𝜎).

With respect to these coordinates, the Casimir operator is given by

𝐶𝜎 = 2𝑎2𝜎

(
∂2

∂𝑥2𝜎
+

∂2

∂𝑎2𝜎

)
− 2𝑎𝜎

2𝜋

∂2

∂𝑥𝜎∂𝜃𝜎

(for every 𝜎 ∈ Σ(𝐿)), where we write 𝑔∞ as in (D.5.4). Here we are using [Bu,
Chapter 2, (1.29)], keeping in mind that 𝐶𝜎 = −2Δ in the notation of loc. cit. In
view of the intertwining morphism (D.4.1) and assumption (1) in the definition
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of 𝑀𝜎(𝐾0(𝔠), 𝜒), we have that the function 𝑤 and 𝑤0(⋅, 𝑔𝑓 ) satisfy the differential
equations

𝑤′′ +

(
−4𝜋2 +

2𝜋(𝑘𝜎 + 2)

𝑎𝜎
− 𝑘2𝜎/2 + 𝑘𝜎

2𝑎2𝜎

)
𝑤 = 0 (D.5.6)

𝑤0(⋅, 𝑔𝑓 )′′ − 𝑘2𝜎/2 + 𝑘𝜎
2𝑎2𝜎

𝑤0(⋅, 𝑔𝑓 ) = 0 (D.5.7)

as functions of the 𝑎𝜎-variable. There are two linearly independent solutions to
(D.5.6) which is essentially a renormalization of Whittaker’s equation. One of

them is given by 𝑒−2𝜋𝑎𝜎𝑎(𝑘𝜎+2)/2𝜎 . By general facts on solutions to Whittaker’s
equation the second solution has exponential growth as 𝑎 → ∞ (compare [Andr,
Section 4.3, p. 196]). Therefore 𝑤 cannot be given by this second solution due to
the growth conditions we placed on ℎ. In view of this and (D.5.5) we have

𝑊𝜙∞
((

𝑦 0
0 1

))
= 𝑦−(𝑘+2𝑚)/2𝑦(𝑘+21)/2

∏
𝜎∈Σ(𝐿)

𝑒−2𝜋∣𝑦𝜎∣ (D.5.8)

Therefore, absorbing a nonzero constant into 𝑊𝜙𝑓 if necessary, we obtain

𝑊𝜙∞
((

𝑦 0
0 1

))
=

∏
𝜎∈Σ(𝐿)

∣𝑦𝜎∣1−𝑚𝜎𝑒−2𝜋∣𝑦𝜎∣ =
∏

𝜎∈Σ(𝐿)
∣𝑦𝜎∣𝑊𝑚𝜎 (𝑦𝜎)

where 𝑊𝑚𝜎 is defined as above. This proves (D.5.1).

We now consider 𝑤0(⋅, 𝑔𝑓 ). Two linearly independent solutions of the differ-

ential equation (D.5.7) for 𝑤0(⋅, 𝑔) are given by 𝑎
𝑘
2+1 and 𝑎−

𝑘
2 . Using (D.2.4) (with

𝑏 = 𝑦1/2 and 𝜒∞(𝑏∞) = 𝑏−𝑘−2𝑚∞ ) together with (D.5.5), we conclude that

𝑊ℎ0(
(
𝑦 0
0 1

)
) = 𝑐0(𝑦𝑓 )∣𝑦∞∣1−𝑚 + 𝑐1(𝑦𝑓 )∣𝑦∞∣−𝑘−𝑚

for some functions 𝑐0, 𝑐1 on 𝔸×𝐿𝑓 . Substituting these equations for 𝑊ℎ0 and 𝑊𝜙∞
into the Fourier expansion (D.2.5) gives the following expression for ℎ (( 𝑦 𝑥

0 1 )) :

𝑐0(𝑦𝑓 )∣𝑦∞∣1−𝑚 + 𝑐1(𝑦𝑓 )∣𝑦∞∣−𝑘−𝑚 + ∣𝑦∣𝔸𝐿
∑
𝜉≫0

𝑏(𝜉𝑦𝑓 )𝑞𝜅(𝜉𝑥, 𝜉𝑦∞) (D.5.9)

(since ∣𝜉∣𝔸𝐿 = 1), where

𝑏(𝜉𝑦𝑓 ) = 𝑊𝜙𝑓

((
𝜉𝑦𝑓 0
0 1

)) ∏
𝑣<∞

∣𝜉𝑦𝑣∣−1𝑣 .

We now show that 𝑐1(⋅) = 0 in the holomorphic case. Let 𝑡𝑖(𝔠) be defined as
in Section 5.2, and for 𝑧 ∈ 𝔥Σ(𝐿) define

𝐻𝑖(𝑧) := det(𝛼𝑧)𝑚−1𝑗(𝛼𝑧 , 𝑧0)
𝑘+21ℎ(𝑡𝑖(𝔠)𝛼𝑧)
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where 𝑧0 = i = (
√−1, . . . ,

√−1) ∈ 𝔥Σ(𝐿) and 𝛼𝑧 = ( 𝑦 𝑥
0 1 ) ∈ 𝐺𝐿2(ℝ)0 is chosen so

that 𝛼𝑧𝑧0 = 𝑧 = 𝑥∞+ i𝑦∞, where the implied action is via fractional linear trans-
formations. As recalled in the remark after the definition of 𝑆𝜅(𝐾0(𝔠), 𝜒) in Section
5.4, the definition of 𝑀𝜅(𝐾0(𝔠), 𝜒) implies that 𝐻𝑖(𝑧) is independent of the choice
of 𝛼𝑧. The Fourier expansion (D.5.9) gives a similar Fourier expansion of 𝐻𝑖(𝑧):

𝐻𝑖(𝑧) = 𝑐0(𝑡𝑖(𝔠)) + 𝑐1(𝑡𝑖(𝔠))∣𝑦∞∣𝑘−1 +
∑
𝜉∈𝐿×
𝜉≫0

𝑏(𝜉𝑡𝑖(𝔠))
∏

𝜎∈Σ(𝐿)
𝑒2𝜋𝑖𝑧𝜎 .

If this is holomorphic and if 𝑘 ∕= 1 then 𝑐1 = 0. If 𝑘 = 1 then the 𝑐1 term can be
absorbed into the 𝑐0 term. Hence, possibly at the expense of renormalizing 𝑐0 in
the case 𝑘 = 1, we have 𝑐1 = 0. □

D.6 Final steps

In this section we complete the proof of Theorem 5.8 by proving that the coef-
ficients 𝑏(𝑦), 𝑐0(𝑦𝑓 ), 𝑐1(𝑦𝑓 ) are well defined at the level of ideals. The invariance
property (3) in the definition of 𝑀𝜅(𝐾0(𝔠), 𝜒) implies that

ℎ (( 𝑦 𝑥
0 1 )) = ℎ (( 𝑦 𝑥

0 1 ) ( 1 𝑧
0 1 )) = ℎ

((
𝑦 𝑦𝑧+𝑥
0 1

))
for all 𝑧 ∈ 𝒪̂𝐿 ⊂ 𝔸𝐿𝑓 (D.6.1)

ℎ (( 𝑦 𝑥
0 1 )) = ℎ (( 𝑦 𝑥

0 1 ) ( 𝑢 0
0 1 )) = ℎ (( 𝑦𝑢 𝑥

0 1 )) for all 𝑢 ∈ 𝒪̂×𝐿 ⊂ 𝔸×𝐿𝑓 (D.6.2)

In view of the fact that (D.4.1) is an intertwining morphism the relations (D.6.1)
and (D.6.2) imply that

𝑊𝜙

((
𝜉𝑦 0
0 1

))
= 𝑊𝜙

((
𝜉𝑦 0
0 1

))
𝑒𝐿(𝜉𝑦𝑧) (D.6.3)

𝑊𝜙

((
𝜉𝑢𝑦 0
0 1

))
= 𝑊𝜙

((
𝜉𝑦 0
0 1

))
(D.6.4)

for 𝑢 and 𝑧 as in (D.6.1) and (D.6.2), respectively. In view of the Fourier expansion
(D.2.5), this implies that

𝑊ℎ0

((
𝑦 0
0 1

))
= 𝑊ℎ0

((
𝑦 0
0 1

))
𝑒𝐿(𝑦𝑧) (D.6.5)

𝑊ℎ0

((
𝑢𝑦 0
0 1

))
= 𝑊ℎ0

((
𝑦 0
0 1

))
. (D.6.6)

Equation (D.6.4) (resp. equation (D.6.6)) implies that the coefficient 𝑏(𝜉𝑦𝑓 ), (resp.
the coefficients 𝑐0(𝑦𝑓 ) and 𝑐1(𝑦𝑓 )) depends only on the fractional ideal [𝜉𝑦𝑓 ] (resp.
[𝑦𝑓 ])) or equivalently, on the fractional ideal [𝜉𝑦𝑓 ]𝒟𝐿/ℚ (resp. [𝑦𝑓 ]𝒟𝐿/ℚ). Equation
(D.6.3) (resp. (D.6.5)) plus Lemma C.1 implies that the coefficient 𝑏(𝜉𝑦𝑓 ) = 0
(resp. 𝑐0(𝑦𝑓 ) = 𝑐1(𝑦𝑓 ) = 0) unless these ideals are integral. We repeat that 𝑘 ∕∈ ℤ1
implies that 𝑀𝜅(𝐾0(𝔠), 𝜒) = 𝑆𝜅(𝐾0(𝔠), 𝜒) ([Hid7, Theorem 6.7]), in which case ℎ
is a cusp form so in this case we also have 𝑐0(𝑦𝑓 ) = 𝑐1(𝑦𝑓 ) = 0.

Thus any simultaneous eigenform of 𝑇𝔠(𝔭) for almost all primes 𝔭 ⊂ 𝒪𝐿 has
a Fourier expansion as claimed in Theorem 5.8. The subalgebra of 𝕋𝔠 spanned
by 𝑇𝔠(𝔭) for 𝔭 ∤ 𝔠 is commutative, and hence any element of 𝑀𝜅(𝐾0(𝔠), 𝜒) can be
written as a sum of such simultaneous eigenforms. This completes the proof of
Theorem 5.8.



Appendix E

Review of Prime Degree
Base Change for GL2

The main result of this appendix is Corollary E.12, which is the key ingredient in
the proof of Theorem 8.3. This corollary is really just a translation of the main
theorem of prime degree base change for GL2 from the language of automorphic
representations to the language of automorphic forms combined with some conduc-
tor calculations. We therefore begin in Section E.1 by recalling how one attaches
an automorphic representation to a Hilbert modular newform (and, in certain in-
stances, a Hilbert modular form to an automorphic representation). This requires
the theory of Hecke operators on automorphic representations, so in Section E.2
we pause to review how the Hecke algebra 𝕋𝔠 recalled in Section 5.6 is related
to the Hecke algebra as defined in automorphic representation theory. The dictio-
nary between automorphic forms and automorphic representations would not be
complete without Theorem E.4, which gives an equality between the local Euler
factors attached to a Hilbert modular form we recalled in (5.9.6) above and the
local Euler factors of its associated automorphic representation.

We then enter into the theory of base change in earnest in Section E.4, where
we explain how it fits into the (conjectural) framework of Langlands functoriality.
We then describe the relevant base changes we use in this work explicitly, starting
with prime degree base change for GL1 in Section E.5 for the purpose of proving
some lemmas on the conductors of certain characters and their base changes. These
lemmas are then used in Section E.6 to prove a proposition on conductors that will
enter in to the proof of Corollary E.12. We include Section E.7 on (𝔤,𝐾)-modules
for completeness, and then finish by proving Corollary E.12 in Section E.8.
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E.1 Automorphic forms and automorphic
representations

In this paragraph we recall a special case of the well-known dictionary between
automorphic forms and automorphic representations. The primary reason for this
is to make explicit the relationship between various notations and normalizations
in the literature that are related to our results. Our presentation borrows heavily
from [Bu, Section 3] and [Ku2].

As above, let 𝐿 be a totally real number field, and let Σ(𝐿) be the set of
infinite places of 𝐿 (i.e., embeddings 𝐿 ↪→ ℝ). Set 𝐺 := Res𝐿/ℚ(GL2), and let

𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a (continuous) quasicharacter. Let 𝐾 ′
∞ ⊆ 𝐺(ℝ) be the

maximal compact subgroup

𝐾 ′
∞ :=

{(
𝑎 𝑏
−𝑏 𝑎

)
: 𝑎2 + 𝑏2 = ±1

} ∼= 𝑂2(ℝ)Σ(𝐿)

It contains the maximal connected compact subgroup 𝐾1∞ ∼= SO2(ℝ)Σ(𝐿) defined
in (5.1.3). Let 𝔤 be the Lie algebra of 𝐺(ℝ), and let 𝑍(𝔤) be the center of the
universal enveloping algebra of 𝔤⊗ ℂ. Denote by

𝒜(𝐺,𝜒) (E.1.1)

the space of automorphic forms on 𝐺 with central quasicharacter 𝜒, that is, func-
tions 𝜙 : 𝐺(𝔸) → ℂ satisfying the following conditions:

(1) For 𝛾 ∈ 𝐺(ℚ) and 𝑧 ∈ 𝔸×𝐿 , we have

𝜙 (( 𝑧 0
0 𝑧 ) 𝛾𝛼) = 𝜒(𝑧)𝜙(𝛼).

(2) For each 𝛼0 ∈ 𝐺(𝔸𝑓 ), the function 𝛼∞ �→ 𝜙(𝛼∞𝛼0) is smooth on 𝐺(ℝ).

(3) There is a compact open subgroup 𝐾 ⊆ 𝐺(𝔸𝑓 ) such that 𝜙 is invariant under
the action of 𝐾 by right translation (i.e., 𝜙(𝛼) = 𝜙(𝛼𝑔) for 𝛼 ∈ 𝐺(𝔸), 𝑔 ∈ 𝐾).

(4) The space of functions spanned by right translates of 𝜙 by 𝐾 ′∞ is finite-
dimensional.

(5) The function 𝜙 is 𝑍(𝔤)-finite.

(6) The function 𝜙 is slowly increasing.

We take a moment to explain (5). The Lie algebra 𝔤 acts on the space of functions
satisfying (2) and (3) by

𝑋 ⋅ 𝜙(𝛼) :=
𝑑

𝑑𝑡
(𝜙(𝛼exp(𝑡𝑋)) ∣𝑡=0, (E.1.2)

see, for example, [Bu, p. 300]. This extends to an action of 𝔤⊗ℂ, and moreover to
an action of the universal enveloping algebra of 𝔤⊗ℂ. We say that 𝜙 is 𝑍(𝔤)-finite
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if the space spanned by the translates of 𝜙 under 𝑍(𝔤) is finite-dimensional. For
the definition of (6), see [Bu, p. 300]. We also isolate the subspace

𝒜0(𝐺,𝜒) ⊆ 𝒜(𝐺,𝜒)

consisting of those functions that satisfy the following additional requirement:

(7) The following integral vanishes∫
𝑈(ℚ)∖𝑈(𝔸)

𝑓(𝑔𝛼)𝑑𝑔 = 0

for all 𝛼 ∈ 𝐺(𝔸), where 𝑈(𝐴) := {( 1 𝑣
0 1 ) : 𝑣 ∈ 𝐿⊗ℚ 𝐴} for ℚ-algebras 𝐴 and

𝑑𝑔 is a Haar measure on 𝐺(𝔸).

The space 𝒜(𝐺,𝜒) naturally has the structure of a (𝔤,𝐾 ′
∞)×𝐺(𝔸𝑓 )-module.

In other words, it is a (𝔤,𝐾 ′∞)-module and a 𝐺(𝔸𝑓 )-module, and the two actions
commute (see [Bu, Section 2.4] for the precise definition of a (𝔤,𝐾 ′

∞)-module).
The action of the pair (𝔤,𝐾 ′

∞) is given by (E.1.2) and right translation, respec-
tively, and the action of 𝐺(𝔸𝑓 ) is given by right translation. The space 𝒜0(𝐺,𝜒)
is preserved by this action (see [Ku2, p. 140] and [Bu, Section 2.2 and Theorem
2.9.2]). An automorphic representation of 𝐺 with central quasicharacter 𝜒 is an
irreducible (𝔤,𝐾 ′

∞) × 𝐺(𝔸𝑓 )-module that is isomorphic (as a (𝔤,𝐾1
∞) × 𝐺(𝔸𝑓 )-

module) to a subquotient of 𝒜(𝐺,𝜒). An automorphic representation is cuspidal if
it is isomorphic (as a (𝔤,𝐾 ′∞)×𝐺(𝔸𝑓 )-module) to a subquotient of 𝒜0(𝐺,𝜒). Every
automorphic representation 𝜋 admits a factorization as a restricted tensor product

𝜋 ∼= ⊗′𝑣𝜋𝑣,
where 𝜋𝑣 is an irreducible admissible (𝔤𝔩2,O2(ℝ))-module for 𝑣∣∞ and 𝜋𝑣 is an
irreducible admissible GL2(𝐿𝑣) module for finite places 𝑣 (see, e.g., [Bu, Section
3.3]). We will recall the classification of these modules in Section E.7 and Section
E.6, respectively.

Eigenforms of Hecke operators give rise to automorphic representations. As
in Section 5.4, let 𝔠 ⊂ 𝒪𝐿 be an ideal, let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be a weight, and let
𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a quasicharacter of conductor dividing 𝔠 satisfying 𝜒∞(𝛼∞) =
𝛼−𝑘−2𝑚
∞ for 𝛼∞ ∈ 𝔸×𝐿∞. It is easy to check that there is a natural inclusion

𝑀𝜅(𝐾0(𝔠), 𝜒) ↪→ 𝒜(𝐺,𝜒)

which restricts to induce an inclusion

𝑆𝜅(𝐾0(𝔠), 𝜒) ↪→ 𝒜0(𝐺,𝜒).

For every simultaneous eigenform ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) of the Hecke operators 𝑇𝔠(𝔭)
for almost all primes 𝔭, let 𝜋(ℎ) be the (𝔤,𝐾1∞) × 𝐺(𝔸𝑓 )-submodule of 𝒜(𝐺,𝜒)
spanned by the translates of ℎ. As is well known, 𝜋(ℎ) is then an automorphic
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representation of 𝐺 (compare [Bu, Theorems 3.6.1 and 3.7.3]). There is also a par-
tial converse to this statement, and this gives the dictionary between automorphic
forms and automorphic representations on 𝐺 we mentioned above.

Before making this precise, we recall the notion of the conductor of an au-
tomorphic representation. Suppose that 𝜋𝑣 is an irreducible admissible represen-
tation of GL2(𝐿𝑣) with central character 𝜒𝑣. Temporarily let 𝔭 be the prime ideal
of 𝒪𝐿,𝑣. For any 𝑛 ≥ 𝑎(𝜒𝑣) (the exponent of the conductor of 𝜒𝑣), we may extend
𝜒𝑣 to a character of

𝐾0(𝔭
𝑛) :=

{(
𝑎 𝑏
𝑐 𝑑

) ∈ GL2(𝒪𝐿,𝑣) : 𝑐 ∈ 𝔭𝑛
}

by setting 𝜒𝑣

((
𝑎 𝑏
𝑐 𝑑

))
:= 𝜒𝑣(𝑑). The conductor 𝔣(𝜋) of 𝜋 is then 𝔭𝑎(𝜋), where 𝑎(𝜋)

is the smallest non-negative integer 𝑛 such that

𝑉 (𝜋𝑣)𝐾0(𝔭
𝑛)

𝜒𝑣 := {𝑓 ∈ 𝑉 (𝜋𝑣) : 𝜋𝑣(𝑔) ⋅ 𝑓 = 𝜒𝑣(𝑔)𝑓 for all 𝑔 ∈ 𝐾0(𝔭
𝑛)} ∕= 0.

Here 𝑉 (𝜋𝑣) is the space of 𝜋𝑣. The space 𝑉 (𝜋𝑣)
𝐾0(𝔣(𝜋𝑣))
𝜒𝑣 is one-dimensional by a

theorem of Casselman [Cas]. The conductor of 𝜋 is defined to be the product of
its local conductors:

𝔣(𝜋) =
∏
𝑣∤∞

𝔣(𝜋𝑣). (E.1.3)

Theorem E.1 (Automorphic dictionary). Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐿) be a weight,
and let 𝜒 : 𝐿×∖𝔸×𝐿 → ℂ× be a quasicharacter satisfying 𝜒∞(𝑎∞) = 𝑎−𝑘−2𝑚

∞ .
If ℎ ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a simultaneous eigenform for 𝑇𝔠(𝔭) for almost all primes
𝔭 ⊂ 𝒪𝐿, then the automorphic representation 𝜋(ℎ) satisfies the following:

(1) The central character of 𝜋(ℎ) is 𝜒.

(2) The conductor of 𝜋(ℎ) is equal to the level of ℎ.

(3) For each infinite place 𝜎 ∈ Σ(𝐿), we have 𝜋(ℎ)𝜎 ∼= 𝒟−𝑘𝜎−2𝑚𝜎 (𝑘𝜎 + 2).

Conversely, if 𝜋 is a cuspidal automorphic representation of 𝐺 with central
quasicharacter 𝜒 satisfying 𝜋𝜎

∼= 𝒟−𝑘𝜎−2𝑚𝜎(𝑘𝜎 + 2) for each 𝜎 ∈ Σ(𝐿), then
𝜋 ∼= 𝜋(ℎ) for a unique normalized newform ℎ ∈ 𝑆new𝜅 (𝐾0(𝔣(𝜋)), 𝜒).

Here 𝒟𝜇(𝑘) is the discrete series representation of Section E.7, and ℎ ∈
𝑆new𝜅 (𝐾0(𝔠

′), 𝜒) is the normalized (meaning 𝑎(𝒪𝐿, ℎ) = 1, see Section 5.9) new-
form associated to ℎ, that is, the normalized newform whose Hecke eigenvalues
𝜆ℎ(𝔪) satisfy 𝜆ℎ(𝔭) = 𝜆ℎ(𝔭) for almost all prime ideals 𝔭 ⊂ 𝒪𝐿 (where 𝔠′ ⊃ 𝔠 is
the level of ℎ).

Remark. Thus, there is a one to one correspondence between normalized newforms
and cuspidal automorphic representations as above. As the proof will show, this
theorem depends on the fact that “multiplicity one” holds for 𝐺. In other words,
every isomorphism class of cuspidal automorphic representation occurs with mul-
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tiplicity one in 𝒜0(𝐺,𝜒). This is not true for automorphic representations on
arbitrary reductive groups.

The proof of Theorem E.1 uses some material contained in Section E.2, Sec-
tion E.6 and Section E.7 below.

Proof of Theorem E.1. We begin by proving the converse statement. Let 𝜋 =
⊗′𝑣𝜋𝑣 be the given cuspidal automorphic representation. There is a (𝔤,𝐾 ′∞) ×
𝐺(𝔸𝑓 )-intertwining injection 𝜋 ↪→ 𝒜0(𝐺,𝜒); moreover, this injection is unique
(see [JaLan, Propositions 10.9 and 11.1.1]). We therefore identify 𝜋 with its im-
age under this isomorphism. Regard 𝜒 as a character of 𝐾0(𝔣(𝜋)) by setting
𝜒
((

𝑎 𝑏
𝑐 𝑑

))
=

∏
𝔭∣𝔠 𝜒𝑣(𝔭)(𝑑𝑣(𝔭)), where 𝜒𝑣(𝔭) is the local character associated to 𝜒 at

the place 𝑣(𝔭) assocated to the prime 𝔭 ⊂ 𝒪𝐿. Consider the space

𝑉 ′ := 𝑉 (𝜋)𝐾0(𝔣(𝜋))
𝜅,𝜒 (E.1.4)

:=

{
ℎ ∈ 𝑉 (𝜋) :

𝜋(𝑔)ℎ = 𝜒(𝑔)ℎ for all 𝑔 ∈ 𝐾0(𝔣(𝜋)) and
𝜋(𝑢∞)ℎ = ℎ exp(

∑
𝑣∣∞ 𝑖𝑘𝑣𝜃𝑣) for all 𝑢∞ ∈ 𝐾1

∞

}
,

where 𝑢∞ =
(
. . . ,

(
cos 𝜃𝑣 sin 𝜃𝑣
− sin 𝜃𝑣 cos 𝜃𝑣

)
, . . .

)
for 𝜃 ∈ (ℝ/2𝜋ℤ)Σ(𝐿). By the result of Cas-

selman cited above (see above (E.1.3)), together with the fact that the isotypic
components of the discrete series under the action of SO2(ℝ) are one-dimensional
(see (E.7.3) below), we conclude that 𝑉 ′ is a one-dimensional complex vector space,
say ℂℎ = 𝑉 ′ for some ℎ ∈ 𝒜0(𝐺𝐿, 𝜒). We claim that ℎ ∈ 𝑆𝜅(𝐾0(𝔣(𝜋)), 𝜒). Indeed,
all of the conditions for ℎ to be an element of 𝑆𝜅(𝐾0(𝔣(𝜋)), 𝜒) (see Section 5.4)
are immediate, except possibly (1), namely that

𝐶𝜎ℎ(𝛼∞𝛼0) =

(
𝑘2𝜎
2

+ 𝑘𝜎

)
ℎ(𝛼∞𝛼0)

where 𝐶𝜎 is the Casimir operator acting on the place 𝜎 as normalized in (E.7.1)
below. This follows from the fact that 𝜋𝜎 ∼= 𝒟−𝑘𝜎−2𝑚𝜎 (𝑘𝜎 + 2) and (E.7.2) below.

The last thing we need to check is that ℎ is a newform. We first claim that
ℎ is a simultaneous eigenform for all Hecke operators 𝑇𝔣(𝜋)(𝔭)𝜒 and 𝑇𝔣(𝜋)(𝔭, 𝔭)𝜒

for 𝔭 ∤ 𝔣(𝜋). Let 𝑆 be the set of places of 𝐿 dividing ∞ and 𝔣(𝜋). Let 𝜋(ℎ)𝑆 =∏
𝑣∤𝑆 𝜋𝑣. Then 𝜋(ℎ)𝑆 is an irreducible, admissible GL2(𝔸

𝑆
𝐿)-module that is fixed

by GL2(𝒪𝑆
𝐿). Here we are using a superscript 𝑆 to denote adèles trivial at the

places dividing 𝑆. Hence 𝜋(ℎ)𝑆 is a simple ℋ(GL2(𝔸
𝑆
𝐿)//GL2(𝒪𝑆

𝐿))-module (see

Section E.2). On the other hand, ℋ(GL2(𝔸
𝑆
𝐿)//GL2(𝒪̂𝑆

𝐿)) is commutative [Cart,
Proposition 4.1], so we conclude that

𝑇𝔣(𝜋)(𝔭)𝜒 and 𝑇𝔣(𝜋)(𝔭, 𝔭)𝜒 ∈ ℋ(𝐺(𝔸𝑓 ))

act as scalars on 𝜋(ℎ)𝑆 for all primes 𝔭 ∤ 𝔣(𝜋) (see (E.2.4) for notation). This implies
that for 𝔭 ∤ 𝔣(𝜋) the operators 𝑇 𝜒

𝔣(𝜋)(𝔭)𝜒 and 𝑇𝔣(𝜋)(𝔭, 𝔭)𝜒 act as scalars on ℎ itself,

and hence, by the discussion above (E.2.4), the Hecke operators 𝑇𝔠(𝔭), 𝑇𝔠(𝔭, 𝔭) ∈ 𝕋𝔠
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act as scalars on ℎ. Thus ℎ is a Hecke eigenform for all Hecke operators 𝑇𝔠(𝔪),
𝑇𝔠(𝔪,𝔪) with 𝔪+ 𝔣(𝜋) = 𝒪𝐿 (compare (5.6.8)). Suppose that ℎ is not a newform.
Then let ℎ ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) for some 𝔠 ⊋ 𝔣(𝜋) be its associated newform. Then,
by newform theory (compare Section 5.8) we may write

ℎ(𝛼) =
∑
𝑔𝑖

𝑐𝑖ℎ
(
𝛼
(
𝑑−1

1

))
for some 𝑐𝑖 ∈ ℂ and 𝑑 ∈ 𝒪𝐸 with 𝔡𝔠∣𝔣(𝜋). It follows that ℎ ∈ 𝑉 ′, which contradicts
the definition of the conductor 𝔣(𝜋); thus ℎ is a newform. This finishes the proof
of the converse statement.

Now assume that ℎ ∈ 𝑆𝜅(𝐾0(𝔠), 𝜒) is a simultaneous eigenform for 𝑇𝔠(𝔭) and
𝑇𝔠(𝔭, 𝔭) for almost all primes 𝔭 ⊂ 𝒪𝐿. Let ℎ be its associated newform. Then, as
above, ℎ(𝛼) =

∑
𝑖 𝑐𝑖ℎ(𝛼𝑔𝑖) for some 𝑐𝑖 ∈ ℂ and 𝑔𝑖 ∈ 𝐺(𝔸𝑓 ), so 𝜋(ℎ) = 𝜋(ℎ). We

may therefore assume, without loss of generality, that ℎ is a newform. It is easy
to see that the cuspidal automorphic representation 𝜋(ℎ) has central character 𝜒.
Since ℎ ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒), we have that

𝐶𝜎ℎ(𝛼∞𝛼0) =

(
𝑘2𝜎
2

+ 𝑘𝜎

)
ℎ(𝛼∞𝛼0).

This fact, combined with Proposition E.10 and a simple computation using the ex-
plicit description of 𝜒 at the infinite places implies that 𝜋(ℎ)𝜎 ∼= 𝒟−𝑘𝜎−2𝑚𝜎(𝑘𝜎+2).

Define 𝑉 ′′ := 𝑉 (𝜋(ℎ))
𝐾0(𝔣(𝜋))
𝜅,𝜒 (see (E.1.4)). By what we proved above, 𝑉 ′′ =

ℂℎ̃, where ℎ̃ ∈ 𝑆new𝜅 (𝐾0(𝔣(𝜋(ℎ))), 𝜒) is the unique newform such that 𝜋(ℎ̃) = 𝜋(ℎ).

We conclude that ℎ = ℎ̃, and hence 𝔣(𝜋(ℎ)) = 𝔠. □

In Section E.8 below, we will use Theorem E.1 to translate the statement of
prime degree base change for GL2 from the language of automorphic representa-
tions to the language of automorphic forms. This is the formulation we used in
the proof of Theorem 8.3.

E.2 Hecke operators

Recall from Section 5.6 the algebra 𝕋𝔠 which acts on 𝑆𝜅(𝐾0(𝔠), 𝜒) for 𝔠 ⊂ 𝒪𝐿.
This algebra admits a reinterpretation which permits one to generalize its action
on 𝑆𝜅(𝐾0(𝔠), 𝜒) to an action on certain spaces of automorphic forms. We recall
this generalization in this section.

As in [Cart], for any locally compact totally-disconnected group 𝐺′ let

ℋ(𝐺′) (E.2.1)

be the convolution algebra of complex-valued functions 𝜑 on 𝐺′ satisfying the
following conditions:
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∙ The function 𝜑 is locally constant.

∙ The function 𝜑 is compactly supported.

We will later restrict to the case 𝐺′ = 𝐺(𝐿𝑣) or 𝐺′ = 𝐺(𝔸𝑓 ). For concreteness, we
note that the convolution product is given by

(𝜑1 ∗ 𝜑2) (𝛼) :=

∫
𝐺′

𝜑1(𝑔)𝜑2(𝑔
−1𝛼)𝑑𝑔, (E.2.2)

where 𝑑𝑔 is a suitable Haar measure. Thus, for example, for every 𝑥 ∈ 𝐺′ and every
compact open subgroup 𝐾 ⊆ 𝐺′ we have elements char𝐾𝑥𝐾 of ℋ(𝐺′) defined by

char𝐾𝑥𝐾(𝛼) :=

{(∫
𝐾 𝑑𝑔

)−1
if 𝛼 ∈ 𝐾𝑥𝐾

0 otherwise.

As explained in [Cart], every admissible 𝐺′-representation 𝜋 is in a natural
way a ℋ(𝐺′)-module. In particular, if 𝐺′ is unimodular, then the action is given by

𝜑 ⋅ 𝑤 :=

∫
𝐺′

𝜑(𝑔)𝜋(𝑔)𝑤𝑑𝑔

for 𝑤 ∈ 𝑉 (𝜋) (see [Bu, p. 316]). Letting 𝑉 (𝜋) denote the space of 𝜋, we have the
following extremely useful proposition:

Proposition E.2. An admissible 𝐺′-representation 𝜋 is irreducible if and only if
𝑉 (𝜋) is a simple ℋ(𝐺′)-module.

See [Cart, p. 118] for a proof of Proposition E.2 and also for the following version
of Schur’s lemma:

Proposition E.3. If 𝜋 be a smooth, irreducible representation of 𝐺′, and the topol-
ogy of 𝐺′ has a countable basis, then End𝐺′(𝑉 (𝜋)) ∼= ℂ.

We now return to our case of interest, namely the 𝐺(𝔸𝑓 )-module 𝒜(𝐺,𝜒).
As we mentioned above, the fact that 𝒜(𝐺,𝜒) is a 𝐺(𝔸𝑓 )-module immediately
implies that it is a ℋ(𝐺(𝔸𝑓 ))-module.

In particular, we may consider the ℋ(𝐺(𝔸𝑓 ))-submodule

𝒜𝔠 := {ℎ ∈ 𝒜(𝐺,𝜒) : 𝜋(𝑔)ℎ = 𝜒(𝑔)ℎ for 𝑔 ∈ 𝐾0(𝔠)},

where 𝜒
((

𝑎 𝑏
𝑐 𝑑

))
:=

∏
𝔭∣𝔠 𝜒𝑣(𝔭)(𝑑𝑣(𝔭)) for

(
𝑎 𝑏
𝑐 𝑑

) ∈ 𝐾0(𝔠) as above. Recall the defini-
tion of the Hecke algebra 𝕋𝔠 from Section 5.6. The elements of 𝕋𝔠 can be thought
of as formal sums of double cosets of the form

𝐾0(𝔠)𝑥𝐾0(𝔠)
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with 𝑥 ∈ 𝑅(𝔠). Here 𝑅(𝔠) is defined to be

𝐺(𝔸𝑓 ) ∩
⎧⎨⎩𝑥 ∈ 𝑀2(ℤ̂⊗𝒪𝐿) : 𝑥 =

(
𝑎 𝑏
𝑐 𝑑

)
with 𝑐 ∈ 𝔠 and

∏
𝔭∣𝔠

(𝑑𝑣(𝔭)) ∈
∏
𝔭∣𝔠

𝒪×𝐿,𝑣(𝔭)

⎫⎬⎭
as in Section 5.6. Any such double coset can be decomposed into a disjoint sum

𝐾0(𝔠)𝑥𝐾0(𝔠) =
∑
𝑖

𝑥𝑖𝐾0(𝔠).

Thus we have an action of 𝕋𝔠 on 𝒜𝔠 by defining

(ℎ∣𝐾0(𝔠)𝑥𝐾0(𝔠))(𝛼) :=
∑
𝑖

𝜒(𝑥𝑖)
−1ℎ(𝛼𝑥𝑖).

Here 𝜒(
(
𝑎 𝑏
𝑐 𝑑

)
) = 𝜒(

∏
𝔭∣𝔠(𝑑𝑣(𝔭))). This definition is consistent with our earlier def-

inition of ℎ∣𝐾0(𝔠)𝑥𝐾0(𝔠) for ℎ ∈ 𝑀𝜅(𝐾0(𝔠), 𝜒) ⊆ 𝒜𝔠.

We wish to realize these 𝐾0(𝔠)𝑥𝐾0(𝔠) as elements of the “new” Hecke algebra
ℋ(𝐺(𝔸𝑓 )). Set

𝐾0(𝔠)𝑥𝐾0(𝔠)
𝜒(𝑔) := 𝜒(𝑔)−1char𝐾0(𝔠)𝑥𝐾0(𝔠)(𝑔). (E.2.3)

We will now compute 𝐾0(𝔠)𝑥𝐾0(𝔠)
𝜒 ⋅ ℎ for ℎ ∈ 𝒜𝔠. For notational simplicity,

temporarily set 𝐾0 := 𝐾0(𝔠). For ℎ ∈ 𝒜𝑐, we have:

𝐾0(𝔠)𝑥𝐾0(𝔠)
𝜒 ⋅ ℎ(𝛼)

:=

∫
𝐺(𝔸𝑓 )

𝐾0(𝔠)𝑥𝐾0(𝔠)
𝜒(𝑔)ℎ(𝛼𝑔)𝑑𝑔

=

(∫
𝐾0

𝑑𝑔

)−1 ∑
𝑥𝑖𝐾0∈𝐾0𝑥𝐾0/𝐾0

∫
𝑥𝑖𝐾0

𝜒(𝑔)−1ℎ(𝛼𝑔)𝑑𝑔

=

(∫
𝐾0

𝑑𝑔

)−1 ∑
𝑥𝑖𝐾0∈𝐾0𝑥𝐾0/𝐾0

∫
𝐾0

𝜒(𝑥𝑖𝑔)−1ℎ(𝛼𝑥𝑖𝑔)𝑑𝑔

=

(∫
𝐾0

𝑑𝑔

)−1 ∑
𝑥𝑖𝐾0∈𝐾0𝑥𝐾0/𝐾0

𝜒(𝑥𝑖)
−1ℎ(𝛼𝑥𝑖)

∫
𝐾0

𝑑𝑔 (by definition of 𝒜𝔠)

=
∑
𝑖

𝜒(𝑥𝑖)
−1ℎ(𝛼𝑥𝑖)

= (ℎ∣𝐾0(𝔠)𝑥𝐾0(𝔠))(𝛼).

For any 𝑡 =
∑

𝑗 𝑎𝑗𝐾0(𝔠)𝑥𝑗𝐾0(𝔠) ∈ 𝕋𝔠, we set

𝑡𝜒 :=
∑
𝑗

𝑎𝑗𝐾0(𝔠)𝑥𝑗𝐾0(𝔠)
𝜒. (E.2.4)
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(We used this notation for 𝑡 = 𝑇𝔠(𝔭) in Section E.1 above.) To summarize, the
natural inclusion

𝑆𝜅(𝐾0(𝔠), 𝜒) −→ 𝒜0(𝐺,𝜒) (E.2.5)

is compatible with the map

𝕋𝔠 −→ ℋ(𝐺(𝔸𝑓 )) (E.2.6)

𝑡 �−→ 𝑡𝜒.

This map is actually an injective algebra morphism, intertwining the usual prod-
uct in 𝕋𝔠 with convolution of functions in ℋ(𝐺(𝔸𝑓 ). The injectivity is clear, and
the fact that the map respects the product structure on both sides is well known
(see [Cart]).

If 𝐺′ is a locally compact totally disconnected group and 𝐾 ⊆ 𝐺′ is a compact
open subgroup, denote by

ℋ(𝐺′//𝐾) ⊆ ℋ(𝐺′)

the subgroup consisting of those functions that are 𝐾-biinvariant. That is, 𝑓 ∈
ℋ(𝐺′) is an element of ℋ(𝐺′//𝐾) if and only if 𝑓(𝑘𝑔) = 𝑓(𝑔𝑘) = 𝑓(𝑔) for all
𝑔 ∈ 𝐺′ and 𝑘 ∈ 𝐾. Then it is easy to check that the image of (E.2.6) is contained
in ℋ(𝐺(𝔸𝑓 )//𝐾∨

0 (𝔠)), where

𝐾∨
0 (𝔠) :=

{(
𝑎 𝑏
𝑐 𝑑

)
∈ 𝐾0(𝔠) : 𝑑− 1 ∈ 𝔠

}
.

E.3 Agreement of 𝑳-functions

The purpose of this section is to prove the following theorem.

Theorem E.4. Let ℎ ∈ 𝑆new𝜅 (𝐾0(𝔠), 𝜒) be a newform, and 𝜋(ℎ) its associated auto-
morphic representation as in Theorem E.1. Then for every prime 𝔭 with associated
finite place 𝑣(𝔭), we have

𝐿𝔭(ℎ, 𝑠) = 𝐿(𝜋(ℎ)𝑣(𝔭), 𝑠)

where the local Euler factor on the left is that given in (5.9.6) and the Euler factor
on the right is the “standard” Euler factor (see [JaLan]).

Proof. For ease of notation, write 𝜋 := 𝜋(ℎ). By the classification of local ad-
missible representations of GL2, we have three possibilities for 𝜋𝑣(𝔭); it is either
principal, special (also known as Steinberg), or supercuspidal (see Section E.6 and
[Gel, Section 4.2]). If 𝜋𝑣(𝔭) is principal or special, the local Euler factors 𝐿(𝜋𝑣(𝔭), 𝑠)
are given by the table in Section E.6. If 𝜋𝑣(𝔭) is supercuspidal, then 𝐿(𝜋𝑣(𝔭), 𝑠) = 1
[Gel, Theorem 6.15]. In any case, 𝐿(𝜋𝑣(𝔭)) is a polynomial in N𝐿/ℚ(𝔭)−𝑠 of degree
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0, 1, or 2. It is clear that the coefficients of (N𝐿/ℚ(𝔭)−𝑠)0 and (N𝐿/ℚ(𝔭)−𝑠)2 in
𝐿(𝜋𝑣(𝔭), 𝑠) and 𝐿𝔭(ℎ, 𝑠) agree. We are left with checking that the coefficients of
N𝐿/ℚ(𝔭)−𝑠 agree.

The space 𝑉 (𝜋)
𝐾0(𝔣(𝜋))
𝜅,𝜒 of (E.1.4) is one-dimensional as explained in the proof

of Theorem E.1, and it is clear that 𝑇𝔠(𝔭)𝜒 both preserves this space and has image
contained in it. It therefore acts as a scalar on it, say 𝜆. By the discussion above
(E.2.4) and the fact that we may regard ℎ as an element of 𝑉 (𝜋) ⊂ 𝒜0(𝐺,𝜒), we
see that 𝜆 = 𝜆ℎ(𝔭). It therefore suffices, by the definition of 𝐿𝔭(ℎ, 𝑠) in (5.9.6), to
prove that 𝜆N𝐿/ℚ(𝔭)−1/2 is the coefficient of N𝐿/ℚ(𝔭)−𝑠 in 𝐿(𝜋𝑣(𝔭), 𝑠).

In order to do this, one calculates the eigenvalue of 𝑇𝔠(𝔭)𝜒 on 𝑉 (𝜋). Note
that 𝑇𝔠(𝔭) = 𝐾0(𝔠)

(
1 0
0 𝜛𝔭

)
𝐾0(𝔠) where 𝜛𝔭 is an idèle that is a uniformizer for the

maximal ideal of 𝒪𝐿,𝑣(𝔭) at 𝑣(𝔭) and is trivial at all other places. Then, for any
pure tensor 𝑤 = ⊗′𝑣𝑤 ∈ 𝑉 (𝜋), we have

𝑇𝔠(𝔭)𝜒𝑤 :=

(∫
𝐾0(𝔠)

𝑑𝑔

)−1 ∫
𝐾0(𝔠)

(
1 0
0 𝜛𝔭

)
𝐾0(𝔠)

𝜒(𝑔)−1𝜋(𝑔)𝑤𝑑𝑔

=

⎛⎝(∫
𝐾𝔭

𝑑𝑔𝑣(𝔭)

)−1 ∫
𝐾𝔭

(
1 0
0 𝜛𝔭

)
𝐾𝔭

𝜋(𝑔𝑣(𝔭))𝑤𝑣(𝔭)

⎞⎠⊗ (⊗𝑣 ∕=𝑣(𝔭)𝑤𝑣

)
= char

𝐾𝔭

(
1 0
0 𝜛𝔭

)
𝐾𝔭

⋅ 𝑤𝑣(𝔭) ⊗
(⊗𝑣 ∕=𝑣(𝔭)𝑤𝑣

)
.

Here, at the last line, we regard 𝜛𝔭 as uniformizer for the maximal ideal of
𝒪𝐿,𝑣(𝔭), and 𝐾𝔭 = 𝐾0(𝔣(𝜋𝑣(𝔭))). We conclude that 𝜆 is also the eigenvalue of
char

𝐾𝔭

(
1 0
0 𝜛𝔭

)
𝐾𝔭

∈ ℋ(𝐺(𝐿𝑣(𝔭))) acting on 𝜋𝑣(𝔭). If 𝜋𝑣(𝔭) is unramified, Propo-

sition 4.6.6 of [Bu] computes this eigenvalue, and it turns out to be precisely
(𝜒1(𝔭) + 𝜒2(𝔭)) N𝐿/ℚ(𝔭)1/2.

In the cases where 𝜋𝑣(𝔭) is ramified, Hida states the computation of 𝜆 as a
theorem in [Hid4, Section 2] as a rephrasing of the results of [Cas]. A nice proof, fol-
lowing the proof of Proposition 4.6.6 of [Bu], is given in Proposition 2 of [Pop]. □

E.4 Langlands functoriality

In this section we indicate briefly how the base change map that we have used
throughout this work fits into the general (conjectural) framework of Langlands
functoriality. Our primary motivation is to make precise several statements made
in the introduction and in Chapter 8 about how various maps on Hecke algebras
are “induced by a map of 𝐿-groups.”

Let 𝐻 be a connected reductive 𝐹 -group, where 𝐹 is a number field. Lang-
lands has conjectured that there is a partition of the set of all equivalence classes
of automorphic representations of 𝐻(𝔸𝐹 ) (resp. irreducible admissible represen-
tations of 𝐻(𝐹𝑣)) into disjoint sets called 𝐿-packets enjoying certain functorial
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properties. Here 𝑣 is any place of 𝐹 . An 𝐿-packet of automorphic representations
is called a global 𝐿-packet, and an 𝐿-packet of irreducible admissible representa-
tions is called a local 𝐿-packet. Describing what is known about these 𝐿-packets
is beyond the scope of this work. However, in the case when 𝐻 = Res𝑀/𝐹GL𝑛 for
some finite degree field extension 𝑀/𝐹 and some integer 𝑛 the packets are single-
tons; that is, each irreducible representation defines an 𝐿-packet with isomorphism
class of the representation itself as the sole member.

One reason Langlands introduced 𝐿-packets is to formulate the notion of a
functorial transfer. More precisely, let 𝐻 and 𝐺 be connected reductive 𝐹 -groups
(resp. 𝐹𝑣-groups) and let

𝐿𝐻 −→ 𝐿𝐺

be an 𝐿-map (see [Bo79]). Langlands has conjectured that to each such map one
has a functorial transfer associating an 𝐿-packet of representations of 𝐺 to each
𝐿-packet of representations of 𝐻 . The transfer of global 𝐿-packets is supposed
to be compatible with the transfer of local 𝐿-packets. Again, describing what is
known about this conjecture is beyond the scope of this work. The Paris book
project organized by M. Harris [Harr] would be a place for the interested reader to
begin, as well as forthcoming work of J. Arthur. The structure of 𝐿-packets in the
archimedean case is due to Langlands and Shelstad (see [LanS] and the references
therein). One should also consult the various papers of C. Moeglin et. al. for the
local non-archimedean case. Also, though much more is known now than in 1979,
the Corvallis proceedings [BoC] remain an invaluable resource.

In this book we only require a case of Langlands functoriality that was his-
torically among the first to be proven [Lan], namely prime-degree base change for
GL2. Let 𝐿/𝐸 be a prime-degree Galois extension of number fields, let 𝐻 = GL𝑛

and 𝐺 = Res𝐿/𝐸GL𝑛. We will use the “finite form” of the 𝐿-group in what follows
[Bo79, Section 2.4(2)]. One can find proofs and/or references for the statements
we make in [Bo79].

For every place 𝑣 of 𝐸 write 𝐿𝑣 := 𝐿⊗𝐸 𝐸𝑣. We have

𝐿𝐻 = GL𝑛(ℂ) × Gal(𝐿/𝐸)

𝐿𝐺 = GL𝑛(ℂ)Gal(𝐿/𝐸) ⋊ Gal(𝐿/𝐸)

𝐿𝐻𝐸𝑣 =

{
GL𝑛(ℂ) × Gal(𝐿𝑣/𝐸𝑣) if 𝑣 is inert or ramified

GL𝑛(ℂ) × ⟨1⟩ if 𝑣 is split

𝐿𝐺𝐸𝑣 =

{
GL𝑛(ℂ)Gal(𝐿/𝐸) ⋊ Gal(𝐿𝑣/𝐸𝑣) if 𝑣 is inert or ramified

GL𝑛(ℂ)Gal(𝐿/𝐸) × ⟨1⟩ if 𝑣 is split.

Here in the first (resp. second) semidirect product Gal(𝐿/𝐸) (resp. Gal(𝐿𝑣/𝐸𝑣) ↪→
Gal(𝐿/𝐸)) acts by permuting the factors in the natural manner. The symbol
⟨1⟩ just means the trivial group with one element. For every place 𝑣 of 𝐸 there
are natural embeddings 𝐿𝐻𝐸𝑣 −→ 𝐿𝐻 and 𝐿𝐺𝐸𝑣 → 𝐿𝐺 given by the identity
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on the first factor and the natural embedding Gal(𝐿𝑣/𝐸𝑣) → Gal(𝐿/𝐸) (resp.
⟨1⟩ → Gal(𝐿/𝐸)) on the second factor. The 𝐿-map that induces base change from
GL𝑛 to Res𝐿/𝐸GL𝑛 is the map

𝑏 : GL𝑛(ℂ) × Gal(𝐿/𝐸) −→ GL𝑛(ℂ)Gal(𝐿/𝐸) ⋊ Gal(𝐿/𝐸) (E.4.1)

given by the diagonal embedding on the first factor and the identity on the second.
Using the embeddings of the local 𝐿-groups mentioned above, 𝑏 induces a map

𝑏 : 𝐿GL𝑛𝐸𝑣 −→ 𝐿Res𝐿/𝐸GL𝑛𝐸𝑣

for every place 𝑣 of 𝐹 .

We now explain what we mean when we say that (E.4.1) induces base change.
Choose a place 𝑣 of 𝐸 and assume that it is finite and unramified in 𝐿/𝐸. Let
𝑇 ⊆ 𝐿GL∘𝑛𝐸𝑣

be a maximal torus, let 𝜎 = 1 if 𝑣 is split in 𝐿/𝐸 and let 𝜎 be

a generator of Gal(𝐿 ⊗𝑣 𝐸𝑣/𝐸𝑣) if 𝑣 is inert in 𝐿/𝐸. Notice that 𝑇Gal(𝐿/𝐸) ⊆
GLGal(𝐿/𝐸)

𝑛 = 𝐿GL∘𝑛𝐸𝑣
is also a maximal torus, and the restriction

𝑏 : 𝑇 × 𝜎 −→ 𝑇Gal(𝐿/𝐸) ⋊ 𝜎

is just the natural diagonal embedding on the first factor and the identity on the
second factor. Let 𝑊 be the Weyl group of 𝑇 in 𝐿GL𝑛𝐸𝑣 . Let 𝑅 be a ℂ-algebra.
Since the action of 𝑊 on 𝑇 commutes with the (trivial) action of 𝜎 on 𝑇 , the map
𝑇 (𝑅) −→ 𝑇 (𝑅) × 𝜎 given by 𝑡 �→ 𝑡× 𝜎 induces an isomorphism

𝑇/𝑊 −→ 𝑇 × 𝜎/𝑊 (E.4.2)

of affine schemes over ℂ. Define 𝑊𝐸 to be the subgroup of the Weyl group of
𝑇Gal(𝐿/𝐸) in 𝐿Res𝐿/𝐸GL∘𝑛𝐸𝑣

that is fixed by 𝜎. Let 𝑁 be the normalizer of

𝑇Gal(𝐿/𝐸) in 𝐿Res𝐿/𝐸GL∘𝑛𝐸𝑣
, and let 𝑁𝐸 be the inverse image of 𝑊𝐸 in 𝑁 . Then

𝑏 induces a morphism

𝑏 : 𝑇/𝑊 −→ 𝑇 × 𝜎/𝑊 −→ (𝑇Gal(𝐿/𝐸) ⋊ 𝜎)/𝑁𝐸

of affine schemes over ℂ. This is equivalent to the statement that 𝑏 induces a
ℂ-algebra homomorphism

𝑏 : ℂ[𝑇Gal(𝐿/𝐸) ⋊ 𝜎]𝑁𝐸 −→ ℂ[𝑇 ]𝑊 . (E.4.3)

There are algebra isomorphisms

ℂ[𝑇Gal(𝐿/𝐸) ⋊ 𝜎]𝑁𝐸 ∼=
{
ℂ[𝑡±11 , . . . , 𝑡±1𝑛 ]𝑆𝑛 if 𝑣 is inert

(ℂ[𝑡±11 , . . . , 𝑡±1𝑛 ]𝑆𝑛)[𝐿:𝐸] if 𝑣 is split.

ℂ[𝑇 ]𝑊 ∼= ℂ[𝑡±11 , . . . , 𝑡±1𝑛 ]𝑆𝑛
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where 𝑆𝑛 acts by permuting the indices [ArtC, Chapter 1, Sections 4.1 and 4.2].
Moreover, one can arrange these isomorphisms so that the base change map of
(E.4.3) is given by

𝑏(𝑓)(𝑡1, . . . , 𝑡𝑛) = 𝑓(𝑡
[𝐿:𝐸]
1 , . . . , 𝑡[𝐿:𝐸]𝑛 ) if 𝑣 is inert (E.4.4)

𝑏(𝑓1, . . . , 𝑓[𝐿:𝐸]) = 𝑓1 ⋅ ⋅ ⋅ 𝑓[𝐿:𝐸] if 𝑣 is split

(the statement in the inert case is given in [ArtC, Chapter 1, Section 4.2], the
statement in the split case is obvious).

Write 𝐾𝑣 := GL𝑛(𝒪𝐸𝑣 ) and 𝐾𝐿𝑣 := GL𝑛(𝒪𝐿𝑣 ). We let

𝑏 : ℋ(GL𝑛(𝐿𝑣)//𝐾𝐿𝑣) −→ ℋ(GL𝑛(𝐸𝑣)//𝐾𝑣) (E.4.5)

be the algebra morphism defined by stipulating that the diagram

ℂ[𝑇Gal(𝐿/𝐸) ⋊ 𝜎]𝑁𝐸
𝑏 � ℂ[𝑇 ]𝑊

ℋ(GL𝑛(𝐿𝑣)//𝐾𝐿𝑣)

𝑓 �→ 𝑓∨
�

𝑏� ℋ(GL𝑛(𝐸𝑣)//𝐾𝑣)

𝜙 �→ 𝜙∨
�

commutes, where the vertical arrows are given by the Satake isomorphism. Here we
are using the normalization of the Satake isomorphism used in [ArtC, Chapter 1,
Sections 4.1 and 4.2] (see also [Kot, Section 5]).

Let 𝜋𝑣 be an irreducible admissible representation of GL𝑛(𝐸𝑣) that is unram-
ified (i.e., admits a 𝐾𝑣-fixed vector). Then ℋ(GL𝑛(𝐸𝑣)//𝐾𝑣) acts on the space of
𝜋𝑣 via a character 𝜆𝜋𝑣 . An irreducible admissible representation Π𝑣 of GL𝑛(𝐿𝑣) is
the base change of 𝜋𝑣 if Π𝑣 is unramified (i.e., contains a 𝐾𝐿𝑣-fixed vector) and
ℋ(GL𝑛(𝐿𝑣)//𝐾𝐿𝑣) acts on the space of Π𝑣 through a character 𝜆Π𝑣 satisfying

𝜆Π𝑣 (𝑡) = 𝜆𝜋𝑣 (𝑏(𝑡)) (E.4.6)

for all 𝑡 ∈ ℋ(GL𝑛(𝐿𝑣)//GL𝑛(𝒪𝐿𝑣 )) (compare [ArtC, Chapter 3, Section 1]). The
well-known, crucial observation is that the relation (E.4.6) uniquely determines
Π𝑣. Globally, one says that an automorphic representation Π of 𝐺𝐿𝑛(𝔸𝐿) is a
weak base change of an automorphic representation 𝜋 of GL𝑛(𝔸𝐹 ) if Π𝑣 is the
base change of 𝜋𝑣 for almost all places 𝑣. This makes sense because 𝜋 and Π are
necessarily unramified at almost all places. Moreover, by strong multiplicity one
for GL𝑛(𝔸𝐿), if such a Π exists and is cuspidal then it is unique. We note that
we have omitted a definition of the local base change for ramified representations;
this involves a character identity [ArtC, Chapter 1, Definition 6.1] due to Shintani
that we will not discuss here. We also note, though this is not quite obvious, that
the definition of the unramified base change and global base change given here for



226 Appendix E. Review of Prime Degree Base Change for GL2

general 𝑛 coincides with that given in Section E.5 for 𝑛 = 1 and Section E.6 and
Section E.8 for 𝑛 = 2.

Let 𝔠 ⊂ 𝒪𝐿 be an ideal, let 𝔠𝐸 = 𝔠 ∩ 𝒪𝐸 , and let 𝒟𝐿/𝐸 (resp. 𝑑𝐿/𝐸) denote
the different (resp. discriminant) of 𝐿/𝐸. We have an algebra morphism

𝑏 : ℋ(GL2(𝔸
𝔠𝒟𝐿/𝐸
𝐿 )//𝐾𝔠𝒟𝐿/𝐸) −→ ℋ(GL2(𝔸

𝔠𝐸𝑑𝐿/𝐸
𝐸 )//𝐾𝔠𝐸𝑑𝐿/𝐸)

given by (E.4.5) at each place 𝑣 ∤ 𝔠𝐸𝑑𝐿/𝐸 . Here the superscripts indicate the
subgroup of the finite adèles trivial at the places dividing the given ideal and

𝐾𝔠𝒟𝐿/𝐸 : =
∏

𝑣∤∞𝔠𝒟𝐿/𝐸
𝐾𝐿𝑣

𝐾𝔠𝐸𝑑𝐿/𝐸 : =
∏

𝑣∤∞𝔠𝐸𝑑𝐿/𝐸

𝐾𝑣.

Let

𝕋𝔠𝐸𝑑𝐿/𝐸 : = ℤ[{𝐾0(𝔠𝐸)𝑥𝐾0(𝔠𝐸) ∈ 𝕋𝔠𝐸 : 𝑥𝑣(𝔭) = ( 1 00 1 ) for 𝔭∣𝔠𝐸𝑑𝐿/𝐸}]

𝕋𝔠𝒟𝐿/𝐸 : = ℤ[{𝐾0(𝔠)𝑥𝐾0(𝔠) ∈ 𝕋𝔠 : 𝑥𝑣(𝔭) = ( 1 00 1 ) for 𝔓∣𝔠𝒟𝐿/𝐸}].

as in (8.2). Let 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐸) be a weight, and fix a quasi-character
𝜒𝐸 : 𝐸×∖𝔸𝐸 → ℂ× of conductor dividing 𝔠𝐸 satisfying 𝜒∞(𝛼∞) = 𝛼−𝑘−2𝑚 for
𝛼∞ ∈ 𝔸×𝐿,∞ Let 𝜒 = 𝜒𝐸 ∘N𝐿/𝐸 . The construction of Section E.2 provides us with
injections

𝜒𝐸 : 𝕋𝔠𝐸𝑑𝐿/𝐸 ↪→ ℋ(GL2(𝔸
𝔠𝐸𝑑𝐿/𝐸
𝐸 )//𝐾𝔠𝐸𝑑𝐿/𝐸)

𝜒 : 𝕋𝔠𝒟𝐿/𝐸 ↪→ ℋ(GL2(𝔸
𝔠𝒟𝐿/𝐸
𝐿 //𝐾𝔠𝒟𝐿/𝐸)

(see (E.2.6)).

Lemma E.5. Assume 𝐿/𝐸 is a quadratic extension. View 𝕋𝔠𝐸𝑑𝐿/𝐸 as a subalge-
bra of

ℋ(GL2(𝔸
𝔠𝐸𝑑𝐿/𝐸
𝐸 )//𝐾𝔠𝐸𝑑𝐿/𝐸)

and 𝕋𝔠𝒟𝐿/𝐸 as a subalgebra of

ℋ(GL2(𝔸
𝔠𝒟𝐿/𝐸
𝐿 //𝐾𝔠𝒟𝐿/𝐸)

using (E.2.6). Let 𝑏 be the base change map given in (E.4.5). We have

𝑏(𝕋𝔠𝒟𝐿/𝐸 ) ⊂ 𝕋𝔠𝐸𝑑𝐿/𝐸 .

The induced map
𝑏 : 𝕋𝔠𝒟𝐿/𝐸 −→ 𝕋𝔠𝐸𝑑𝐿/𝐸 (E.4.7)

is that given in Section 8.2 above.
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Proof. The proof proceeds by computing the effect of the base change map 𝑏 on
some elements of ℋ(GL2(𝐿𝑣)//𝐾𝐿𝑣). The normalization of the Satake isomor-
phism used in [ArtC, Chapter 1, Sections 4.1 and 4.2] is given explicitly in [Kot,
Section 5]. This is the same as the normalization of the Satake isomorphism given
in [Lau, Section 4.1]. Let 𝜛𝑣 be a uniformizer at the finite place 𝑣 of 𝐸 and let 𝑞
be the order of the residue field at 𝑣. By [Lau, Claim 4.1.18] and [Lau, Corollary
4.1.19], we have

ch∨
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

= 𝑞1/2(𝑡1 + 𝑡2)

ch∨
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

= 𝑡1𝑡2

If 𝑣 splits in 𝐿/𝐸, then a choice of isomorphism 𝐿𝑣
∼= 𝐸

[𝐿:𝐸]
𝑣 induces an

isomorphism ℋ(GL2(𝐿𝑣)//𝐾𝐿𝑣) ∼= ℋ(GL2(𝐸𝑣)//𝐾𝐸𝑣)[𝐿:𝐸] and the Satake iso-
morphism

∨ : ℋ(GL2(𝐿𝑣)//𝐾𝐿𝑣) −→ ℂ[𝑇Gal(𝐿/𝐸) ⋊ 𝜎]𝑁𝐸

is given by the Satake isomorphism for ℋ(GL2(𝐸𝑣)//𝐾𝐸𝑣)[𝐿:𝐸] on each factor. In
this case the base change morphism is given by

𝑏 : ℂ[𝑡1, 𝑡
−1
1 , 𝑡2, 𝑡

−1
2 ]𝑆2 ⊕ ℂ[𝑡1, 𝑡

−1
1 , 𝑡2, 𝑡

−1
2 ]𝑆2 −→ ℂ[𝑡1, 𝑡

−1
1 , 𝑡2, 𝑡

−1
2 ]𝑆2

(𝑝1, 𝑝2) �−→ 𝑝1𝑝2.

We conclude that

𝑏(ch
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

, ch𝐾𝑣 ) = 𝑏(ch𝐾𝑣 , ch
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

) = ch
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

(E.4.8)

𝑏(ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

, ch𝐾𝑣 ) = 𝑏(ch𝐾𝑣 , ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

) = ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

.

Now suppose 𝑣 is inert in 𝐿/𝐸. Let 𝜛̃𝑣 denote a uniformizer for 𝐿𝑣. By [Lau,
Claim 4.1.18] and [Lau, Corollary 4.1.19] we have

ch∨
𝐾𝐿𝑣

(
𝜛̃𝑣 0
0 1

)
𝐾𝐿𝑣

= 𝑞[𝐿:𝐸]/2(𝑡1 + 𝑡2)

ch∨
𝐾𝐿𝑣

(
𝜛̃𝑣 0
0 𝜛̃𝑣

)
𝐾𝐿𝑣

= 𝑡1𝑡2.

The base change morphism (E.4.1) is given by

𝑏 : ℂ[𝑡1, 𝑡
−1
1 , 𝑡2, 𝑡

−1
2 ]𝑆2 −→ ℂ[𝑡1, 𝑡

−1
1 , 𝑡2, 𝑡

−1
2 ]𝑆2

𝑝(𝑡1, 𝑡2) �−→ 𝑝(𝑡21, 𝑡
2
2)

[ArtC, Section 4.2]. It follows that

𝑏(ch
𝐾𝐿𝑣

(
𝜛̃𝑣 0
0 1

)
𝐾𝐿𝑣

) = ch
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

∗ ch
𝐾𝑣

(
𝜛𝑣 0
0 1

)
𝐾𝑣

− 2𝑞ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

= ch
𝐾𝑣

(
𝜛2
𝑣 0
0 1

)
𝐾𝑣

− 𝑞ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

(E.4.9)
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𝑏(ch
𝐾𝐿𝑣

(
𝜛̃𝑣 0
0 𝜛̃𝑣

)
𝐾𝐿𝑣

) = ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

∗ ch
𝐾𝑣

(
𝜛𝑣 0
0 𝜛𝑣

)
𝐾𝑣

= ch
𝐾𝑣

(
𝜛2
𝑣 0

0 𝜛2
𝑣

)
𝐾𝑣

(compare [Bu, Proposition 4.6.4]). The lemma follows from (E.4.8) and (E.4.9).
□

E.5 Prime degree base change for GL1

Let 𝐾/𝐹 be a finite, prime-degree Galois extension of non-archimedean local fields,
and let N𝐾/𝐹 be the norm map. An admissible representation of GL1(𝐹 ) is just
a continuous quasicharacter 𝜒 : 𝐹× → ℂ×. Its base change to GL1(𝐾) is simply
𝜒 ∘ N𝐾/𝐹 .

The Galois group Gal(𝐾/𝐹 ) acts on the set of admissible representations of
GL1(𝐾) by

𝜒𝜎(𝑥) := 𝜒(𝑥𝜎) for 𝜎 ∈ Gal(𝐾/𝐹 ).

Here 𝑥 ∈ 𝐾×. On the other hand, we have an identification of the dual Gal(𝐾/𝐹 )∧

with the set of characters 𝜂 : 𝐹× → ℂ× which are trivial on N𝐾/𝐹𝐾
×. This gives

us an action of Gal(𝐾/𝐹 )∧ on the set of admissible representations of GL1(𝐹 ) by
the rule sending an 𝜂 ∈ Gal(𝐾/𝐹 )∧ to

𝜒 �−→ 𝜂𝜒.

The following proposition uses these two actions to give a description of the kernel
and image of prime degree base change for GL1:

Proposition E.6 (Prime-degree base change for GL1). Let 𝐾/𝐹 be a finite prime-
degree Galois extension of non-archimedean local fields. Then 𝜒 �−→ 𝜒∘N𝐾/𝐹 gives
a bijection between the Gal(𝐾/𝐹 )∧-orbits of admissible representations of GL1(𝐹 )
and the set of Gal(𝐾/𝐹 )-fixed admissible representations of GL1(𝐾). Moreover,

𝐿(𝜒 ∘ N𝐾/𝐹 , 𝑠) =
∏

𝜂∈Gal(𝐾/𝐹 )∧
𝐿(𝜂𝜒, 𝑠).

This result is given as Proposition 1 in [Ger] and is a consequence of Frobenius
reciprocity. Here, as usual, for non-archimedean local fields 𝐹, if 𝔭 is a uniformizer
for the maximal ideal of 𝒪𝐹 , the 𝔭-adic valuation ∣ ⋅ ∣ on 𝐾 is normalized so that
∣𝔭∣−1 = ∣𝒪𝐹 /𝔭∣, and if 𝜒 : 𝐹× → ℂ× is a quasicharacter one sets

𝐿(𝜒, 𝑠) :=

{
(1 − 𝜒(𝔭)∣𝔭∣𝑠)−1 if 𝜒 is unramified

1 otherwise.

We now give a formula relating the conductor of a quasicharacter to its base

change with respect to an unramified extension. Write 𝑈
(𝑛)
𝐾 (resp. 𝑈

(𝑛)
𝐹 ) for the
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higher unit groups of 𝐾 (resp. 𝐹 ). As above, denote by 𝑎(★) the exponent of the
conductor of ★. We have the following lemma:

Lemma E.7. If 𝐾/𝐹 is an unramified prime-degree Galois extension of local fields
and 𝜒 : 𝐹× → ℂ× is a quasicharacter, then 𝑎(𝜒) = 𝑎(𝜒 ∘ N𝐾/𝐹 ).

Proof. Since 𝐾/𝐹 is unramified, we have N𝐾/𝐹𝑈
(𝑛)
𝐾 = 𝑈

(𝑛)
𝐹 for all 𝑚 ≥ 0 (see

[Neu, Section V.1 Corollary 1.2]). Thus 𝜒 is trivial on 𝑈
(𝑚)
𝐹 if and only if 𝜒∘N𝐾/𝐹

is trivial on 𝑈
(𝑚)
𝐾 , and the lemma follows. □

E.6 Conductors of admissible representations of GL2

As in Section E.5, let 𝐾/𝐹 be a prime-degree Galois extension of non-archimedean
local fields. In this paragraph, we recall the notion of a base change lifting of an
admissible representation of GL2/𝐹 . The local base change lifting can be made
explicit (at least in the “non-exceptional” case) and we will recall the explicit de-
scription in the interest of proving Proposition E.9, which relates the conductor
of an admissible representation to the conductor of its base change.

We begin by listing the admissible representations of GL2 over a charac-
teristic zero non-archimedean local field 𝐹, together with their conductors. For
the definitions of these representations, refer to [Schm] or [Ger]. Let 𝜒1, 𝜒2 be
quasicharacters of 𝐹× with 𝜒1𝜒

−1
2 ∕= ∣ ⋅ ∣±1. Moreover, let 𝐸/𝐹 be a quadratic

extension and 𝜉 : 𝐸× → ℂ a quasicharacter non-trivial on N𝐸/𝐹𝐸
×.

Admissible Representations of GL2

Representation Notation Conductor

Principal series 𝜋(𝜒1, 𝜒2) 𝔣(𝜒1)𝔣(𝜒2)

Weil Representation 𝜔𝜉 𝔭
𝑓(𝐸/𝐹 )𝑎(𝜉)
𝐹 𝑑𝐸/𝐹

Steinberg representations 𝜌(𝜒1∣ ⋅ ∣1/2, 𝜒1∣ ⋅ ∣−1/2) 𝔭
2𝑎(𝜒1)
𝐹 ∩ 𝔭𝐹

Exceptional representations 𝔣(𝜋) ⊆ 𝔭2𝐹

Here 𝔭𝐹 is the maximal ideal of 𝒪𝐹 (the ring of integers of 𝐹 ) and 𝑓(𝐸/𝐹 ) is
the degree of the extension of residue fields associated to 𝐸/𝐹 . The conductor
calculations in this table are all given in [Schm], with the exception of the last
line on exceptional representations, for this, see the proof of Theorem 1 of [Cas],
especially the remark above the lemma on p. 303.

Remark. The exceptional representations can only occur in residue characteristic
2 (see [Ger, Appendix B]). Under the local Langlands correspondence, they corre-
spond to Galois representations 𝜌 : Gal(𝐹/𝐹 ) → GL2(ℂ) such that the image of
the inertia group in PGL2(ℂ) is 𝐴4 or 𝑆4.
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We now define local base change liftings, following [Ger]:

Definition E.6.1. Let 𝐾/𝐹 be a prime-degree Galois extension with

⟨𝜎⟩ = Gal(𝐾/𝐹 ).

We say that an admissible representation 𝜋 of GL2(𝐾) is a base change lifting of
an admissible representation 𝜋 of GL2(𝐹 ) if one of the following holds:

(1) We have 𝜋 ∼= 𝜋(𝜒1 ∘ N𝐾/𝐹 , 𝜒2 ∘ N𝐾/𝐹 ) and 𝜋 ∼= 𝜋(𝜒1, 𝜒2) for two quasichar-
acters 𝜒𝑖 : 𝐹× → ℂ.

(2) There is an extension 𝜋′ of 𝜋 to Gal(𝐾/𝐹 ) ⋉ GL2(𝐾) such that

Tr(𝜋′(𝜎 × 𝑧)) = Tr(𝜋(𝑥)) whenever
∏[𝐾:𝐹 ]

𝑖=1 𝑧𝜎
𝑖

is conjugate in GL2(𝐾) to a
regular semi-simple element 𝑥 ∈ GL2(𝐹 ).

Remark. The isomorphism class of 𝜋 is independent of the choice of generator for
Gal(𝐾/𝐹 ) (see [Ger, Theorem 1]).

We now wish to recall the analogue of Proposition E.6 for admissible represen-
tations of GL2. For its statement, notice that for a prime degree Galois extension
𝐾/𝐹, there is a natural action of Gal(𝐾/𝐹 ) on the set of admissible representations
of GL2(𝐾) given by 𝜋𝜎(𝑥) := 𝜋(𝑥𝜎). We then have the following:

Theorem E.8 (Local prime degree base change for GL2). Let 𝜋 be an admissible
representation of GL2(𝐹 ), where 𝐹 is a characteristic zero non-archimedean local
field. Then there is a unique base change lifting of 𝜋 to an admissible representation
𝜋 of GL2(𝐾). The association 𝜋 �→ 𝜋 enjoys the following properties:

(1) If 𝜋 ∼= 𝜋0 then 𝜋 ∼= 𝜋0 ⊗ 𝜂 for some character 𝜂 : 𝐹× → ℂ× trivial on
N𝐾/𝐹 (𝐾×) or 𝜋 = 𝜋(𝜒1, 𝜒2) and 𝜋0 = 𝜋(𝜒′1, 𝜒

′
2) where 𝜒1𝜒

′−1
1 and 𝜒2𝜒

′−1
2

are trivial on N𝐾/𝐹𝐾
×.

(2) We have

𝐿(𝜋, 𝑠) =
∏

𝜂∈Gal(𝐾/𝐹 )∧
𝐿(𝜋 ⊗ 𝜂, 𝑠)

where we use local class field theory to identify Gal(𝐾/𝐹 )∧ with the group of
characters of 𝐹× trivial on N𝐾/𝐹𝐾

×.

This theorem is stated as Theorem 1 in [Ger]. See [Lan] for a proof. For the reader’s
convenience, we write down explicitly the 𝐿-functions of the various isomorphism
classes of admissible representations of GL2(𝐹 ):

Representation 𝐿-function

𝜋(𝜒1, 𝜒2) 𝐿(𝜒1, 𝑠)𝐿(𝜒2, 𝑠)
𝜔𝜉 𝐿(𝜉, 𝑠)

𝜌(𝜒1∣ ⋅ ∣1/2, 𝜒1∣ ⋅ ∣−1/2) 𝐿(𝜒1∣ ⋅ ∣1/2, 𝑠)
Exceptional representations 1
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See [Ger, Appendix B] for the first and the second statements, [JaLan, Proposition
3.6] for the third, and the paragraph after [Kutz, Theorem 1] for the fourth.

Let 𝐾/𝐹 be a finite prime-degree Galois extension. It is easy to write down
the effect of the corresponding base change on the first three types of representa-
tion listed in the previous table:

Representation Base Change

𝜋(𝜒1, 𝜒2) 𝜋(𝜒1 ∘ N𝐾/𝐹 , 𝜒2 ∘ N𝐾/𝐹 )

𝜔𝜉

{
𝜔𝜉∘N𝐾/𝐹 if 𝐸 ∕⊆ 𝐾

𝜋(𝜉, 𝜉𝜎
′
) if 𝐸 = 𝐾

𝜌(𝜒1∣ ⋅ ∣1/2, 𝜒1∣ ⋅ ∣−1/2) 𝜌(𝜒1 ∘ N𝐾/𝐹 ∣ ⋅ ∣1/2, 𝜒1 ∘ N𝐾/𝐹 ∣ ⋅ ∣−1/2)

Here ⟨𝜎′⟩ = Gal(𝐸/𝐹 ), and we view ∣ ⋅ ∣ as the normalized valuation of 𝐹 on the
left and ∣ ⋅ ∣ as the normalized valuation of 𝐾 on the right.

We now give a proposition relating the conductor of an admissible representa-
tion to the conductor of its base change with respect to an unramified prime-degree
Galois extension 𝐾/𝐹 .

Proposition E.9. Let 𝐾/𝐹 be an unramified prime-degree Galois extension, let 𝜋
be an admissible representation of GL2(𝐹 ) and 𝜋 its base change to GL2(𝐾). If
the residue characteristic of 𝐹 is not 2, or 𝜋 is not exceptional, then 𝑎(𝜋) = 𝑎(𝜋).
If the residue characteristic is 2, then 𝑎(𝜋) ≤ 1 implies 𝑎(𝜋) = 𝑎(𝜋), and 𝑎(𝜋) = 0
if and only if 𝑎(𝜋) = 0.

Here 𝑎(★) denotes the exponent of the conductor of ★.

Proof of Proposition E.9. If 𝜋 is either a principal series representation or is a
Steinberg representation, then the proposition follows immediately from Lemma
E.7 combined with the first and the last table of this section.

Now assume that 𝜋 ∼= 𝜔𝜉 is the Weil representation attached to a quasicharac-
ter 𝜉 : 𝐸× → ℂ×, where 𝐸/𝐹 is a quadratic extension. If 𝐸 = 𝐾, then 𝜔𝜉 is isomor-
phic to the principal series representation 𝜋(𝜉, 𝜉𝜎), where ⟨𝜎⟩ = Gal(𝐸/𝐹 ). The ex-
ponent of the conductor of 𝜔𝜉 is 𝑓(𝐸/𝐹 )𝑎(𝜉)+𝑎(𝐸/𝐹 ), where 𝑓(𝐸/𝐹 ) is the degree
of the extension of residue fields associated to 𝐸/𝐹 and the conductor of 𝜋(𝜉, 𝜉𝜎)
is 2𝑎(𝜉) (see [Schm]). We have that 𝐸/𝐹 is unramified, so we must show that

𝑓(𝐸/𝐹 )𝑎(𝜉) + 𝑎(𝐸/𝐹 ) = 2𝑎(𝜉),

which follows from Lemma E.7.

We now assume that 𝐸 ∕⊆ 𝐾; in this case 𝜔𝜉 = 𝜔𝜉∘N𝐸𝐾/𝐸 . Thus we must
show that

𝑓(𝐸/𝐹 )𝑎(𝜉) + 𝑎(𝐸/𝐹 ) = 𝑓(𝐸𝐾/𝐾)𝑎(𝜉 ∘ N𝐸𝐾/𝐸) + 𝑎(𝐸𝐾/𝐾).
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We have that 𝑓(𝐸/𝐹 ) = 𝑓(𝐸𝐾/𝐾) and 𝑎(𝐸𝐾/𝐾) = 𝑎(𝐸/𝐹 ). Moreover, 𝐸𝐾/𝐸
is unramified because 𝐾/𝐹 is unramified, so another application of Lemma E.7
completes the proof in this case.

Assuming that the residue characteristic of 𝐹 is not 2, we have exhausted all
possibilities for 𝜋. We now assume that the residue characteristic is 2. If 𝑎(𝜋) ≤ 1,
then by the conductor table in Section E.6, we conclude 𝜋 is not exceptional, so
the arguments above prove the desired result. Thus we are reduced to showing that
𝑎(𝜋) = 0 implies that 𝑎(𝜋) = 0. Again, arguments above prove this when 𝜋 is in
the principal series, is special, or is dihedral. If 𝜋 is exceptional, then it is ramified,
so 𝑎(𝜋) ∕= 0. We claim that in this case, 𝜋 must also be ramified (i.e., 𝑎(𝜋) ∕= 0).
To see this, fix an algebraic closure 𝐹 of 𝐹 and an embedding 𝐾 ↪→ 𝐹 . Let

𝜌(𝜋) : Gal(𝐹/𝐹 ) → GL2(ℂ)

𝜌(𝜋) = 𝜌(𝜋)∣Gal(𝐹/𝐾) : Gal(𝐹/𝐾) → GL2(ℂ)

be the Galois representations associate to 𝜋 (resp. 𝜋) by the local Langlands cor-
respondence for GL2. Since the image of the inertia group under 𝜌(𝜋) composed
with the canonical projection 𝑃 : GL2(ℂ) → PGL2(ℂ) is isomorphic to 𝐴4 or 𝑆4
and the extension 𝐾/𝐹 is abelian, it follows that the image of the inertia group
under 𝑃 ∘𝜌(𝜋)∣Gal(𝐹/𝐾) is not trivial. Thus 𝜌(𝜋)∣Gal(𝐹/𝐾) is ramified, which implies

𝜋 is ramified. □

E.7 The archimedean places

Let 𝐹 be a totally real number field and 𝑣 a finite place of 𝐹 . In the definition of an
automorphic representation, the analogue at the archimedean places of an admissi-
ble representation of GL2(𝐹𝑣) is not a representation of GL2(ℝ) per ce, but rather
an admissible (𝔤𝔩2(ℝ),O2(ℝ))-module. For the definition, see [Bu, Section 2.4].

We now recall the classification of the infinite-dimensional irreducible admis-
sible (𝔤𝔩2(ℝ), O2(ℝ))-modules. Let 𝜒1, 𝜒2 : ℝ× → ℂ× be two quasicharacters such
that 𝜒1𝜒

−1
2 is not a quasicharacter of the form 𝑦 �→ sgn(𝑦)𝜖∣𝑦∣𝜆−1, where 𝜆 ∈ ℤ,

𝜖 ∈ {0, 1} and 𝜆 ≡ 𝜖 (mod 2). The infinite-dimensional irreducible admissible
(𝔤𝔩2(ℝ),O2(ℝ))-modules are given, up to isomorphism, in the following list:

(1) Principal series representations, denoted 𝜋(𝜒1, 𝜒2).

(2) Discrete series representations 𝒟𝜇(𝜆), where 𝜆 ∈ ℤ>1 and 𝜇 ∈ ℂ.

(3) Limits of discrete series representations 𝒟𝜇(1), where 𝜇 ∈ ℂ.

For a proof of this classification, see [Bu, Theorem 2.5.5]. As they do not play
as much of a role in this work, we will not comment on the principal series rep-
resentations. However, we will recall some basic properties of the discrete series
representations that we used in the proof of Theorem E.1.
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We first set notation for the standard generators of 𝔰𝔩2(ℝ) ⊗ ℂ:

𝑋 :=
1

2

(
1 𝑖
𝑖 −1

)
𝑌 :=

1

2

(
1 −𝑖
−𝑖 −1

)
𝐻 :=

(
0 −𝑖
𝑖 0

)
.

Then the Casimir operator1 for 𝔰𝔩2(ℝ), as in Section 5.4, is

𝐶 := 𝑋𝑌 + 𝑌 𝑋 +
𝐻2

2
. (E.7.1)

We will also require the element 𝐼 = ( 1 00 1 ) ∈ 𝑍(𝔤𝔩2(ℝ)).

As a means of distinguishing the discrete series and principal series represen-
tations, we have the following proposition:

Proposition E.10. Let 𝑉 be an irreducible, infinite-dimensional admissible
(𝔤𝔩2(ℝ), 𝑂2(ℝ))-module. Then 𝑉 is in the principal series if and only if the eigen-

value of 𝐶 is not of the form
(
𝜆2

2 − 𝜆
)

where 𝜆 is an integer.

See [Bu, Section 2.5] for a proof.

The discrete series representation 𝒟𝜇(𝜆) has the properties that

𝐶 ⋅ 𝑤 =

(
𝜆2

2
− 𝜆

)
𝑤 and 𝐼 ⋅ 𝑤 = 𝜇𝑤 (E.7.2)

for all 𝑤 ∈ 𝒟𝜇(𝜆). These two properties distinguish 𝒟𝜇(𝜆) among the infinite-
dimensional (𝔤𝔩2,O2(ℝ))-modules that are not in the principal series. Fix 𝜇 ∈ ℂ
and 𝜆 ∈ ℤ≥1. We then have a decomposition

𝐷𝜇(𝜆) =
⊕
∣𝛽∣≥𝜆

𝛽≡𝜆 (mod 2)

ℂ𝑤𝛽 , (E.7.3)

where (
cos(𝜃) sin(𝜃)
− sin(𝜃) cos(𝜃)

)
⋅ 𝑤𝛽 = 𝑒𝑖𝛽𝜃𝑤𝛽 and

(
1 0
0 −1

) ⋅ 𝑤𝛽 = 𝑤−𝛽 . (E.7.4)

The action of 𝑋,𝑌, and 𝐻 on the 𝑤𝛽 is given by

𝑋 ⋅ 𝑤𝛽 =
1

2
(𝜆 + 𝛽)𝑤𝛽+2 𝑌 ⋅ 𝑤𝛽 =

1

2
(𝜆− 𝛽)𝑤𝛽−2 𝐻 ⋅ 𝑤𝛽 = 𝛽𝑤𝛽 .

We see that this gives a complete description of 𝒟𝜇(𝜆) as a (𝔤𝔩2(ℝ), 𝑂2(ℝ))-module.
For proofs of all of this, see [Bu, Section 2.5], and for a quick summary, see [Ku2,
Section 3].

1In the notation of [Bu, Sections 2.2 and 2.3], −2Δ = 𝐶. We note that it does not matter whether
we define 𝐶 in terms of the generators of 𝔰𝔩2(ℝ) or 𝔰𝔩2(ℝ) ⊗ ℂ because 𝐶 ∈ 𝑍(𝔤𝔩2).
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E.8 Global base change

Let 𝐿/𝐸 be a prime-degree Galois extension of totally real number fields. For any
place 𝑣 of 𝐸, let 𝐿𝑣 := 𝐿 ⊗𝐸 𝐸𝑣. If 𝑣 is a finite place of 𝐸 and 𝜋𝑣 is an admis-
sible representation of GL2(𝐸), we let 𝐵𝐶(𝜋𝑣) be the admissible representation
of ⊗𝑤∣𝑣GL2(𝐿𝑤) that is given by the base change 𝜋 of 𝜋 to 𝐿𝑤 for every place
𝑤∣𝑣. If 𝑣 is an infinite place, then 𝐿𝑣

∼= ⊕
𝑤∣𝑣 ℝ. If 𝜋𝑣 is an infinite-dimensional

irreducible admissible (𝔤𝔩2,O2(ℝ))-module, define 𝐵𝐶(𝜋𝑣) to be the irreducible
admissible

∏
𝑤∣𝑣(𝔤𝔩2,O2(ℝ))-module given by the product ⊗𝑤∣𝑣𝜋𝑣.

Now let 𝜋 be an automorphic representation of GL2(𝔸𝐸). An automorphic
representation 𝜋 of GL2(𝔸𝐿) is a base change lifting of 𝜋 if for all places 𝑣 of 𝐸 we
have that

∏
𝑤∣𝑣 𝜋𝑤 ∼= 𝐵𝐶(𝜋𝑣). If 𝜋 is any base change lifting of 𝜋 we write 𝜋 := 𝜋.

In analogy with the case of automorphic representations of GL1, we have an
action of Gal(𝐿/𝐸) on the set of admissible representations of GL2(𝔸𝐿) given by
𝜋𝜎(𝑥) := 𝜋(𝑥𝜎). Moreover, we have an action of {𝜂} = Gal(𝐿/𝐸)∧ on the set of
admissible representations of GL2(𝔸𝐸) given by 𝜋 �→ 𝜋 ⊗ 𝜂, where we identify
Gal(𝐿/𝐸)∧ with the group of Hecke characters trivial on N𝐿/𝐸𝔸

×
𝐿 . With this in

mind, we state the main theorem of base change for GL2.

Theorem E.11 (Base change for GL2). Let 𝐿/𝐸 be a prime-degree Galois exten-
sion of totally real number fields. Every automorphic representation 𝜋 of GL2(𝔸𝐸)
has a unique base change lifting to an automorphic representation 𝜋 of GL2(𝔸𝐿).
Moreover, any cuspidal automorphic representation 𝜋 of GL2(𝔸𝐿) that is isomor-
phic to its conjugates under the action of Gal(𝐿/𝐸) is of the form 𝜋 = 𝜋 for a
cuspidal automorphic representation 𝜋 of GL2(𝔸𝐸). The association 𝜋 �→ 𝜋 enjoys
the following properties:

(1) If 𝜋 and 𝜋 are both cuspidal, then any automorphic representation 𝜋′ such
that 𝜋′ = 𝜋 satisfies 𝜋 ⊗ 𝜂 ∼= 𝜋′ for some 𝜂 ∈ Gal(𝐿/𝐸)∧.

(2) If 𝜋 and 𝜋 are both cuspidal, we have

𝐿𝑣(𝜋, 𝑠) =
∏

𝜂∈Gal(𝐿/𝐸)∧
𝐿𝑣(𝜋 ⊗ 𝜂, 𝑠)

for every place 𝑣.

For a proof, see [Lan]. This formulation of the theorem is an adaptation of that
given in [Ger, Theorem 2]. We are using Langlands’ notation for the 𝐿-functions
(see [Lan]).

Remarks.

(1) This theorem holds for 𝐿/𝐸 an arbitrary prime-degree Galois extension,
though to state it precisely we would have to deal with infinite places 𝑣
such that 𝐿𝑣 or 𝐸𝑣 is isomorphic to ℂ.
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(2) We could have also incorporated non-cuspidal automorphic representations
into the theorem at the cost of introducing additional notation. See [Lan] or
[Ger] for details. Philosophically, we used the theory of base change for Eisen-
stein series in Chapter 11, but since base change liftings of Eisenstein series
on GL2 can be defined entirely in terms of quasicharacters 𝜒 : 𝐸×∖𝔸×𝐸 → ℂ,
there was no need to invoke the machinery of an analogue of Theorem E.11.

(3) The statement of base change for GL2 given in [Ger] uses admissible GL2(ℝ)-
modules as opposed to admissible (𝔤𝔩2(ℝ),O2(ℝ))-modules, thus some “trans-
lation” has to be done to obtain the precise statement of Theorem E.11.

As above, let 𝐿/𝐸 be a prime-degree Galois extension of totally real number
fields. Fix a weight 𝜅 = (𝑘,𝑚) ∈ 𝒳 (𝐸) and let 𝜒𝐸 be a character of 𝐸×∖𝔸×𝐸
satisfying 𝜒𝐸∞(𝑎∞) = 𝑎−𝑘−2𝑚∞ . Moreover, set 𝜒 = 𝜒𝐸 ∘ N𝐿/𝐸 and define 𝜅̂ as in
the introduction to Chapter 8. The following is a corollary of of Theorem E.11:

Corollary E.12. Suppose that ℎ̂ ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) is a simultaneous eigenform for
all Hecke operators for some 𝔠 ⊂ 𝒪𝐿. Assume that for almost all primes 𝔓 ⊂ 𝒪𝐿

we have 𝜆ℎ̂(𝔓) = 𝜆ℎ̂(𝔓𝜎) for all 𝜎 ∈ Gal(𝐿/𝐸). Then there is an ideal 𝒩 ′(𝔠) ⊆ 𝒪𝐸

and a newform ℎ ∈ 𝑆new𝜅 (𝐾0(𝒩 ′(𝔠)), 𝜒𝐸) such that 𝜋(ℎ) = 𝜋(ℎ̂); in particular∏
𝔓∣𝔭

𝐿𝔓(ℎ̂, 𝑠) =
∏

𝜂∈Gal(𝐿/𝐸)∧
𝐿𝔭(ℎ⊗ 𝜂, 𝑠) (E.8.1)

for all primes 𝔭. Moreover the ideal 𝒩 ′(𝔠) ⊂ 𝒪𝐸 satisfies

𝒩 ′(𝔠) ⊇ 𝔪2𝔟𝐿/𝐸(𝔠 ∩ 𝒪𝐸)

where 𝔪2 ⊂ 𝒪𝐸 is an ideal divisible only by dyadic primes which we may take to
be 𝒪𝐸 if 𝔠+2𝒪𝐿 = 𝒪𝐿 and 𝔟𝐿/𝐸 is an ideal divisible only by those primes dividing
𝑑𝐿/𝐸.

Conversely, if ℎ ∈ 𝑆new𝜅 (𝐾0(𝔠𝐸), 𝜒𝐸) is a newform, then there is a unique

newform ℎ̂ ∈ 𝑆new𝜅̂ (𝐾0(𝔠), 𝜒) (for some ideal 𝔠 ⊂ 𝒪𝐿) such that 𝜋(ℎ̂) = 𝜋(ℎ). In
particular,

(1) For all 𝔭 the equality (E.8.1) holds.

(2) For all 𝔭 ∤ 𝔠 we have 𝜆ℎ̂(𝔓) = 𝜆ℎ̂(𝔓𝜎) for all 𝜎 ∈ Gal(𝐿/𝐸).

Moreover, in this situation we have:

𝜆ℎ̂(𝑡) = 𝜆ℎ(𝑏(𝑡)) (E.8.2)

for all 𝑡 ∈ 𝕋𝔠𝒟𝐿/𝐸 , where 𝑏 : 𝕋𝔠𝒟𝐿/𝐸 −→ 𝕋𝔠𝐸𝑑𝐿/𝐸 is the base change mapping of
(E.4.7) and of Section 8.2.

Remark. The 𝜂 of Corollary E.12 are trivial on 𝔸×𝐸∞ ⊂ N𝐿/𝐸𝔸
×
𝐿 , and hence ℎ⊗𝜂

has the same weight as h.
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Proof. Let 𝑆 be the finite (possibly empty) set of primes of 𝒪𝐿 where 𝜆ℎ̂(𝔓) ∕=
𝜆ℎ̂(𝔓𝜎) for some 𝜎 ∈ Gal(𝐿/𝐸) together with the primes ramifying in 𝐿/𝐸 and

the primes where 𝜋(ℎ̂) is ramified. Here 𝜋(ℎ̂) is the automorphic representation

generated by ℎ̂. Let 𝔓 ⊂ 𝒪𝐿, 𝔓 ∕∈ 𝑆, be a prime such that 𝔭 = N𝐿/𝐸(𝔓) is prime.

We claim that 𝜋(ℎ̂)𝜎𝑣(𝔓)
∼= 𝜋(ℎ̂)𝑣(𝔓𝜎) as irreducible admissible representations of

GL2(𝐿𝑣(𝔓)) ∼= GL2(𝐿𝑣(𝔓)𝜎 ) ∼= GL2(𝐸𝑣(𝔭)) for all 𝜎 ∈ Gal(𝐿/𝐸).

To see this, note that our assumptions that 𝜆ℎ̂(𝔓) = 𝜆ℎ̂(𝔓𝜎) and 𝜒 =

𝜒𝐸 ∘ N𝐿/𝐸 imply that 𝐿𝔓(ℎ̂, 𝑠) = 𝐿𝔓𝜎 (ℎ̂, 𝑠) for all 𝔓 ∕∈ 𝑆. This implies, by
Theorem E.4, that

𝐿(𝜋(ℎ̂)𝑣(𝔓), 𝑠) = 𝐿(𝜋(ℎ̂)𝑣(𝔓𝜎), 𝑠). (E.8.3)

Since 𝜋(ℎ̂)𝑣(𝔓) and 𝜋(ℎ̂)𝑣(𝔓𝜎) are both principal series representations, it makes
sense to speak of their Satake parameters as representations of GL2(𝐿𝑣(𝔓)) ∼=
GL2(𝐿𝑣(𝔓)𝜎 ) ∼= GL2(𝐸𝑣(𝔭)). Equation (E.8.3) implies that these Satake parame-

ters are equal, hence 𝜋(ℎ̂)𝑣(𝔓) ∼= 𝜋(ℎ̂)𝑣(𝔓𝜎) (see, e.g., [Ku2, Section 3]).

Now let 𝜌(𝜋(ℎ̂)) be the (ℓ-adic) Galois representation attached to ℎ̂ by the
work of Taylor and Blasius-Rogawski (see [Tay1, pp. 265–266] and [BlaR]). Since
the set of primes 𝔓 ⊂ 𝒪𝐿 not in 𝑆 such that N𝐿/𝐸(𝔓) is a prime of 𝒪𝐸 has
Dirichlet density 1 as a set of places of 𝐿 [Ser, Section 1.2.2], a standard ar-

gument using the Chebatarev density theorem implies that 𝜌(𝜋(ℎ̂))𝜎 ∼= 𝜌(𝜋(ℎ̂))
for 𝜎 ∈ Gal(𝐿/𝐸). This implies by the local Langlands correspondence2 that

𝜋(ℎ̂)𝑣𝜎 ∼= 𝜋(ℎ̂)𝜎𝑣 for almost all finite places 𝑣 of 𝐿. Thus, in the terminology of

[Lan, Section 2], 𝜋(ℎ̂) is a “quasi-lifting” of some automorphic representation 𝜋 of

GL2(𝔸𝐸), which implies, again as stated in [Lan, Section 2], that 𝜋(ℎ̂) is a lifting.
The proof of the first statement now follows from Theorem E.11 combined with
Theorem E.1, Theorem E.4, and Proposition E.9.

For the converse statement, we first claim that 𝜋(ℎ) is cuspidal. If 𝜋(ℎ) is
not cuspidal, then 𝐿/𝐸 must be quadratic, and 𝜋(ℎ) must be induced from a qua-
sicharacter of 𝐿×∖𝔸×𝐿 (see Appendix C and Theorem 2(b) of [Ger]). This implies
that 𝜋(ℎ) is in the principal series at every infinite place, which contradicts part
(3) of Theorem E.1.

Thus the base change 𝜋(ℎ) is cuspidal. By Theorem E.1, we have 𝜋(ℎ) = 𝜋(ℎ̃)

for a unique normalized newform ℎ̃ ∈ 𝑆new(𝐾0(𝔠), 𝜒) for some ideal 𝔠 ⊂ 𝒪𝐿. We

claim that we may take ℎ̂ = ℎ̃. Indeed, Theorem E.4 implies (1). Moreover, for

any prime 𝔓 ⊂ 𝒪𝐿, the fact that
(
𝜋(ℎ)𝑣(𝔓)

)𝜎 ∼= 𝜋(ℎ)𝑣(𝔓𝜎) implies that these

two irreducible admissible representations are isomorphic as Hecke modules, and
thus the translation between the “automorphic” Hecke algebra and the classical
Hecke algebra outlined in Section E.2 implies that 𝜆

ℎ̃(𝔓) = 𝜆ℎ̃(𝔓𝜎) for all primes
𝔓 ⊂ 𝒪𝐿 and 𝜎 ∈ Gal(𝐿/𝐸). □
2See [Tay2] for a discussion of the compatibility of 𝜌(𝜋(ℎ̂)) and the local Langlands correspon-
dence.
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Γqu
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𝜖 augmentation, 36
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inv invariant differential forms, 46

𝜆∨ representation, 101
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𝒜0(𝐺, 𝜒) cusp forms, 215
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𝒜(𝐺, 𝜒) automorphic forms, 214
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𝔪th Fourier coefficient, 5, 73, 206
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𝐶𝑖𝐵𝑀 Borel-Moore chains, 24
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cellular Borel-Moore chains, 27
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cohomologically loc. const., 23, 32
C∙(𝑋,E) sheaf of chains, 24

𝐷 symmetric space, 58
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𝐷𝑏𝑐(𝑋) derived category, 23
det∞ determinant, 103
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𝒟𝐿/𝐸 different, 4, 136
𝑑𝐿/𝐸 discriminant, 4, 136
𝒟𝜇(𝑘) discrete series, 216
𝔻∙
𝑋 dualizing sheaf, 25

𝐸 totally real field, 4
E, ℰ(𝜒0)

local coefficient system, 15, 24, 48
ℰ(𝜒0) local coefficient system, 103
ℰ ′
𝔠𝐸 ,𝜗

Eisenstein series, 179
𝐸𝐺 universal space, 194
𝑒𝐿 standard additive character, 3, 200
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𝑓𝑐 complex conjugate, 10, 116, 121
𝑓 ⊗ 𝜂 twist of 𝑓 , 76
𝑓 base change of 𝑓 , 10, 140, 230
𝑓−𝜄 main involution, 66, 111
𝔣(𝜓) conductor, 82, 202
𝑓 𝜍 Galois twist of 𝑓 , 86

𝐺(𝜂) Gauss sum, 78
0𝐺, 41
Gal(𝐿/𝐸)∧ Galois characters, 4
𝐺, 𝐺𝐿

algebraic group, 4, 58, 135, 147, 152
𝐺(ℚ)+ 𝐺(ℚ) ∩ 𝐺(ℝ)0, 59

𝔥 upper half-plane, 59
ℋ convolution (Hecke) algebra, 218
𝔥± ℂ− ℝ, 101
𝐻𝐵𝑀 Borel-Moore homology, 25
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𝑐 compact support cohomology, 24
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Lie algebra cohomology, 46, 180
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inv invariant cohomology, 46
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𝑟 cellular homology, 27
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narrow class number, 59, 60, 133

IpC intersection chain complex, 30
𝐼(𝑓, 𝑠) Rankin-Selberg integral, 170
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𝑖 closed support, 30
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inv invariant cohomology, 115, 180
𝐼𝐻new, 11
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ℐ𝐿 fractional ideals, 73
IpS intersection cochain complex, 30

𝑗(𝛼, 𝑧) automorphy factor, 101
𝑗𝑥 inclusion of 𝑥, 24
𝑗!𝑥 extraordinary pullback, 24

𝐾0(𝔠) Hecke type subgroup, 4, 60
𝐾11(𝔠) congruence group, 89
𝐾1(𝔠)

Hecke congruence group, 153, 156
𝐾∨

1 (𝔠) Hecke congruence group, 156
𝐾1

∞ maximal
compact subgroup, 41, 58, 101

∣𝐾∣ geometric realization, 21
𝐾f𝑟

torsion-free subgroup, 60, 104, 132

𝐾∞, 4, 41, 58
𝐾𝐿,∞, 58
(𝑘, 𝑚) weight, 61, 136, 179

ℓ𝑥 link at 𝑥, 30
𝐿 totally real field, 4, 136
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𝐿𝔭(𝑓 ⊗ 𝜂, 𝑠) local factor, 77, 82
𝐿(𝑓 ⊗𝜂, 𝑠) standard 𝐿 function, 77, 82
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𝐿(Ad(𝑓)⊗𝜙, 𝑠) adjoint 𝐿-function, 84
𝐿(As(𝑓 ⊗ 𝜙), 𝑠) Asai 𝐿-function, 85
𝐿(𝑓 × 𝑔, 𝑠)

Rankin-Selberg 𝐿-function, 83
ℒ(𝜅, 𝜒0) local system, 62, 103, 113
ℒ∨(𝜅, 𝜒0) local system, 113
𝐿(𝜅) representation of GL2, 61, 102

𝑀 large number field, 132
m lower middle perversity, 29, 50
n upper middle perversity, 29, 50
ℳ(𝑓),ℳ𝐸 isotypical component, 141
𝑀𝜅(𝐾0(𝔠)) Hilbert modular forms, 64
𝑀coh
𝜅 (𝐾0(𝔠))
Hilbert modular forms, 65

𝑀(𝜅) representation of GL2, 100, 102

𝒩 (𝔠) upper bound, 7, 142, 235
N norm map, 8, 136, 138, 228

𝒪𝐿 integers in 𝐿, 3
𝒪𝐿, 3, 70, 77, 200
𝒪×
𝐿,+ positive units, 60

𝒪𝑣 valuation ring, 199
𝒪𝑌 orientation sheaf, 26

𝒫 Poincaré duality, 31, 36
p perversity, 29
𝑃 (𝑘) section of Sym𝑘, 102
𝑃new, 11, 151, 168
𝔭𝑣 prime

ideal corresponding to 𝑣, 63, 199
𝑃𝑧 section, 102

𝑞𝜅(𝑥, 𝑦) Whittaker function, 5, 73, 205

𝑅 coefficient ring, 23
𝑅(𝔠) semigroup, 66, 129
𝑅∨

𝔠 opposite semigroup, 129, 131
Res𝐿/ℚ restriction of scalars, 4, 58
RHom derived Hom, 24



Index of Notation 251

𝑆coh
𝜅 (𝐾0(𝔠), 𝜒) cusp forms, 65

𝑆𝜅(𝐾0(𝔠), 𝜒) cusp forms, 5, 63
𝑆new
𝜅 (𝐾0(𝔠), 𝜒) newforms, 9, 71, 144

𝑆+
𝜅 plus space, 7, 143

Stab Stabilizer, 95

𝑇𝔠(𝔫), 𝑇𝔠(𝔫, 𝔫)
Hecke operator, 6, 67, 131

𝑡𝑗(𝔠), 59, 60

𝑇 (𝔪) section of 𝑏, 8, 137, 138
𝕋𝔠 Hecke algebra, 6, 67, 218

𝒰𝑃 unipotent radical, 49

𝑉𝜒𝐸 , 181

𝑊𝑚 archimedean
Whittaker function, 205

𝒲𝜋 Whittaker model, 207
𝑊𝔠 Atkin-Lehner matrix, 118
𝑊 ∗

𝔠 Atkin-Lehner
operator, 10, 17, 119, 125

𝑊 (𝑓) eigenvalue of 𝑊 ∗
𝔠 , 10, 121

𝑤𝜎, 158

𝑋0(𝔠) Baily-Borel
compactification, 4, 59, 60

𝑋
RBS

reductive Borel-Serre, 49
𝑥𝜄 main involution, 66
𝒳 (𝐿) set of weights, 61, 63, 103

𝑋̂𝑃 stratum, 50

𝑌0, 𝑌0(𝔠)
Hilbert modular variety, 4, 58–60

𝑌 fr
0 torsion-free quotient, 61, 104, 133

𝒵 Zucker map, 44
𝑍1(𝔠) Hilbert modular variety, 153
ℤ[𝜒] subalgebra of ℂ, 137
𝑍(𝔤)-finite, 214
𝑍𝜃 twisted cycle, 160, 165
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absolute value, 3, 201
adèles, 3, 199
adjunction, 39
admissible module, 232
admissible representation, 219
algebraic cycle, 28
allowability condition, 30
arithmetic group, 42
Artin map, 203
Asai 𝐿-function, 85
Atkin-Lehner

operator, 10, 111, 117–119, 125
atlas, 𝑅-orbifold, 190
augmentation, 36
automorphic form, 105, 214
automorphic representation, 214, 215
automorphy factor, 64, 97, 101

Baily-Borel
compactification, 4, 6, 42, 59

base change,
6, 8, 9, 86, 136, 140, 213, 228, 230

basic neighborhood, 22
Borel-Moore chains, 24, 27
boundary component, 42

Cartan involution, 49
Casimir, 62, 233
category, derived, 23
cell complex, 21
cell, convex, 21
central character, 5, 63
chains, 21
Borel-Moore, 24, 27
elementary, 183
intersection, 30
sheaf of, 24
support, 27

character
central, 5, 63
Hecke, 4, 202
standard additive, 3, 200

chart, orbifold, 190
class group, 60, 201
class number, narrow, 60

classifying space, 194
cochain, 21

intersection, 30
coefficient system, 91
cohomologically constructible, 23
cohomologically locally constant, 23, 32
cohomology

cuspidal, 114
invariant, 115, 180
isotypical part, 143
Lie algebra, 46
local, 24
sheaf, 23
stalk, 24

compactification
Baily-Borel, 59, 60
reductive Borel-Serre, 42, 49

complex
dualizing, 37
simplicial, 21

complex conjugate, 111, 116, 121
component group, 109
conductor, 63, 202, 216, 229, 231
conjecture, Zucker, 43
connection

flat, 28
connection, flat, 92, 95
constructible, 23
contragredient, 61, 154
convex cell, 21
correspondence, 38

Hecke, 6, 47, 126
twisting, 160

cosheaf
definition of, 183
homology of, 183

cuspidal
cohomology, 114
function, 63
representation, 215

cycle
algebraic, 28

cycle, modular, 51

degree (of Hecke operator), 182

253
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derived category, 23
diagonal embedding, 16
different, 4, 136, 200
differential form, 107, 196

𝐿2, 44
closed, 108
invariant, 46

Dirichlet unit theorem, 65
discrete series, 216, 233
discrete structure group, 92
discriminant, 4, 136
dual representation, 61, 154
duality
Poincaré, 26, 31, 37
Verdier, 45

dualizing sheaf, 25

effective action, 187
eigenvalue, Hecke, 68
Eisenstein series, 64, 179
elementary chain, 183
elliptic modular form, 2
embedding, diagonal, 16
equivariant sheaf, 194
Euler factor, 221
Euler product, 82

face (of a cell), 21
flat connection, 28, 92, 95
form, differential, 108
Fourier
coefficient, 5, 10, 74, 144, 146
expansion, 5, 205
series, 72

fractional ideal, 4, 200
function
cuspidal, 63
Whittaker, 5, 72, 205, 207

fundamental class, 26, 51

Gauss sum, 78
geodesic action, 49
groupoid, 197

Haar measure, 203
Hecke
algebra, 6, 67, 136, 218
character, 4, 202
correspondence, 6, 47, 126
eigenvalue, 8, 68

operator, 6, 66, 67
degree of, 182

subgroup, 4, 60
Hermitian symmetric space, 42
highest weight, 100
Hilbert modular

form, 62
variety, 4, 58–60

homogeneous vector bundle, 95
homological stratification, 32
homology manifold, 25, 191
homology sheaf, 25

idèle class group, 201
inner product, 123
intersection chains, 30
intersection pairing, 35
invariant cohomology, 115, 180
invariant differential form, 46
invariant metric, 41
involution

Cartan, 49
complex conjugation, 111
main, 66, 111

L-function, 221
adjoint, 84
Asai, 85
Rankin-Selberg, 83
standard, 82

Langlands decomposition, 49
leading coefficient, 74
level, 5
lifting, 230
link, 22, 30, 54
local coefficient

system, 62, 91, 103, 113, 133, 196
simplicial, 183

local homology, 25
locally symmetric space, 42

main involution, 66, 111
measure

canonical, 68
Haar, 203

metric, invariant, 41
middle perversity, 29, 50
minimal representation, 84
model, Whittaker, 205, 207
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modular cycle, 51
modular form
complex conjugate, 116
elliptic, 2
Hilbert, 62

modulus function, 203
multiplicity one, 72, 145, 216

narrow class group, 60, 133, 201
nebentypus, 5, 63
new subspace, 11
newform, 8, 9, 16, 71, 86, 217
normalized, 216

norm, 8, 136, 138
normal operator, 72
normalized
absolute value, 3, 201
cusp form, 74
newform, 216

old subspace, 11
operator
Atkin-Lehner, 10, 111
Hecke, 66

orbifold, 187
atlas, 190
chart, 190
local system, 95, 96, 100
stratification, 32
structure, 193

orientation, 21, 36

pairing, 93
dual, 37
intersection, 35, 36
Kronecker, 36

partition, 100
perversity, 29
middle, 29, 50

Petersson product, 11, 68, 203
Poincaré duality, 26, 31, 37
polynomials, space of, 113
Pontrjagin dual, 200
principal series, 229
product
intersection homology, 35, 36
Kronecker, 36
Petersson, 11, 68, 203

projection formula, 38

pseudo cell decomposition, 21
pseudomanifold, 21

oriented, 23

quasi-isomorphism, 23
quasicharacter, 4, 202

ramified character, 202
Rankin-Selberg method, 170
representation

admissible, 219, 229
automorphic, 214, 215
cuspidal, 215
discrete series, 233
dual, 61, 154
principal series, 229
Steinberg, 229
Weil, 229, 231

restricted Hecke character, 203
restriction of scalars, 4, 58
de Rham theorem, 196
𝑅-orbifold

atlas, 190
chart, 190
structure, 193

Saper’s theorem, 50
Satake topology, 43
scalars, restriction of, 4, 58
Schur module, 100
semi-algebraic set, 22
series, Fourier, 72
set

semi-algebraic, 22
semi-analytic, 22
subanalytic, 22

sheaf
cohomology, 23
complex of, 23
dualizing, 25
equivariant, 194
local homology, 25
of chains, 24
on an orbifold, 195
orientation, 26
simplicial, 184

Shimura variety, 58
simplicial local system, 183
simplicial sheaf, 184
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simultaneous eigenform, 74
standard additive character, 3, 200
Steinberg representation, 229
stellar subdivison, 183
stratification, 193
homological, 32
orbifold, 32
Whitney, 22

stratum, 50
strong approximation, 59
structure group, 92
subanalytic set, 22
subdivision, stellar, 183
support, 27
symmetric space, 41, 58

topological triviality, 22
torsion-free subgroup, 60, 133
totally positive, 4
triangulation, 22, 27
twisted cycle, 165
twisting, 76
correspondence, 160

unimodular, 203
unipotent radical, 49
unit theorem, Dirichlet, 65
universal space, 194
unramified character, 202

valuation ring, 199
variety
Hilbert modular, 4, 58–60
Shimura, 58

vector bundle, 91, 95, 104
Verdier dual, 45
volume, 42

weakly increasing, 64
weights, 61
lifted from 𝐸, 136

Weil representation, 229, 231
Whitney conditions, 22
Whittaker function, 5, 72, 205, 207
Whittaker model, 205, 207

Young diagram, 100

Zucker conjecture, 43
Zucker map, 44
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